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Energy Spectrum of Electrons Produced in Aluminum by 17.8-Mev Bremsstrahlung* 


Rosert L. STEARNst AND E. C. GREGG 
Case Institute of Technology, Cleveland, Ohio 
(Received November 22, 1955) 


A 60° magnetic spectrometer is used to obtain a relative measurement of the integrated energy spectrum 
of secondary electrons produced at depths of one-half inch and four inches in aluminum by 17.8-Mev 
bremsstrahlung. The experimental spectra were found to agree with theoretical spectra calculated by the 
method due to Brysk to within the experimental error of 5%. 





INTRODUCTION 


ECENTLY, Brysk' has calculated the spatial dis- 
tribution of energy dissipation of high-energy 
x-rays in matter. A good experimental check of the 
calculation was obtained by Zendle and Koch? who 
made energy loss, depth dose measurements in water 
using 40-Mev bremsstrahlung. 

Brysk gives the total energy dissipated as a function 
of depth, /, in the material as J (#)= {Fo(E,t)(dE/dx)dE, 
where Fo(E,t) is the number flux of electrons and 
positrons, £ the electron or positron energy, and dE/dx 
the stopping power. Fo(£,t), after division by B=/c, 
gives a spectrum which can be experimentally measured. 
It was felt that the measurement of Fo directly would 
be an interesting and more sensitive test of the theory 
than the measurement of the integral effect. 

The two thicknesses of aluminum were chosen so 
that one corresponded to the so-called nonequilibrium 
region of the depth dose curve in which the energy 
dissipation is still building up to its maximum value 
and has not reached, in a certain sense, equilibrium 
with the gamma ray distribution. The other thickness 
was chosen to be well beyond the maximum in the 
equilibrium region. 

The spectrometer consisted of a brass vacuum system 
mounted between the pole pieces of a 60° electromagnet. 
The system extended beyond the magnet in both direc- 


* This work was supported by the U. S. Atomic Energy Com- 
mission. 

t Now at Queens College, Flushing, New York. 

1 Henry Brysk, Phys. Rev. 96, 419 (1954). 

2 See reference 1, Sec. VII. 


tions to the two focal points lying on a line through 
the center of curvature of the magnet. 


THE BRYSK CALCULATION 


The calculation was performed exactly as described 
by Brysk.' A Bethe-Heitler integrated bremsstrahlung 
spectrum of infinite lateral extent was assumed and the 
problem was rendered one-dimensional by considering 
the integral of the radiation over the infinite source 
plane perpendicular to the direction of the beam. The 
initial gamma ray distribution in the material was 
expanded in terms of so-called Legendre-Laguerre 
coefficients and the calculation carried out in a three- 
step process in terms of similar coefficients for the initial 
positron-electron distribution and the final electron- 
positron distribution at any stage in the slowing-down 
process. This final distribution was then reconstructed 
and represented as the product of an empirically chosen 
weight function and a sum of polynomials orthonormal 
with respect to the weight function, using the values 
of the Legendre-Laguerre coefficients of the final distri- 
bution to determine the coefficients of the polynomials. 
Electrons scattered at an angle greater than 90° with 
respect to the beam were neglected. 


EXPERIMENTAL PROCEDURE 


F(E,t) gives the relative number of electrons and 
positrons, moving in all directions at any point in the 
aluminum, that have been produced by a brems- 
strahlung beam of infinite extent. One can measure F, 
by obtaining the energy spectrum, integrated over 
angle, of electrons given off by a particular region on 
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Fic. 1. A schematic diagram of the arrangement of 
the experimental equipment. 


the back side of an aluminum slab irradiated by a broad 
bremsstrahlung beam. It was found for the energies 
used in this experiment that a two-inch diameter beam 
was a sufficiently good approximation to an infinitely 
wide beam when the spectrometer “looked at” a circular 
area one-quarter inch in diameter concentric with the 
beam. The half-angle of the acceptance cone of the 
spectrometer was about two degrees. 

The aluminum slabs were placed at the upper focal 
point of the spectrometer and the number of electrons 
at energies of $, 2, 6, 10, and 12 Mev were measured for 
17.8-Mev bremsstrahlung. Such energy spectra were 
obtained at 0, 15, 30, and 60 degrees with respect to 
the beam direction to obtain an integrated spectrum as 
described in the next section. 

Electrons leaving the aluminum such as to be ac- 
cepted by the spectrometer, passed through a two-mil 
aluminum window into the spectrometer where the 
pressure was maintained at about 50 microns. Those 
electrons selected by the 60° magnet were incident on 
a plastic scintillator which was mounted optically on 
the photocathode of a Dumont 6292 photomultiplier. 
The signal from the phototube went via cathode 
follower to an amplifier and discriminator scaler. The 
measurements at the various angles were made by 
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Fic. 2. The experi- 
mental _ integrated 
spectrum of electrons 
plus positrons from 
one-half inch of alu- 
minum, compared 
with the Brysk calcu- 
lation (solid curve). 











rotating the magnet about a line through the upper 
focal point perpendicular to the beam. The data were 
taken to statistical accuracies varying from 2% to about 
10% depending upon the counting rates and the back- 
ground. Figure 1 shows a schematic diagram of the 
experimental equipment. 

The electrons resulting from pair production were 
accounted for by reversing the magnetic field so as to 
count only the positrons. The relative number of 
positrons as compared to the number of electrons 
ranged from 10% to about 25% for the various energies 
at one angle and was roughly a constant fraction for 
the various angles at one energy. 

The magnetic field was calibrated at low energies by 
using the Cs’ interna] conversion electrons and at high 
energies by using the 17.8-Mev electrons from the beta- 
tron scattered from a 2-mil aluminum betatron target. 
Corrections were made for the most probable energy 
loss experienced by the electrons in moving out through 
the copper window of the doughnut. These electrons 
were removed during the experiment by the clearing 
magnet shown in Fig. 1. 


TREATMENT OF THE DATA 


There are three effects which had to be taken into 
account before obtaining an integrated spectrum. First, 
the resolution of the spectrometer depends upon the 
energy of the electrons being measured, the energy 
band which is accepted varying in width almost directly 
as the energy. Second, the size of the area on the rear 
of the aluminum slab from which the spectrometer 
accepted electrons increased as 1/cos@ as the analyzing 
magnet was rotated through an angle @ away from the 
forward direction position. Third, the raw data at the 
various angles had to be multiplied by the factor sin@ 
to account forthe fact that the number of electrons 
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Fic. 3. The experi- 
mental _ integrated 
spectrum of electrons 
plus positrons from 
four inches of alu- 
minum, compared 
with the Brysk calcu- 
lation (solid curve). 














ENERGY SPECTRUM OF ELECTRONS: PRODUCED 


scattered into the region between two cones separated 
by a fixed angle increases as the angles of the cones 
increase. 

When the data were thus modified, the number of 
electrons detected at each of the four angles was 
plotted against the angle, and the area under the curve 
was measured to give the integrated total for each of 
the five electron energies considered. 


RESULTS AND CONCLUSIONS 


y Figures 2 and 3 show the relative agreement between 
experiment and the Brysk calculation for one-half and 
four inches of aluminum, respectively. The curves were 
normalized at 6 Mev. It is estimated that the uncer- 
tainty in the experimental points displayed in these 
figures is about 5% resulting from statistical inaccu- 
racies in taking the data and from the latitude possible 
in drawing the curves of number vs angle under which 
the area had to be measured. Figure 4 illustrates the 
variation in the number of electrons of various energies 
per unit solid angle as a function of angle. 

It is interesting to note that the agreement is quite 
good for both of the thicknesses of aluminum. The 
theory does not hold for the non-equilibrium region but 
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Fic. 4. The relative number of electrons plus positrons per unit 
solid angle plotted versus angle for one-half, two, six, and ten Mev 
electrons. 


the empirical weight function is apparently adequate to 
give agreement in this region. 
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Kinematic Viscosity of Helium II* 


R. J. Donnetty, G. V. Cuester,t R. H. WALMsLEy, AND C. T. LANE 
Yale University, New Haven, Connecticut 


(Received October 12, 1955) 


By observing the time of formation of the meniscus in a cylindrical vessel suddenly given a rotation, 
it has been found possible to determine, directly, the kinematic viscosity of both He I and He II. At the 
angular velocities used (~15 rev/sec) it appears that, for He II, all the liquid rotates rather than the 


normal component alone. 


E have recently tried the following experiment 

with helium IT. A cylindrical glass container 

closed at the bottom and with a 140-micron hole at 
the top (on the axis) is suddenly given a large angular 
velocity about the axis. This vessel is partially filled 
with He II. As is known,'? the steady-state condition 
of the free surface is a parabola, as in a classical liquid. 
In our case we measure the distance between the tip 
of the forming parabola and the original free surface 
(before the vessel is set in motion) as a function of 
time. Correcting for the small loss of liquid, due to 
creep and evaporation, we observe that a plot of 
log(AZ) versus time yields, over many experiments, 


* Assisted by the Office of Ordnance Research, U. S. Army. 

t Now at the Institute for Nuclear Studies, University of 
Chicago. 

'D. V. Osborne, Proc. Phys. Soc. (London) 63, 909 (1950). 

2 E. Andronikashvili and I. Kaverkin, J. Expt. Theoret. Phys. 
(U.S.S.R.) 28, 126 (1955). 


three distinct types of curves (Fig. 1). Here AZ is 
defined as Z,,—Z(t), where Z(t) is the distance from 
the original free surface to the tip of the parabola at 
any time / and Z,, is the steady-state distance. These 
three curves apparently represent the most usual 
“modes” of the system, and of these the single straight 
line (Curve C) occurs with considerably greater fre- 
quency than the others. The experimenter has no 
apparent control, in a given run, over the mode which 
is generated. However a change in speed, by as much 
as a factor of two, does not appreciably change the 
slope of the single straight line. 

In this connection we also observed the phenomenon 
reported by Andronikashvili and Kaverkin? wherein the 
meniscus is not always truly parabolic. Sometimes a 
small “tip’’ is observed to form on the lowest portion 
of the parabola. When this tip forms as soon as the 
system is set in rotation, a curve such as B results; 
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Fic. 1. Semilog plot of AZ versus time. In all three cases the 
radius of the cylinder was 3 mm and the angular speed 14.5 
rev/sec. The temperature for curves A and B was 1.5°K; that 
for C was 1.8°K. 


when, however, the tip suddenly appears after a lapse 
of time, we obtain a curve such as A. When no tip at 
all forms, we obtain the more usual “stable mode” 
curve C. In agreement with the above authors, we have 
also observed cases wherein the tip became progressively 
unstable and the paraboloid broke down into a vortex 
reaching to the bottom of the beaker. However, in 
disagreement with their observations we observed all 
these effects in both He I and He II. 

The conditions under which the experiment is per- 
formed are such that the radial and vertical components 
of the fluid velocity are much smaller (by a factor of at 
least 100) than the angular velocity. This is a con- 
sequence of the small viscosity of liquid helium. It 
follows that the Navier-Stokes equation is greatly 
simplified, and, treating the liquid as ‘‘one fluid,” we 
find: 

AZ=A exp(—a;’vt/c*), (1) 


where a= 3.83 is the first root of the first-order Bessel, 
vy is the kinematic viscosity, c is the radius of the 
cylinder, and A is a constant. If we now identify c?/a;*v 
from Eq. (1) with our longest observed time constant r 
(Curve C, Fig. 1), we can compute the kinematic vis- 
cosity of He II, a quantity which has not hitherto been 
measured directly. Actually Eq. (1) is the first term of 
a series, but it turns out that for times of the order of r 
all terms except the first are negligible. 

As a check on the method, we made some measure- 
ments in helium I. Here, unlike the situation with He IT, 
all methods for measuring the viscosity coefficient agree 
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TaBLe I. Summary of the experimental data. 
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and hence » is reliably known. Our agreement is only\in 
order of magnitude. Thus, at 2.25°K our measured 
value is 2.2 10~* cm?/sec, as against 1.7 10-4 cm?/sec 
computed from the viscosity data of Bowers and 
Mendelssohn.’ A method approaching the one we are 
using has been used previously for water, and here also 
only rough agreement has been found.‘ Nevertheless, as 
will emerge, for He II this accuracy appears good 
enough for our purposes. 

The kinematic viscosity (v) is defined as the ratio of 
viscosity coefficient (u) to density (p). However, owing 
to the two-fluid nature of He II, there are two possi- 
bilities since we can use either the total density () or 
the normal-component density (p,). Thus the normal- 
component viscosity may be computed from the ob- 
served vy either as 

u’ = pnv=pv(pn/p), (2) 


p= pv. (3) 


In the vicinity of 1°K, u’ would be of the order of 
one percent of »” and they would be about equal near 
the A point. 

Table I is a summary of our results together with the 
latest values for » (in the last column) due to Heikkila 
and Hollis-Hallett. In computing yu’ we have used the 
values of p,/p as determined by Andronikashvili.* For 
each temperature, the value of (r), in Table I is the 
arithmetic mean of five or six separate determinations 
and individual values differ occasionally from (7) by 
as much as 25%. Nevertheless, it is clear that the 
correct density to use for the present transient case is 
the total density (p), as was found by Osborne’ for the 
steady state situation. This suggests that, at the 
rotational speed we are using (w15 rev/sec), both the 
normal and superfluid components of the helium are in 
motion and implies some sort of viscous interaction 
between them. 

We wish to thank C. H. Blakewood and Sheldon 
Elliott, Jr., for substantial assistance with the ex- 
periment. 

*R. Bowers and K. Mendelssohn, Proc. Roy. Soc. (London) 
A204, 366 (1950). 

«A. R. McLeod, Phil. Mag. 44, 1 (1922). 

a 955) J. Heikkila and A. C. Hollis-Hallett, Can. J. Phys. 33, 420 


*E. Andronikashvili, J. Exptl. Theoret. Phys. (U.S.S.R.) 18, 
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Structure of a Magnetohydrodynamic Shock Wave in a Plasma of Infinite Conductivity 


Hari K. SEn* 
National Bureau of Standards, Boulder, Colorado 


(Received July 29, 1955) 


The structure of a magnetohydrodynamic perpendicular shock wave (magnetic field perpendicular to 
the direction of propagation) in a plasma of infinite conductivity has been analyzed. For the nonmagnetic 
case, the width of the shock front is found to be larger than in a non-ionized gas. Further, the width of the 
shock (in terms of mean free path within the shock) as a function of the shock strength as determined 
from the Stokes-Navier equations (which applies to weak shocks) is found to join smoothly at M™~1.3 
with the same function as derived from the Mott-Smith analysis (which applies to strong shocks). The 
magnetic field tends to make the shock front narrower for shocks of moderate strength. It does not have 


appreciable effect for strong shocks. 


Application of the above results to solar radio noise and current theories of the origin of cosmic rays is 


indicated. 





1. INTRODUCTION 


ECENTLY de Hoffmann and Teller! have ex- 
tended the Rankine-Hugoniot conditions of 
classical hydrodynamics to shock waves in an infinitely 
conducting fluid with superposed magnetic field. The 
mathematical discontinuity in the physical variables 
given by the Rankine-Hugoniot conditions at a shock 
front is, however, not physically possible, and it is well 
known that considerations of dissipation of energy by 
viscosity and heat conductivity enable the physical 
quantities to vary continuously and result in a finite 
width of the shock front. It is the object of this paper 
to apply similar considerations to find the structure of 
a magnetohydrodynamic shock wave in an infinitely 
conducting plasma (a macroscopically neutral, ionized 
gas). For simplicity, a plane, longitudinal shock is 
considered propagating in a direction perpendicular to 
the applied magnetic field. The shock-structure without 
the field is also considered as a standard of comparison. 
The application of the results obtained to solar radio 
noise and cosmic rays is briefly indicated. 


2. BASIC EQUATIONS 


We shall assume the shock propagating at nonrelativ- 
istic velocities along the x-axis, and make the flow 
time-independent by referring to a coordinate system 
moving with the shock front. We shall use the suffixes 
and 1 to denote the physical variables (velocity u, 
pressure p, density p, and temperature 7) in front and 
back of the shock, respectively. Then we have the 
following equations describing the flow. 

From the conservation of mass, we have 


pu=polo=m, say. (1) 


The equations of motion and energy are derived in 
Appendix I. It is shown there that the pressure tensor 
in our case reduces to a similar form as without a 
magnetic field in the two extreme cases, viz., wr<1 or 
>1, where w is the gyro and r the collisional frequency. 

* Present address: Geophysics Research Directorate, Air Force 


Cambridge Research Center, Bedford, Massachusetts. 
1 F, de Hoffmann and E. Teller, Phys. Rev. 80, 692 (1950). 


These refer to the ions which, on account of their 
heavier mass, determine the shock. 

The above restrictions on wr for the validity of our 
analysis are not so stringent as they might appear to be. 
They hold in many physical cases of interest, e g., in 
the cases considered in Sec. 7 below. With the values 
of the parameters assumed therein, we have in the 
H 1 region, wr-~10° and in the corona at a height of 
10° km above the photosphere, wr~10’. We shall 
assume in what follows that wr<1 or >>1. It is true 
that in the latter case the magnetic field will affect the 
viscosity » and the conductivity & by a function? of wr. 
As, in our analysis, we shall be using only the ratio u/k, 
we shall ignore this effect. 

For our hydromagnetic case, the following extension 
of Stokes-Navier equation holds: 


“(." ‘ 
mom —— (p+ -)+; 3 dx ), @) 


where uw is the coefficient of viscosity (determined 
primarily by the ions) and H is the transverse magnetic 
field. 
Integrating (2), we have 

oa 4 du 3) 

mu—mC = — p——+-"—, 

8x 3 dx 
where C is an integration constant. We assume uniform 
conditions both in front of (x=-++«) and behind 
(x= — ©) the shock. At shock entrance, (3) reduces to 


H¢ 
pot—+muo= mC. 
8r 


The energy equation can be written as 


(3: =a +A =)" meh . 


where & is the thermal conductivity and C, the specific 
heat at constant volume. 
2S. Chapman and T. G. Cowling, The Mathematical Theory of 


Nonuniform Gases (Cambridge University Press, Cambridge, 
1953), second edition, p. 337. 





HARI 


No relative motion is possible of an infinitely con- 
ducting material with respect to the magnetic lines of 
force. Hence we have’ 


Hu= How. (6) 


Finally, we may write the equation of state for a 
perfect gas: 
p=RoT, (7) 


where R=«x/m,, x being Boltzmann’s constant and m; 
the (mean) particle mass. 
Eliminating p between (3) and (5), we get 


d f aT aT du 
ip bp) — mc, —mC— 
d dx dx 
d {wv H? du 
+m—{ — }+——=0. 
dx\ 2 8a dx 


We can express H as a function of u by (6), integrate 
(8), and obtain 


(8) 


H o°tg? 


aT mu? 
k——mE—mCu+—— 
dx 2 


where C; is another constant of integration. 


ly, 
8ru 
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Applying (9) to the front and back of a shock, we 
obtain the following relation: 


Ci= —mEo— mCuot 4mue— A eruy/ 84 
aca mE\— mCu;+ 4mur— Au? /8ruy. 


From (9) and (3), we have 


(10) 


dT 4u Cou+EutCw— 3+ A P?/8am 


du 3k wW—Cut+RT+HPuo/8xpou 





i. 


where 


C2=C1/m= — Ey— Cut $ue?— Ho? /8xpo. (12) 


Introduce the following dimensionless variables : 


li=7/T, U= u/Uo, and /fo= o°/ 84 po. (13) 


Let y be the ratio of the specific heats at constant 
pressure and volume (C,/C,), which in our case of the 
plasma we shall take as 5/3. Then (y—1)ho in (13) is 
the ratio of the magnetic to the internal energy per 
unit mass. 

Equation (11) yields, on integration, 


4% Cy ULe— vt Hy) Met) + (1M) YU By 1) MPU} hay 1) (U1)? 


n=— 





o~ 
3y mu k 
The Prandtl number,‘ wC,/k, in (15) is y/ f=}, 
where fo~5/2 for inverse square law of interaction.’ 
We shall take it equal to 3, to compare with earlier 
work.‘ Our conclusions would not be materially affected 
by this change in the Pradtl number.® Mo in (15) is the 
Mach number (ratio of stream to sound velocity) in 
front of the shock, without the magnetic field, which is 
related to Moy, the corresponding Mach number in the 
presence of the field, by the following equation’: 


Mo= Moun(1+2ho/y)?. (16) 


Now, 
E,/ue=C,T 1/ue=Th/y(y— 1) Me’. 


By (1), (13), and (17), (10) reduces to 


(II,— 1)/y¥(y—- 1)Me+CoU1—-4U P+ ho/y¥M PU: 
=Co—3+ho /yM-, 
where, by (4), (13), and (1) 


Co=C/to= 1+ (1+40)/y¥M’. 

Also, from (4), (1), (6), (7), and (13), 
Ty =yMe?U1(Co— U1) — ho / U1. (20) 
Equations (18)—(20) determine II, and U,; (temper- 


(17) 


(18) 


(19) 


3 See reference 1, p. 695, 
*M. Morduchow and P. A. Libby, J. Aeronaut. Sci. 16, 674 


Eq. (20). 


(1949). 
® See reference 2, P. 
*P. A. Libby, J. Ae 
TR. Liist, Z. 


235. 
ronaut. Sci. 18, 286 (1951). 
aturforsch. 8a, 282 (1953). 


-dU+Tl;. (15) 


II/yM?— U(1-— U+1/yM 0?) —ho(yM oe?) 71 (U— 1/U) 





ature and velocity jump through the shock), as also 
pi/po=1/U, and pi/po=l,/U; in terms of the pa- 
rameters My [hence Moy by (16) ] and Ap in front of 
the shock. Eliminating II; between (18) and (20), 
we have the following quadratic equation in U;: 


Ry+D)U P-L (y—-1) + (1+-40)/Me Ui 
+ho(y—2)/yMP?=0. (21) 


In (21), we have omitted the factor U,;—1, which leads 
to uniform conditions throughout. 

It can be shown that Eq. (21) has a positive and a 
negative root. The positive root passes over continu- 
ously into the nonmagnetic case and is the one we shall 
consider. The negative root is inadmissible, as it leads 
to a negative density through the equation of con- 
tinuity. 

We shall further consider only values of U;<1, 
(Mou> 1), i.e., compression shocks. Rarefaction shocks 
too, for which U,>1, (Mow <1), are mathematically 
possible solutions of Eq. (21), but, as shown in Ap- 
pendix II, they are thermodynamically unstable, on 
account of increase in entropy.* 

It is found that for weak shocks the magnetic field, 
so to say, softens the shock front, that is, decreases the 
compression across the front. We see, however, from 
Eqs. (20) and (21), that for Mow (and hence Mo 


See H. W. Liepmann and A. E. Puckett, /ntroduction to 
Aerodynamics of a Compressible Fluid (John Wiley and Sons, Inc., 
New York, 1947), p. 41. 
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STRUCTURE 





also) , II; and U;->(y—1)/(y+1), the same as 
for the nonmagnetic case. Thus, we would expect the 
magnetic field to lose its importance as the shock 
strength increases.® 

Differentiating (15), we can express dII/dU as a 
function of II and U. The variation of IT with U can 
then be traced by the method of isoclines. We note that 
at the front and back of a shock (U=1 and U;), the 
integrand in (15) is indeterminate and its value is found 
by l’Hospital’s rule. The singularities at these points 
lead directly to the Rankine-Hugoniot conditions in 
the magnetic, as in the nonmagnetic,” case. 


3. WIDTH OF THE SHOCK FRONT 
We shall consider a temperature-dependent viscosity 
governed by the following relation: 
u=po(T/To)", (22) 


where m=2.5 in our case.!! Then, from (3), (1), (6), 
(7), (13), and (19) we have 


4uo 7" li"UdU 


= a 


——, (23) 
3md vu. T/yM e-+U?—CoU+ho/yMeU 





In (23), U.=shock velocity at the inflection point 
(where @U/dx?=0), and we have chosen the origin of 
* at this point. 

We can write the differential form of (23) as 


dU 3m l/yM + U?— pialk Krendl (2 ) 
scabshaiabitced 4 
dx Apo TI"U 





A plot of dU/dx against U from (24) will give at its 
maximum the value U= U,. 

Equation (23) can be numerically integrated to give 
U, and hence the other physical variables as well, as a 
function of x. We shall define the shock width as” 


ee U;)(dU/dx) max. (25) 


4. MEAN FREE PATH 


We shall express the shock width / given by (25) 
both in terms of Ao, the mean free path in front of the 
shock, and \, the mean free path within the shock. 
For the latter we shall take the arithmetic mean of the 
mean free paths (Ao and A;) in front of and at the back 
of the shock (x=-+ © ), respectively. 

The definition of the mean free path in our case 
(inverse square law of interaction) is somewhat arbi- 
trary. We shall define it through the expression for the 
viscosity in gas-kinetic theory”: 


u=dprr, (26) 


°H. L. Helfer, Astrophys. J. 117, 180 (1953). R. Liist, manu- 
script read at Eleventh General Assembly, URSI, Hague, 1954 
(unpublished). 

1 R. von Mises, J. Aeronaut. Sci. 17, 552 (1950). 

1 See reference 2, p. 7 Sec. 12.1 1 (ii). 

12 See reference 4, p. 68 

18 See reference 2, p. 218. formula (6). 
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defined by Eq. (13) and is a measure of the ratio of the magnetic 
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TaBLE I. Width of shock in terms of mean free path. Ho is 


to the internal energy per unit mass; Moy is the Mach number in 
front of the shock; é, and fo are the shock thicknesses in terms of 
mean free path within and in front of the shock, respectively. 











ho Mon to DY 
0.00 1.100 30.4 29.7 
1.500 9.5 8.3 
2.000 8.5 5.9 
2.500 9.7 5.0 
3.000 11.2 4.1 
4.000 14.7 2.6 
0.10 1.039 65.1 64.4 
1.417 9.8 8.8 
1.890 7.9 $.2 
2.362 8.9 4.8 
2.835 10.6 4.1 
3.780 14.2 2.7 
2.00 1.085 13.7 13.4 
1.356 4.7 4.2 
1.627 4.7 3.3 
2.169 7.9 2.8 
4.00 1.038 16.5 16.4 
1.246 44 4.0 
1.661 4.3 2.5 








where ¢= the mean molecular velocity = (8x7/am,)! and 
5 is a numerical constant} for smooth, rigid elastic 
spheres. We shall take 6=}. A different 6 will only 
change the relative scale of shock thickness. 

Let ¢, and é be the shock thickness in terms of mean 
free path within and in front of the shock, respectively. 
Then we have the following relation: 


2to/ty= 1+A1/Ao. (27) 
Now, from (1), (13), (22), and (26): 
Ai/Ao= 11201, (28) 
where we have put m=2.5. Hence 
to/th=4(1+12U;). (29) 
Set 
xX=Nok. (30) 


Then, from (7), (24), and (26), 
sani 3Mo fry\! T/y¥M e+ U2? —CoU +ho/y¥M PU 
wit ) TIU 
From (25), (30), and (31), we have 
8v2-8(1—U;) 
© 3(41)! Mofmax(11,U) 


where fmax(II,U) is the maximum value of the third 
factor on the right-hand side of (31). 
The quantity 4 is obtained from (29) and (32). 





(31) 


(32) 





5. NONMAGNETIC CASE 


We shall first consider the case of the ionized plasma 
without the magnetic field, i.e, when 4o=0. Table I 
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MOTT ~SMITH ANALYSIS 


CURVE I 
CURVE IT NAVIER-STOKES EQUATION 


ty (WIDTH OF SHOCK IN TERMS OF 
MEAN FREE PATH WITHIN SHOCK) 
Nn 
°o 


° 


a 
Moy (STRENGTH OF SHOCK) 


Fic. 1. Width of shock for an ionized gas in terms of 
mean free path within shock. 


gives the values of /) and 4, for values of Mo from 1 to 4. 
We see that for My-4, the shock width is two or three 
times the mean free path for an ionized gas. The shock 
width turns out to be greater than in the corresponding 
case for the nonionized gas, on account of the larger 
value of the exponent m in the relation (22) for the 
temperature dependence of the viscosity." 

The Stokes-Navier equations, however, do not hold 
for strong shocks.'* To continue our table to high Mach 
numbers we use the Mott-Smith interpolation formula.'® 

We assume, as before, that the shock is determined 
by interionic collisions. We shall use the Mott-Smith 
notation as far as possible. Using the Chapman-Cowling 
expression for the viscosity," viz., 


w= $[A2(2) (om, T/x)§(2T/Z), (33) 


we get the following expression for \ from (26): 


A= 5x°T?/2vV2nZ'e'A2(2), (34) 


where n is the particle (ion) density [not to be confused 
with the in (22)] and Ze is the charge on the ion 


assumed to be only of one kind. Thus, the average 
mean free path within the shock is 


AatAs Sm? [ 
2 AVBZ4eAngAs(2)L 


4 See reference 4, p. 680, Fig. 5. The physical reason for the 
increase in shock width with increasing m is that the increased 
viscosity extends the region of influence of the shock wave. See 
L. Meyerhoff, J. Aeronaut. Sci. 17, 785 (1950). 

16C, S. Wang Chang, University of Michigan, Department of 
Engineering, Report UMH-3-F APL/JHU CM-503 (unpub- 
lished). 

16H. M. Mott-Smith, Phys. Rev. 82, 885 (1951). 

17 See reference 2, pp. 171 and 172. 


M?+a—2 
Cat + le pm” ’ (35) 
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where 


a= 2y/(y—1). (36) 


Again, from Chapman and Cowling,'” 


$11” (g) = 4Z4e4m "A (2), (37) 


Thus, we have 
H (Go,tap) = —4Z4e'x*A 2(2) (tap)"(1—#?)(TatTs)~, 
v<41° 
=0, r>1. (38) 
Hence, . 


Tapt Tha = —8Z4eA 2(2) tans 
x [24/xm? (Tat Ts) }'A (tap); (39) 


where 


A (hap) = tap *[ 3p eXp(— tag”) 
+ (2tag’—3) erfuap], (40) 


and 


waB 
ettvea= f exp(— ?)du. (41) 


Mott-Smith’s differential equation (29) reduces in 


our case to 


dng dng 
Ua (tha? + 36a?) —+ ug (ug?+ 3c") — 
dx dx 


+8Z4eA 2(2) NangA (thap) =0. (42) 


an 4 
ca Tat at 
From (35) and (42), we have 

dv_/dx+ Bvg(1—v_)/A=0, 


where 
(w(a—2)/a}! 
(a—1)(a—3) 
‘ [aM*+2a(a—2)M*—a+2}3 
M?(M?—1)(M?+a—2)(aM?+a—2) 
+ (M?+a—2)3(aM?—1)*}A (mag). 





L(a—1)*M* 


TaBLe II. Width of shock in terms of mean free path within 
shock (Mott-Smith analysis). Mo= Mach number in front of the 
shock (without the magnetic field). vag, A (wag), and B are defined 
by Eqs. (45), (40), and (44) respectively. 





> 
= 
& 


Uap A (ugg) 
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0.5853 


0.8452 
0.9800 
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(44) 


STRUCTURE OF 


We note that wag is a function of M given by 


tap= (M?—1)[a(a—2)/2}'[M*(a—1)? 
+ (M?-+a—2)(aM?—1)}4. (45) 


The shock-wave thickness as given by 4/B is tabu- 
lated in Table II. The complete plot of the shock 
thickness as a function of M is given in Fig. 1, the two 
curves being smoothly joined at M@—~1.3. Note that the 
shock thickness tends to the following finite value as 


= #(a—1)(a—3)[4(a—2) 4A“ [ (a—2)4/v2], 


where the function A is defined by (40). The Stokes- 
Navier equation, on the other hand, gives an infinite 
limit in our case'® (n>4). The Mott-Smith analysis is 
to be preferred, as we have said, for strong shocks. 


(46) 


6. HYDROMAGNETIC SHOCK 


In Table ITI and Fig. 2, we have shown the variation 
of U within the shock front for Moq=2. The density 
and magnetic field variations can be derived easily 
therefrom. Table I and Fig. 1 give the shock width in 
terms of hydromagnetic shock strength Moy for three 
values of 4o=0.1, 2, and 4. For weak shocks, the 
magnetic field narrows the shock width, but for strong 
shocks the width tends to the nonmagnetic case. This 
is in conformity with the result obtained in Sec. 2. 

It is true that for strong shocks our analysis based on 
the Stokes-Navier equation would not apply.’® As a 
superposed magnetic field does not affect a steady state 
Maxwellian distribution," it would not change the 
Mott-Smith first-order interpolation formula. Higher 
orders of approximation would seem to be required in 
this case. 


7. CONCLUDING REMARKS 


In the foregoing pages we have analyzed the structure 
of a shock front in an infinitely conducting plasma 


TABLE III. Variation of velocity U within shock as a function 
of distance ¢ from inflection point. (Mox=2.0.) Mow is the Mach 
number in front of the shock. Ao is defined in Eq. (13). 








ho =0 ho =0.1 
é U € 


—3.09 0.97 — 2.66 
—2.00 0.93 —1.81 
— 1.26 —1.16 
—0.61 0. —0.57 
0 ; 0 
1.23 1.18 
2.61 2.55 
4.33 4.39 
7.18 7.83 





0 

1.02 
2.31 
4.18 
8.81 
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MAGNETOHYDRODYNAMIC SHOCK WAVE 


. § 


VELOCITY, U 


Go 


| 
hos 40 =20 


ho* Ol ho =O 


DISTANCE, €, FROM INFLECTION POINT 


Fic. 2. Variation of velocity within the shock. 


when the magnetic field is perpendicular to the direction 
of propagation. For a parallel field, it is well known 
that the field has no effect. It would be interesting, 
though considerably more complicated, to find the 
shock structure and trace the refraction of the lines of 
force inside the front when the magnetic field is inclined 
to the direction of propagation. 

It is believed that the physical theory as developed 
above will have applications in solar, ionospheric, and 
cosmic problems. We shall herein indicate briefly two 
such. 

First, the gradient of the magnetic field in a shock 
front may modify the conditions of escape of gyro- 
frequency radiation in the solar atmosphere. Denisse™ 
first noted that a sufficiently rapid time variation of 
the sunspot magnetic field may cut down the reabsorp- 
tion and facilitate the escape of gyromagnetic radiation, 
thus accounting for the noise storms in meter wave- 
lengths. A space variation of the field inside a shock 
front may well achieve the same purpose. We shall see 
if this is so. 

In the following we shall use Denisse’s notation and 
results. 

Under solar conditions, 
frequency”! 


the electronic collision 


y= 15nT-!, (47) 


For inter-ionic collisions we may take the mean free 
path to be of the same order as that for electron-ion 
collisions and given by 

A=6/v'= (8xT/am,)*(v') "4K 10°T?/n, 


from (47). 
The mean free path for gyromagnetic radiation of 
electrons is given by 


to= c(Aw)*/r’0?, 


(48) 


(49) 








18 See reference 4, p. 681. 
* H. K. Sen, Phys. Rev. 88, 820 (1952), Appendix I. 


on F. Denisse, Ann. astrophys. 10, 1 (1947). 
* T. G. Cowling in The Sun, edited by G. P. Kuiper (University 
of Chicago Press, Chicago, 1952), p. 538. 
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where the electronic plasma angular frequency is 
Q= (4arne*/m,), (50) 


and (Aw)/2m is the Doppler width due to the thermal 
velocity of the electrons. 
From (47), (49), and (50), we have 


Zo=m£T'(Aw)*/60rn'e?. (51) 


For a shock of moderate strength, we may take the 
compression to be ~2. Hence, 


Av/v= (Hi— Ho) /Hem™1. (52) 


The change Ay in (52) takes place in a distance of the 
order of the shock width, which we may take to be 
about 5A=2X10°7?/n. Hence in a distance 2 the 
change in the frequency will be 


Av= 5nvz0/10°T?. (53) 


The Doppler width due to the thermal velocity of 
the electrons is 


(Aw)/2r= (Av) a= vV/V3c, 
where 
V = (3xT/m,)'. 


From (51) and (53)-(55): 


Av/ (Av) ar? /nX 10°. (56) 


At a height k~10" cm above the photosphere, n~10', 
H~50 gauss, H;= 2H¢~100 gauss, and v= 300 Mc/sec. 
Hence, from (56), Av-(Av),4. Thus the gradient of the 
magnetic field in the shock front will shift the frequency 
of the gyromagnetic radiation beyond its Doppler 
width before it is reabsorbed. The gyromagnetic emis- 
sion will therefore be considerably more than what 
would ordinarily be obtained from including the full 
effects of reabsorption. 

We shall next consider the application of our results 
to current theories of the origin of cosmic rays. The 
basis of these theories” is that the cosmic-ray particles 
spiral closely around the magnetic lines of force, so 
that the magnetic moment, 


u=W,/H, (57) 


remains constant, W, being the energy corresponding 
to the transverse velocity. 

A condition® necessary for close spiralling and 
assumed for the constancy of the magnetic moment is 
that 


| pdH /dx|<|H|, (58) 


where p is the radius of gyration given by 
p= (2mW ,)'c/eH, 
and dH/dx is the gradient of the magnetic field. 


(59) 


#1. Biermann, Ann. Rev. Nuc. Sci. 2, 335 (1953). 
%H. Alfvén, Cosmical Electrodynamics (Clarendon Press, 
Oxford, 1950), pp. 19-23. 
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Since for shocks of moderate strength, |dH|~H 
across the shock front, and the shock width is a few 
mean free paths, condition (58) is equivalent to 


pXr, (60) 


where A is the mean free path in the front. 

In the HI region in interstellar space, the neutral H 
atoms preponderate over the protons and electrons. 
The shock is determined by the H atoms, and 


(61) 


where my=concentration of H atoms=1 cm and ~ 
on=cross section for H atoms= 10-" cm’. 

In the H 1 regions," n;= n,= 10 cm~, o;, .= 10-" 8 cm’. 
Hence 


An™®(ony)~'= 10° cm, 


ALA. = (6; te) 10" cm. (62) 
For*® H=10-* gauss and W,= 10" ev, 
(63) 


From (61)—(63) we see that condition (60) would not 
be fulfilled in the H m region and would not also hold 
in H1 for proton energies of 10" ev and higher. 


p= 10" cm. 
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APPENDIX I. THE EQUATIONS OF MOTION AND 
ENERGY FOR A HYDROMAGNETIC SHOCK 


Chapman and Cowling have given expressions for 
the stress tensor in a magnetic field.2* We shall use 
their notation in what follows. They take the magnetic 
field H in the x direction. Then for unidimensional 
variation and longitudinal shock propagation in the y- 
direction : 


e=| 


In the equation of motion, we have to consider 


te) 
(3 
or 
In our case we need consider only 0p,,/dy. Now, 


Pyy= P— 2p (9+ 16e*7?) "92 +8 (EO yy +e e2)w*r? 
+12¢,, x07 | 


—4000/dy, 
0, 
0, 


0, 
$Ov0/ dy ’ 
0, 


ee 
0 : 
— }009/dy 


(A-1) 


Opey OPvy Opry 
) = 


Ox dy Oz 


36+ 16u*7? dv 
ae a ep 
27+48w*7? dy 


* A. Schliiter, Z. Naturforsch. 5a, 76 (1950). 

26 See reference 22, p. 352. 

*6 See reference 2, pp. 338 and 15. We have used the symbol e® 
for the nondivergent tensor derived from e, as the printer did 
not have the corresponding symbol used by Chapman and 
Cowling. 


p (A-2) 





STRUCTURE 
from (A-1). From (A-2), we have 


4 dv 

TT Te 
1 dv 

rt bene 


when wr<l1; (A-3) 


when wr>l. (A-4) 


Equation (A-3) is the same as without the magnetic 


field. Equation (A-4) differs from the nonmagnetic case. 


only in the scale factor 4 for the viscosity. This would 
involve a change in the Prandtl number (uC,/k) which 
should not materially affect our conclusions.® 

Chapman and Cowling have given the formulas for 
the pressure tensor of a simple gas. As the shock is 
determined mainly by the ions, we shall use formulas 
(A-3) and (A-4), with w, 7, and u referring to the ions. 

To derive the equation of motion we note that the 
magnetic field introduces a body force jXH per unit 
volume.™ With Maxwell’s equation (neglecting dis- 
placement current in the highly conducting plasma), 
VXH=4nj/c, the body force can be written 
(c/4m)[(¥XH)XH]. Hence we have the following 
equation of motion for the particular form of the 
pressure tensor discussed above: 


Du Op 490/ Ou 
p—=—{(wxH) XH]. —-—+- (1). (A-5) 
Dt dx 30x 


Equation (A-5) can be shown to be equivalent to 
Eq. (2) of Sec. 2. 

For the energy equation, we note that the magnetic 
field does no work and that the energy dissipated in 
Joule heat (7?/c) vanishes, on account of our assump- 
tion of infinite conductivity. Hence the equation of 
energy remains the same as in the nonmagnetic case.”’ 

With neglect of viscosity and conductivity our 
equations reduce to those considered by Liist.?* 


*7 Dr. J. Feinstein has drawn the author’s attention to the fact 
that a relativistic treatment is needed when the magnetic field is 
strong. However, for this to be so, the magnetic field must be 
very strong, i.e., magnetic energy>>rest energy [F. de Hoffmann 
and E. Teller, reference 1, p. 697, Eq. (60)]. The present treat- 
ment would therefore apply to most physical problems of interest. 

28 See reference 7, p. 278, Eqs. (1) and (3a). 
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APPENDIX II. THERMODYNAMICAL STABILITY OF A 
HYDROMAGNETIC SHOCK 


We first note that on account of the reasons stated 
in Appendix I, the magnetic field does not affect the 
equation of energy. We may therefore use the thermo- 
dynamic equation for the change of entropy, viz.,* 


S2—S,=C, In(¥n-”), (B-1) 
where 


Y= p2/ pi, (B-2) 
We shall consider the case of a weak shock for which 
Y=1+y, n=I1+¢«, (B-3) 
where y and «<1. Then we have” 
ho(y—1)@+[2y+ (y—1)y Je— 2y=0. 
Eliminating y between (B-1) and (B-4), we have 
(Sa—S1)/Co=In{1+3(y— Dot év(y+1) Je: +} 


1.€., 


n= p2/ pi. 


(B-4) 


(S2—S1)/R=}[hotdy (y+ Je: - (B-5) 


For a compression wave e>0, and S:>;, from (B-5). 
S2<S, for a rarefaction shock, which is, therefore, 
thermodynamically unstable. 

Our use of Eq. (B-1) seems at first sight to be at 
variance with de Hoffmann and Teller’s inclusion of 
magnetic terms both in the expressions for pressure 
and energy,” viz., 


p*= p+ H?/8r, 
= E+ H?/8rp. 


(B-6) 
(B-7) 
The two procedures are, however, equivalent; this can 


be seen as follows. For a unit mass of gas, we have the 
following relation from Eqs. (1) and (6) of Sec. 2: 


Hv=constant. (B-8) 


Now, according to de Hoffmann and Teller: 
dQ = dE*+ p*dv=dE+d(H*v/8m)+ pdv+ (H?/8mr)dv 

= dE+ pdr, (B-9) 
from (B-8). 

The relation (B-9) shows that there is, in fact, no 


need to include the magnetic terms in the thermo- 
dynamic equations, as was stated in the beginning. 


* H. L. Helfer, Astrophys. J. 117, 180 (1953), Eq. (19). 
% See reference 1, pp. 698-700. 
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The Boltzmann equation is studied for the case of a low-density ionized gas in an externally applied 
electromagnetic field. Particle-particle collisions are neglected, but long-range collective interactions are 
included. In Part I the static problem is treated in detail. For this case the Boltzmann equation is solved 
using individual-particle orbits—an approach which emphasizes the physical basis of the solution. 





I. INTRODUCTION 


HE conventional treatment of transport pheno- 
mena in nonuniform gases is that of Chapman 
and Enskog.! This is a procedure for solving the Boltz- 
mann equation in a series of terms, the first of which 
describes a local Maxwellian velocity distribution at 
each point in space. The series expansion used converges 
rapidly when the mean free path for particle collisions 
is much smaller than all pertinent macroscopic dimen- 
sions of the gas. On the other hand, for a rarefied gas 
in which collision mean free paths are long, the method 
does not seem to be useful. 

In the present paper, we wish to consider a method of 
solving the Boltzmann equation when particle “colli- 
sions” are negligible. We treat the case of a completely 
ionized gas in a strong, externally applied magnetic 
field. To make the treatment as simple as possible, we 
suppose there to be only two kinds of particles present— 
electrons and ions. Their respective masses will be 
denoted by M, and M; and their charges are assumed to 
be —e and +e. 

There are various geophysical and astrophysical 
applications of the study of conducting fluids in electro- 
magnetic fields.* These are usually treated by the use of 
hydrodynamic equations (the hydromagnetic equations). 
For conducting liquids and dense gases (i.e., gases for 
which the mean free paths for collisions are small 
compared to macroscopic dimensions), the application 
of these equations seems justified. On the other hand, 
there are astrophysical phenomena, as well as gaseous 
discharge phenomena, for which particle-particle colli- 
sions are of very little importance in determining the be- 
havior of the gas. It is with such conditions that we 
shall be concerned. 

In discussing ionized gases, it is necessary to be 
careful in defining the term “‘collision,” since the particle 


* On leave of absence from the University of Wisconsin. 

1S. Chapman and T. G. Cowling, Mathematical Theory of Non- 
Uniform Gases, (Cambridge University Press, London, 1952). 

2 We consider only singly ionized particles. This permits us to 
ignore states of multiple ionization and the consequent introduc- 
tion of several “types” of particles. There would be no inherent 
complication of the problem in such a generalization, however. 

5 See, for instance, H. Alfvén, Cosmical Hydrodynamics (Oxford 
University Press, New York, 1950). 
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motions are very strongly coupled through the long- 
range electromagnetic interactions. For this reason, it is 
customary to divide the interactions of a particle into 
long-range “‘collective” effects and short-range “particle- 
particle” interactions. The characteristic distance with- 
in which particle-particle collisions are important is the 
Debye radius, 


Ro=[6/4xen}, 


where @ is the temperature and n is the gas density.‘ 
The “collision time” r is* 
e in ), 


where Rmin is a minimum impact parameter. If r is less 
than macroscopic periods of the motion, we expect a 
local Maxwellian velocity distribution to develop. In 
this case, the hydrodynamic or Chapman-Enskog 
methods should be applicable. For the preblems of 
interest to us, however, we shall assume that r is larger 
than other periods of the system and that particle 
collisions are negligible. 

We must thus consider the two Boltzmann equations® 


M} n &/x 


6 M? 3 


Rp 
Rain 


1 


rt 


afi ef. .¢ 
Te viet — | Box B| Vefi=0, 
at Mi C 


t 


(1) 
(—e) 


Ofe 
+c:Vf.+ 
M 


c 
[E+<xB]-v./0 
at C 


e 


Here f.(r,c,/) and f,(r,¢,t) are the respective electron 
and ion distribution functions, where r is a space and 
¢ a velocity coordinate. (V. is the “del-operator” in 
velocity space.) E and B are the respective electric and 
magnetic field vectors. 

Several velocity moments of the /’s will be of later 


‘See, for instance, L. Spitzer, The Physics of Fully Ionized 
Gases (Interscience Publishers, Inc., New York, 1955). 

5 See, for instance, reference 1. In the general case, the right-hand 
side is set equal to the rate of change of f due to particle collisions. 





IONIZED 


importance to us: 


Ne= f fd®c=average electron density. 
v.= f cf d*°c= average electron velocity. 


p.=M, f [e—v. ]le—v.] fede (2) 


=electron pressure tensor. 


0.=M, f [e—v.Jle—ve]Le—v.]f.ae 


=heat flux tensor, etc. 


In addition to these, there are the corresponding 
quantities for ions, for which we use the subscript 7. 
We have also the electric current and charge density 
which are 

j=eLnivi—n.v, |, 
(3) 


e=e[ni—n, }. 
Finally we have Maxwell’s equations 


1 JE 


which are coupled to Eqs. (1) through Eqs. (3). The 
fields due to sources of current and charge external to 
the plasma are to be specified by the boundary condi- 
tions on (4) rather than by the charges and currents 
themselves. 

_ For most of our discussion, it will not be necessary to 
' specify the distinction between electrons and ions, so we 
shall, unless specifically stated otherwise, omit the 
subscripts “e” or “i.” For instance, we write the 
Boltzmann equation simply as 


of e 1 
—+0-0/+—| B+exB]-¥.f=0. (5) 
at Mt C 


We need then only give e its correct sign and apply 
the appropriate subscript when we desire to be more 
detailed. 

Our problem will be divided into two parts. The first 
is that of describing static solutions to Eq. (5). The 
second, which will be treated in more detail in the 
following paper, concerns the time-dependent solution 
of (5) for f when the distribution differs only by an 
infinitesimal amount from the static distribution. In- 
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LOW DENSITY 
deed, let 
E=E,+F’, 
(6) 
B=B,+B’, (with E,-B,=0), 
where E> and Bo are static and E’ and B’ are infinitesimal 
fluctuating quantities. Also, we abbreviate the Boltz- 
mann operator by 


0 e 1 
p=—+e-v4—| Bet-eXBy]-v. (7) 
al M & 


Then the solution to the “static” problem will be 
denoted by fo(c), which satisfies the Boltzmann equation 


Dfo=0. (8) 
Returning to the general problem (5), we write 
fe) = fole—u)+ (9) 


Here u(r,t) is a “drift velocity” superimposed on the 
static distribution fo(c). In accordance with Eq. (6), 
we suppose both u and /’ to be infinitesimal and that u 
satisfies the equation of motion 


du ie 


1 
— [B+-xB] (10) 


at M 
Equation (9) is next substituted into Eq. (5). We make 
use of Eqs. (6), (8), and (10) and linearize the resulting 
equation in small quantities to obtain 


é 
Df’ =—u-Vfote: (Vu): Vefo— ee (11) 


Equation (11) represents the basis of our discussion 
of the behavior of the system in the neighborhood of an 
equilibrium distribution (that is, fo). It will be used to 
describe the dynamic and thermodynamic behavior of 
the gas in Part II. 

It will be noticed that we are following a procedure 
often employed in hydrodynamics in the treatment of 
stability of flow (or the onset of turbulence). In such 
problems, the hydrodynamic equations are linearized 
about a state of static flow. If the linearized perturba- 
tion of the flow grows in time, the flow is said to be 
“unstable’”—otherwise, “‘stable’’. Recently these me- 
thods have been extended by Chandrasekhar® to 
certain hydromagnetic problems involving the stability 
of a conducting liquid in an applied magnetic field. 
Astrophysical applications to the stability of ionized 
gases in magnetic and gravitational fields have been 
made by Chandrasekhar and Fermi,’ by Kruskal and 
Schwarzschild,* and by Frieman et al.® 

6 See, for instance, S. Chandrasekhar, Phil. Mag. Ser. 7, 43, 501 
(1952) and 45, 1177 (1954). Further references are given here. 

7S. Chandrasekhar and E. Fermi, Astrophys. J. 118, 116 (1953). 

8 M. Kruskal and M. Schwarzschild, Proc. Roy. Soc. (London) 
A223, 348 (1954). 


®Frieman, Bernstein, Kruskal, and Kulsrud, Revs. Modern 
Phys. (to be published). 
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These studies have all involved a hydrodynamic 
approach, which is not in general justifiable for our 
problems. It is well known, however, that the equations 
obtained by taking successive moments of Eq. (5) 
provide a formally rigorous hydrodynamics, involving 
an infinite series of coupled equations. This series of 
equations may be terminated at any stage by evaluating 
the appropriate moment from the solution f’ to Eq. 
(11). In a sense, this is purely formal, since if f’ is 
known (we assume that fo is specified as an initial con- 
dition) the problem is completely solved. From a 
practical point of view, however, this is often a useful 
approach—and, in this respect, similar to the Chapman- 
Enskog method.” 


II. RELATION TO PARTICLE EQUATIONS OF MOTION 


For the sake of added physical clarity, we shall discuss 
the static solution by means of particle orbits. It is quite 
apparent that this may be done, the formal argument 
being as follows: 

Abbreviate 


é 


1 
[B+-exB|= F 
M ‘. 


in Eq. (5), and consider 
de/dt=F, 
dr/di=c. 


Let the solution to these equations be 


c=c(aj- - -as,t), 
(14) 


r=r(a;- + -as,t), 


where the a’s are integration constants. Let us also 
suppose that these equations may be solved for the 
a’s in terms of r, c, and ¢. Then 


a;=a,(r,c,t) (i= 1,2,- : *6). (15) 


Now, any function (possessing derivatives with respect 
to the a’s), 
f(a ve ‘a6), 


of the a’s (when the a’s are replaced by the functions 
(15) of (r,c,t) is a solution of the Boltzmann equation 
(5). Indeed, on substituting into Eq. (5), we obtain 


6 dffda, B 6 Of da; 
> — | +e-vatFVas|=¥ ——=(, 
i=1 Oa; Ot i=1 da; dt 


(16) 


since the a,’s are constants. When the a;,’s are not true 
constants, but adiabatic invariants, the resulting / 
satisfies the Boltzmann equation to within the accuracy 
of the adiabatic theorem. 

A useful set of a’s are the initial position ro and initial 


” We are indebted to Dr. G. Chew, Dr. M. Goldberger, and Dr. 
F. Low for calling our attention to the similarity here to the 
Chapman-Enskog method. 


velocity ¢o. Then 
f= f(tol(t,¢,4), co(r,¢,t) ) 


satisfies Eq. (5). 

Equations (16) and (17) hold in general. To obtain a 
static solution, it is evidently necessary to choose f so 
that expression (17) is independent of ¢. 


(17) 


Ill. THE SPECIFICATION OF THE PROBLEM 


In order to be able to make detailed statements con- 
cerning the behavior of the gas, it is necessary to specify 
in some detail the physical properties of the static state. 
We shall assume: 

(A) The gas is very nearly electrically neutral, or 
that n¢~n,. More precisely, we shall keep terms of 
order no higher than the first in (;—m,). 

(B) The quantity 


Average Larmor radius of particle orbits 





n= 
Dimensions of the system 


This will be considered as an expansion parameter (to 
which we shall frequently refer) and we shall usually be 
interested in keeping no more than first-order terms in 
n. Assumption (B) implies a “strong” magnetic field 
and means that Larmor frequencies will be much greater 
than other characteristic frequencies of the system. 
This is apparent, on recalling that the Larmor radius 
™ thermal velocity/Larmor frequency. 
(C) The quantity 


Kinetic energy density in gas 


aon 


Magnetic field energy density 





This is clearly compatible with our assumption of low 
gas density and strong applied magnetic field. Taking 
8<1 simplifies considerably the solution of Maxwell’s 
equations, since it implies that the magnetic field arising 
from the external sources will provide a reasonable 
starting approximation to the actual B. 

(D) The static electric field, Eo, is small and its 
derivatives are negligible. ‘ 

Of our four assumptions, (B) is by far the most im- 
portant since it determines the general nature of our 
conclusions. Assumption (C) is convenient in obtaining 
explicit solutions of our equations. The remaining two 
assumptions are of less significance and might have been 
relaxed without invloving much additional complication. 


IV. THE STATIC DISTRIBUTION FUNCTION 


In accordance with the theorem quoted in Sec. I, we 
consider first the orbits of a charged particle in a mag- 
netic field. We keep first-order terms in 7 in solving 


0 
— = (¢/M)ErteX(t), (18) 
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where 


w(r) = (e/MC)Bo(r). (19) 


As explained in Appendix A, we introduce at each point 
in space a local coordinate system with orthogonal unit 
vectors 

é,, és, and és 


and “coordinates” x, x2, and «3. The x’s are lengths 
measured along the direction of the unit vectors. They 
are not true coordinates, since they are defined only 
locally. The unit vector é; is in the direction of B, and we 
have 


é./Ri= 0é,/0x1, é3= 1X bo. 


Other relations involving these unit vectors are given 
in Appendix A. 

In Appendix B we derive the motion of the charged 
particle. The dominating term in the motion perpendic- 
ular to Bo is the Larmor velocity, 


t 
Vo=Va cos f wat’, 


(20) 
V3=Vi sin [ wit’ , 


w= (e/MC)B,(G). 


Here Bo(G) is the value of the field Bo at the position of 
the guiding center of the Larmor orbit. The guiding 
center moves along the field lines with a velocity V; 
determined from 

dV ,/dt= V,?/2D. (21) 
[1/D=—(1/B)(@B/dx,), as described in Appendix 
(A).] 


Also, the quantity V, in Eqs. (20) satisfies 


(d/dt)(V,?)= —Vi(V?,/D). (22) 


It is convenient to write a vector V as 


V= V é;+ V o€o+ V 3és, (23) 


where ali the unit vectors are defined at the guiding 
center position. 
Then, (as is shown in Appendix B), to first order in 
the solution to Eq. (18) is 
ViV; VW3sf1 1 
c= V+vpt+Veo—é@i—— +4 (_-—) 
WIN} 2w R; R2 


1 és 
+— | eo ta V3?) ; (24) 


3w 1 


VE0= CEoX Bo/ Be’, 


és (25) 
vp=—[V 2+4V 2]. 


WN) 


Again our unit vectors are defined at the position of the 
guiding center. The position of the guiding center is R., 
which is related to the particle position r by 


r=R,-— (VX é,/w), 
to first order in 7. 
We have now put the solution to the equation of 
motion in the desired form. To continue, we define a 
guiding center distribution function F by 


f(t,)Frdc= F( Vi, V2, V3,Re1,Reo,Re3)@PR AV. 


Equation (27) is an expression for the one-to-one 
correspondence between particles and guiding centers." 
To obtain the time dependence of F using the method of 
Sec. II, we observe that 


(26) 


(27) 


@rd*c= const, 


following the dynamical motion (this is a consequence 
of Liouville’s theorem). Next, we may show that 


@R.dV =const. 


This follows on evaluation of the Jacobian of the trans- 
formation” 


Rey = ReyoV 161, 

Reo= Revo, 

Re3= Rego+vpét, 
Vi=Viot (V,2/2D)ét, 
V2=[V20t V sowdt JL 1— (Vi0/2D) St], 
V3=([Vs0— V 2qwdt J[1— (Vi10/2D) 60], 


where 6¢ is an infinitesimal time interval. Vo and Reo 
represent the values of V and R, at the beginning of the 
interval 6¢. Equations (28) follow immediately from 
Eqs. (24) and (25), if we drop vz. or assume it to be 
in the é; direction and thus included in vp. 

In the same interval 6¢, we have 


ro=r—cél, 


co=ce— (e/M)Et—eX w(r)dt. (29) 


Referring to Eq. (27), we see that during 6/, f changes 
according to Eqs. (29) while F changes according to 
Eqs. (28). The differential equation for F is determined 
from 
OF 1 
—=—([F(6t)—F(0)]. 
ot 


(30) 


It is apparent that if F is not to oscillate at the 
Larmor frequency, it must depend only on V2 and V; 
in the combination 

V2+VP/=V,?. 


Also if F is not to change due to the guiding center drift 


1! This approach to the distribution function using F was begun 
in collaboration with M. L. Goldberger. 
1 The argument is given in more detail in Appendix A. 
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tp, F should not sepend upon Re;. Thus,” 
F=F(Vi,V,?,Re1,Re2). (31) 


There is one final condition on F due to motion in the 
1” direction. In time dt 


Reyo= Reay— V 6t, 
Vio= Vi— (V,2/2D) at, 
Vag=V2+Vi(V,2/D)ot, 


which follows directly from Eqs. (28). Using Eq. (31) 
we have 


(32) 


V 2 
—=—|F (v-— i V2+V1—8t, Ra—Vil, Re) 
a D 


—_ F( V1,Vs?,Re1,Ree) 


Vi oF oF V. oF 


— r——~— Vi — —=0. (33) 
2D dV; ORey D ave 


This represents the final restriction on the form of F. 
If vg, is not in the é; direction, then the functional form 
of F is further restricted. The resulting equations may be 
easily worked out as we have done above. 

Dividing Eq. (33) by Vi, we see that this equation 
depends only on V;*. We thus take F to be a function of 
V?: 


F=F(V/, V.2,Rei,Ree), (34) 


and satisfying Eq. (33). 
From Eq. (26) we have the relations between the 


volume elements as 
VxXé ) 
@ 


V-(VxX&) Vs; V2 
=o 1-0-6 ——V- a] (35) 


® ® ® 


oR- a 1+0-( 


It is also necessary to express F in terms of its value at 
r through [see Eq. (26) ] 


V3 
F(R.)= ry 
w ORe. 


r 


(36) 


where F,, means F at the point r. These relations permit 
us to write Eq. (27) as 


V3; OF 
f(t,c)dc= [Fc V 2,V a? ,41,%2) -+— ~| 


®@ OX 


V-Vxé: Vs V; 
+(1- shh “PP aes” 9 elev. (37) 


w Ww ) 


Here we must keep only zero- and first-order terms of 7. 


8 We are not seeking the most general static solution of Eq. (30), 
Eq. (31) being sufficiently general for our purposes. 
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Vv. CONDITIONS ON THE MOMENTS OF THE 
STATIC DISTRIBUTION 


The static distribution f of the previous section is the 
distribution fy about which we shall linearize the time- 
dependent equations in Part II. Its general properties 
lead to conditions on the moments introduced in Eq. (2). 
For instance, we obtain directly from Eq. (37) 


n= f joc= [ reven, 


the guiding center density, to and including first order 
terms in 7. For the higher moments, we introduce the 
notation 


(38) 


Ni@)o= f oFEV, (39) 


where ¢(V) is some function of V. 

We may also easily express the higher moment ex- 
pressions (2) in terms of the moments of F. For the ith 
component of the drift velocity at the point r we have, 
where é,(r) is the appropriate value of é; at the point r. 


/oV3 1 -) 
R; R» 


nv -é,(r)=nv;= fe feo: {v+e~ 


ViVs 
—é; 
ON) 


és 
+—{V2+4V 2] 


QIN 


1 é3 
+ [evar voll 
3wR 2 


1 


V3 | 
@ OX 


V-(VXé:) V3; V2 
x1 49-49-50. (40) 


® Ww i) 
‘ 


To evaluate this we recall that the components of V 
are defined in terms of the é;(R.), so we must replace 
the é;(r) in the right-hand side of (40) by 


Vxé; 
tl) =04R)-( )- vero. (41) 


The integral is now readily evaluated to first order in 
to give 


v= Ho|— —Minvire) 


wMn dx» 


1 
tls de—(Ve)c]t. (42) 


The pressure tensor is evaluated in the same manner 
from 


pum Mt f (r)-Le— v [e—v]-é;(r) fd’c. (43) 





IONIZED 


To and including first-order terms in 7, we find that 
pu=MnV i), 
p22.= p3s= Mn(V#)q, 
pi2= pis= p2s=0. 


Thus the pressure tensor is diagonal and has two differ- 
ent elements in our coordinate system. 
Finally, to zero order in n, the heat flow tensor 


Q=0. (45) 


Our moments are still not arbitrary, but are further 
related by the differential equation (33). Indeed, taking 
moments of Eq. (33), we obtain 


Opi pu-— pss 

Bhachant om 

0x1 D 
V-Q=0. 


(44) 


0.4! 


’ 


and 
(46) 


Any further detail must be obtained by making more 
specific assumptions about the distribution function f 
(or fo). This cannot be determined from general 
principles, but must involve the physical details of the 
plasma structure. Such arbitrariness is not a short- 
coming of our analysis, since it represents an actual 
arbitrariness in the corresponding physical situation. 

In Part II, where the nonstatic problem is studied, 
the static solution obtained here will represent a: ‘nitial 
condition on the system with respect to which small 
perturbations are made. 
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APPENDIX A 


We discuss here the differential geometry used above. 
The magnetic field is 

B= Ba,. (A-1) 

In accordance with our assumption that 81, we take 


VXB=0, 
or, using (A-1), 


(A-2) 


1 
VXéi:=—é:XVB. 
B 


Let 5x; represent an infinitesimal displacement in the 


4 This will be recognized as (y-p)-é:=0, which is obviously 
necessary for our equilibrium solution. 

18 A development similar to that presented here will be published 
separately by Chew, Low, and Goldberger. 

16 Part II is written in collaboration with Dr. K. A. Brueckner. 
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direction of @;. Then 
é./R\= 06;/Ox, (A-3) 


defines the unit vector @.[@:-¢,=0] and the principal 
radius of curvature of the field lines. A third vector is 


é3= 81 X be. (A-4) 
Define 
1 1 OB 


(A-5) 
D B Ox, 


Using V-B=0, we have also 


0é; de; 
-«(2)e«(2) 
D Ox, 0x3 
where 5x2 and 6x; are infinitesimal displacements in the 
direction of @: and é;, respectively. We also define 


0é; 1 
és: (—) =—, 
OX 2 
0é; 1 
és: (—) =—. 
0x3 R; 


Further differential relations may easily be worked 
out. In treating the equations of motion in Appendix B, 
it is assumed that the radius of torsion of the field lines 
is large enough to be neglected. 

The unit vectors é),é2 and é; along with the displace- 
ments 6x;, 5x2 and 6x; define a rectangular coordinate 
system in the neighborhood of each point. They are not 
true coordinates, since they are defined only in an 
infinitesimal region. For instance 


(A-6) 


e 0 
- - #0, 
OX10X. OxX20X, 
in general. 
The V operator is 


(A-8) 


consistent with the divergence and Stokes’ theorems. 
We obtain, for instance 
vX4=—. (A-9) 
R, 
In connection with Eq. (28) and the discussion pre- 
ceding this equation, we may now show the constancy 
of the volume element 


PRAV 
in more detail. The motion of R, is given by 
R,= ReotVpdt+é; (0) V sot. (A-10) 


Here é;(0) is the value of é; at /=0. @,(6t) is the corre- 
sponding value at R, at time 4¢. Our volume element is 
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constructed from 


3 ( ORio aé,(0) 
AR,.=>. + V 105t 
11 AReio OReio 


ARej. (A-11) 


(The contribution from vp is of higher order than the 
terms which we are keeping.) Then, 


ARe, =é,(6t)-AR-=ARewo+:--, 


V 
ARco= é2(6t) AR.=[14+— “a |aRart aaa 


u 


(A-12) 


V 
ARe=[14+—“at|aRewt <3 ode 


R; 


For evaluating the Jacobian determinant only the terms 
on the principal diagonal are needed. These are just the 
terms explicitly written above. Using Eq. (28) in the 
form given for the velocities, we obtain immediately 


Vio Vi0 
@RAV = 1 +f +—“a| 
R; R; 


Vio F 
| 1- a PR Vo=ERofV_ (A-13) 
2 


to first order in 6i. 
APPENDIX B 


We now discuss the solution of Eq. (18) to first order 
in 7: 
de e 
—=—E,+¢Xo(r). 
di M 


(B-1) 


We introduce the “Larmor velocity” 
vi_=[é2'V2+és'V3 |, (B-2) 


where é@,’ and é;’ differ from é@, and é; by terms of the 
first order in ». Explicit forms will be given later for é2’ 
and é;’. The position of the guiding center is defined to be 


R,=r+ (viXé1/w). 
Also [from (B-3) ] 


(B-3) 


vixXé, ; 
~—) -Va(R.) (B-4) 


Ww 


o(r)=o 


to first order. We henceforth write for brevity 
o=(R,), 


and also suppose é, é2, and é; are evaluated (as pre- 
scribed in Appendix A) at the position R.. Then Eq. 


WATSON 
(B-1) becomes 


de e vixé 
==“ Bytexe-ex| (“— 
dit M w 


Set 
c=Vp+0é:+Veo+VotVr, (B-6) 
with 


Veo=cEoX Bo/ Be. (B-7) 


(We recall that Ey is considered to be small and that we 
can neglect its derivatives.) Now, 


d Ov) v1 V1 Ov Ve 
—(08)) = —é:+—_#>—21+—_ 2, 
ot Ri at R, 


(B-8) 


where V, is the nonoscillatory part of 1. (That is, the 
difference v;— V, will turn out to be smaller than terms 
we need keep in Eq. (B-8).) 

Making use of the differential relationships of Appen- 
dix (A) and using Eq. (B-6), we finally reduce Eq. 
(B-5) to 


dv V? V; V? dv, 
a (—+— ote 
dl R; R. R, dl dl 


dvp dv,’ 


a 


+vpXet+vi' Xo. (B-9) 
Here we have replaced é,' and é;' by é2 and é;3, respect- 
ively, in all terms which involve field radii of curvature, 
and set 

V2=VP+V2. (B-10) 


Now, take 


és V,? 
vo=—|ve4—| 
Rw 


ra 


dV, V2 


dt 2D 
dv, V?? V3 


dt Ry Ry 
Also, define v, by 
Vivi 


—=-—+v.Xe 
dt 2D 


dv, 


Visi 1 
( Jerse. Vit;). (B-12) 
2\R; Re 
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Now, by Eq. (B-2) 


dv, dV,  dVs Vive 
thy) — + —— é, 


dl dt dt Ri 
if we neglect the torsion, 0é@3;/dx;. Choosing 


é;' =@,—8 (V1 /wR), 


a’ 4 
é2 = €2, 


Eq. (B-13) reduces to 
dV; 


3 


dv, 


dV» 
—=é6, 
dt dt dt 


(B-15) 


(dV 3/dit~~—wV>2, to first order in y.) Substituting Eq. 
(B-15) into Eq. (B-12), we obtain coupled differential 
equations for dV2/dt and dV;/dt. By means of the 
adiabatic theorem in mechanics, we can show that, 
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keeping first-order terms in », the solution is just Eqs. 
(20) with V, given by Eq. (22). 
From Eqs. (B-11), we easily obtain 


VVa\s1 1 
oma URE. 2h, 
2w Rs R; 


We have now defined all quantities except v,’ in 
Eq. (B-9). Substituting, this becomes 


(B-16) 


1 és 
vi =Vvi'Xot | varie weve), (B-17) 
? 


1 
which has the solution (to order 7) 


I és 
vg ee aVaVe-—(V2—V2), (B-18) 
3wR, 2 


Thus we have all the quantities in Eq. (B-6), which is 
just Eq. (24). 
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Use of the Boltzmann Equation for the Study of Ionized Gases of Low Density. II* 


K. A. BruecKkNEerf AND K. M. Wartsont 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 


(Received December 30, 1955) 


The Boltzmann equation for ionized gases of low density in an external magnetic field is used to obtain 
approximate solutions in the nonstatic case. The Boltzmann and Maxwell equations are linearized by 
assuming small deviations from a static solution. It is shown that in the limit of a strong magnetic field 
(n<1, as defined in the text), the motion transverse to the magnetic field is described by the conventional 
hydrodynamic equations. The variation along field lines is described by a one-dimensional (i.e., one space 
dimension and one velocity dimension) Boltzmann equation. Several applications are given, including an 
analysis of the Kruskal-Schwarzschild gravitational instability of a plasma. 


I. INTRODUCTION 


N Part I' we discussed on rather general grounds the 
behavior of an ionized gas of low density in a strong 
magnetic field. The properties of the static state were 
treated in detail. In the present paper we study further 
the dynamic and thermodynamic behavior of the gas. 
We recall a few of the basic equations from Part I. 
The dynamical properties were described by the 


* A development closely paralleling in many respects that given 
here has been found by Chew, Goldberger, and Low. This treat- 
ment is to be published separately. 

t Present address: Brookhaven National Laboratory, Upton, 
New York. 

t On leave from University of Wisconsin, Madison, Wisconsin. 

1K. M. Watson, preceding paper [Phys. Rev. 102, 12 (1956)]. 
Equations in Part I will be referred to here as Eq. (I-1), etc. Part 
l itself will be referred to as I, for brevity. The notation is the same 
as in I: E is the electric field, B the magnetic field, C the particle 
velocity, etc. The unit vector 4, is in the direction of Bo, é: in the 
direction of the principal radius of curvature of the Bo-lines. é; is 
4X és. 


Boltzmann equation 


of e 1 
| Peet | B+ eB] -0./=0, (1) 
at ML C 


which applies to either electrons or ions on giving e its 
proper sign and on assigning the appropriate subscripts 
e or 1. The first four moments of f were written as 


n= f fo, 
=~ foie, 
paM f (e—v)(e—v)fte 


O= f (c—v(e—(e—W)ft, 
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where p and Q are the pressure and heat flow tensors. 
Taking the first three moments of Eq. (1), we obtain 
the familiar differential relations between the four 
moments (2). 


on 
—+V-(vn)=0, (3) 
ot 


Ov 1 é 1 
—+v-Vv= ———-v-p+—| B+—exB}, (4) 
at M ML C 


n 


ume 


em > éé,[é;- p- (BXé;)+é;- -p: (BXé, )J= 0. (5) 


MC i,j=l 


(The unit vectors and coordinate system which we 
shall use are defined in Appendix A of Part I.') Here 
the symbol (p-Vv)” represents the transpose of the 
dyadic p- Vv. We emphasize once again that there will 
be a duplicate set of Eqs. (1) to (5) for electrons and 
ions. To these must be added Maxwell’s equations 
(I-3) and (I-4). Equations (3), (4), and (5) do not, of 
course, determine the four moments (2) unless an 
assumption is made which relates the heat flow tensor 
Q to the lower moments. Consequently, we must solve 
Eq. (1) and thus determine Q if we desire only the first 
few moments of the distribution. Actually, we shall 
consider solutions to Eq. (I-11) instead, since we desire 
the solution f which differs very little from the known 
static distribution fo. 

Before attempting to solve these equations, we recall 
the four assumptions (A), (B), (C), and (D) which were 
made in Sec. III of Part I concerning the properties of 
the gas. In particular, we must use the conditions that 
1.2 As an application of the way in which we shall 
use these assumptions, we observe that to calculate v 
from Eq. (4) to second order in reciprocal dimensions 
of the system, (i.e., to second order in 7) we need 
calculate the pressure tensor to first order only in 7 if 


e 1 
—vxX B~—V -p, 
MC Mn 


is used to give v. Again, to calculate p to first order in 
n, the heat flow Q need be calculated only to order zero 
if p is obtained from the term proportional tow=eB/MC 
in Eq. (5). It is thus clear that the smallness of 7 
implies that the higher moments of the f-function are 
of limited importance for calculating the lower moments 
by means of Eqs. (3), (4), and (5). There is, however, a 
very important limitation on this argument. That is, 


2 We recall that the poe n= (Larmor radius) X (dimensions 
of system)“. The only assumption (of our four) of essential 
imporiance is that »<1. The others are made only as a matter of 
convenience in simplifying the discussion at a later stage. 
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the moment Eqs. (4) and (5) are tensor equations and 
the Larmor terms appear only in certain of their com- 
ponents. The smallness of » does not simplify the 
remaining components as effectively. Indeed, to obtain 
these we must solve the Boltzmann equation. In spite 
of this limitation, the existence of a strong external 
magnetic field is of great importance in permitting one 
to deduce a quasi-fluid dynamics. 

Before continuing, it is perhaps worth while to discuss 
the significance of Eq. (5). This contains, for instance, 
the appropriate law of adiabatic compression for our 
problem. In the static case V-Q=0 (Part I), and toa 
good approximation in general (the smallness of 7), we 
may write this equation as 


é;-p- (BXé;+é;-p- (BXé,) =0, (6) 


for all (i,j). Recalling our definition of the é@’s and 
writing Eq. (6) out in detail, we obtain from it 


pis=Pi2=p2s=0, poo= pas. (7) 


These are just the relations deduced in Part I.* The 
relations (7) are actually more general. Indeed, it is 
evident that for nonstatic problems whose motions are 
characterized by frequencies small compared to the 
Larmor frequency the relations (7) will still be valid 
to the extent that Eq. (6) is a good approximation. 
This is a further consequence of our approximation 
that 7<1. 

When the divergence of the heat flux (V-Q) vanishes, 
Eq. (5) leads also to a set of laws for adiabatic com- 
pression. To obtain these we consider Eqs. (7) to be 
constraints on the compression. We then find 


dp ov 
a ae — pul aivw-2a-—], (8) 
t 


Ox 


dp dp 
éo*—-+ €9=63:—- é 
dt 


ov 
= ~ ped 2 divv— é; =| 


Ox) 


Chew, Goldberger, and Low* have found integrals of 
these equations. 

The compression laws (8) take on a simple form if 
we suppose the magnetic field lines to be straight enough 
that @,, @., and @; may be treated as constants. The 


result is 
Ov; (= ) 
Ox 0X2 OX ‘ 


Ov2 Ov3 
2pu(—"+—") 
dt Ox. OxX3 


(9) 
Ov 
—Pis-—. 
Ox, 


3 These relations were first derived in collaboration with M. L. 


Goldberger. See, for instance, the forthcoming paper by Chew, 
Goldberger, and Low. 
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These represent simple generalizations of the usual 
adiabatic law for scalar pressure. Indeed, on imposing 
the condition that pu=p2= p33, we obtain from 
Eqs. (9) just the usual adiabatic law with y=5/3. The 
form of Eqs. (9) results from the fact that heat ex- 
change is not possible between longitudinal and trans- 
verse degrees of freedom, i.e., parallel to and perpen- 
dicular to B. The longitudinal compression has y=3, 
since it is one dimensional. Transverse compression 
has y=2, since it is two dimensional. The cross terms 
in Eqs. (9) represent the effect of density changes only 
on the pressure. 


II. NONSTATIC PROBLEM 
The static distribution function is 
fo=fol(r,c), 
which to zero order in 7 has the form 
(10) 


where ¢; is the component of the velocity along the 
magnetic field and c, is the perpendicular component, 


i.e., 
(11) 


That expression (10) is the form of the static distri- 
bution function was shown in Part I. 
The nonstatic distribution function is 


f=fol(c—u)+f’, 


where we define u to be the solution to 


fo (c,?,¢:?,r) , 


a=c-é, ¢c2=c?—c;. 


(12) 


du e 1 

— ~~ | B+—uxBs), (13) 
dt M C 
according to Eqs. (I-9) and (I-10). We remember that 
u and f’ are considered to be infinitesimal quantities. 
Equation (I-11) for f’ is 


Df’ = —u-Vfote: (Vu) Vefo 
— (e/MC)(cXB’)-Vefo, (14) 


where the operator D was defined in I to be 0/di+e-V 
+ (e/MC) (eX Bo): V.. 
First of all, we solve Eq. (4) on the assumption that 


| dv/dt|<|wv], 


Where w= eBy/MC. This is valid if we may introduce 
the assumption : 


(E) Neither V-p nor E has a component in the 
direction of B. 


This assumption is not arbitrary, since its self-consist- 
ency can be checked once V-p and E have actually been 
calculated. If it should turn out not to be correct, the 
appropriate modification can be made in the following 
developments by solving Eq. (4) for the component of 
v parallel to B. This is a very plausible initial ansaéz, 
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however, since the gas is presumably able to adjust 
itself to maintain equilibrium conditions along field 
lines. For instance, a component of V-p or E along B 
would give rise to large currents and matter flow. We 
shall later return to a justification for assumption (E). 

Equation (4) is now solved by successive approxi- 
mation. We note first that the largest part of the 
electromagnetic interaction, assuming small E, is the 
term in vXB. In the quasi-static case, this is approxi- 
mately balanced by the pressure term. This suggests 
that we separate v into two parts 


v=vy,+v", 
where v; is defined by 


e 1 

—yv,XB=—_V -p, (15) 
MC Mn 

and v will be smaller and related to the departure 

from equilibrium. We can further solve Eq. (15) for 

vy, (recalling that v has no component parallel to B) 

to give 


vi=é:X (V-p)/Mnw. (16) 


This result shows that v; is of order 1/w, or of order 7; 
consequently the term yv,-Vv,~v-Vv can be dropped 
as of order n*. Equation (4) now is 


dv, dv) 


ot otf M 


Again we notice that in the quasi-static case E+ (v“/ 
C)XB tends to be nearly zero, which suggests that we 
separate v into 

vy) = yoy, 
where 


vo= +CEXB/B°~CEXB)/B,’. (18) 


The last step follows from the assumed smallness of E 
which allows us in first order to replace B by its static 
value. We proceed to next order by defining 


v@ =vatv+v™, 


where v; and v, are equated to the time derivatives of 
v, and ¥;, respectively. The result is 


1 MC? dE 
v3=- —, 
e Be at 


e 8 é:X(V-p) 
—v,X B=— ———_. 
MC at Mnw 


(19) 


(20) 


The order of magnitude of v, is obtained by setting 


Ovi 


éX(V-p) 
at Mnw ’ 


(21) 
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where © is a frequency characteristic of the motion of 
the system. Then 


14g (Q/w)0. (22) 


Since », is already of first order in , this quantity is of 
second order and will be dropped. 

We have now the fluid velocity to the required 
accuracy and from this may calculate the electric 
current density. This is [see Eq. (I-3) ] 


(23) 


j =¢(nv;—N,V.). 


We shall neglect by assumptions (A) and (D) the 
convection current which results from vz since the 
electric field drift is the same for electrons and ions, 
and in the absence of charge separation no current 
results. Consequently, taking n;=n,=n, we have 


j=hi ts, (24) 
where 
ji=en(Vis—Vie) = Ce X (V-pr)/B, 
j= en(Vsi— Vie) 
“EnV 35 


=[(«—1)/4]oE/at. 


(25) 


Here we mean by pr the sum of ion and electron pres- 
sures and x is defined by 


x= 1+42pC?/B,?, 


where p= M, is the gas density. The charge density 
[see Eq. (I-3)] is 


(26) 


e=e(n;—n,), (27) 
and is related, of course, to j by 
V-j+d6e/al=0. (28) 


To solve Maxwell’s equations, we first of all separate 
out the static part of 


(29) 
using 


(30) 


(31) 


It is now convenient to work not with E’, but with the 
drift velocity resulting from E’. We do this by writing 
the drift velocity as 

EcXB, d€ 


Be at 
oe E’<XB, 


—aC 
ot Be 


v2=C (32) 
where 


(33) 


is the nonstatic drift velocity. We can thus express E’ 
in terms of & by 


(34) 


Substituting into Eq. (31) and integrating with respect 
to time gives 
B’=VX (EXB>). (35) 


This permits us to eliminate B’ from the remaining 
Maxwell equations: 


ata 1 dE 
VXB=—(j:+j;3) +— — 
C C al 


4n Sk dE 


= —it— 


Coat ee. 
using Eq. (25). We remove the static part : 


4 
VXBen it’ (37) 


where 

ji=ji+y’, (38) 
with j;° the static and j’ the perturbed part of j;. Then 
Eq. (36) becomes 


x OE’ 4 
——=VxB’-——j’. 
C at sy 


(39) 


Eliminating E’ and B’ using Eqs. (34) and (35) we 
obtain 
xk OE 4a 


—— —XB)=VX {VX (EXBo)}-—j’. (40) 
C? af C 


Taking the vector product with Bo, we obtain the 
equation 


eE 1 1 
po—=—ByXj’——BoX{VX[VX (EXBp)]}, (41) 
of C 4x 


using Eq. (26) for x and neglecting Bo’/4m relative to 
nM jc?. We shall discuss in a moment the determination 
of j’ from the solution of the perturbed Boltzmann 
equation (14). When this has been done, Eq. (41) 
becomes a differential equation for the variable &. It is 
evident that & is a particularly useful variable to 
describe both the motion and stability of a plasma.‘ 
We must emphasize that only motion perpendicular to 
B, is defined by the differential equation (41). To obtain 


‘Frieman, Kruskal, Bernstein, and Kulsrud, Revs. Modern 
Phys. (to be published), have introduced a very similar variable 
— as a hydrodynamic L ian variable in connection with the 
theory of stability of hydromagnetic fluids. In our application, € 
replaces E’ as a variable through Eq. (33) and represents only a 
part of the fluid motion. As we shall later see, for an extensive 
class of problems an adiabatic pressure law holds and | (41) 
becomes identical with the corresponding equation in hydro- 
magnetics. 
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motion along the field lines, we must return to Eq. (4) 
and relax our assumption (4) that V-p and E have no 
é, components. Since V-p may be calculated from Eq. 
(16) and E calculated from V-E=4ae we may also 
solve Eq. (4) for the component é@;-v. For a wide class 
of problems this is not of importance. 

To proceed with the discussion of Eq. (41), we must 
evaluate j’. Since j’ is the fluctuation of j,=CBXV-pr/ 
B? from its static value, we have 


éy c 
ij’ =C—X[V- pr’ ]+—B’x([V- pr") 
B, eur’ . 


(42) 


a 
——{B)-B’]B)x (V- pr’), 
Bo! 


where 
Pr=Ppr’+pr, 


is separated into static and fluctuation parts. Using 
Eqs. (35) and (41), we can now simplify Eq. (42) to 


aE 1 
—= —V- pr’ +—{Bo- VX (EX Bo) ](V-pr® 
. Pr Be (EX Bo) }(V- pr’) 


1 
— Box (VXLV x (EXBo)]}. (43) 


7 


It remains only to calculate pr’ from the Boltzmann 
equation (14). Before doing this we evaluate the virial 
of Eq. (43). A qualitative discussion of the motion is, 
indeed, often possible from the virial. Taking the scalar 
product with &— and integrating over space, we have 
(after some partial integrations and discarding surface 
integrals) 


OE 1 
0 -—dr=— —V E By m 
Jrt— fix x (EX Bo) } 


—jr°-EX[VX (EX Bo) ]— (VE): pr’ pdr. (44) 


In obtaining the final form, we have assumed that §=0 
on the bounding surface of the integration volume and 
used the identity V-pr°= (1/C)j,°X Bo. [(V&): pr’ repre- 
sents the double scalar product of the two dyadics. } 

The importance of the virial for our problem is as 
follows: If the motion across magnetic field lines is slow 
compared to thermal velocities, contours of constant 
density will remain parallel to magnetic field lines. This 
means that &-0°&/df will have the same sign every- 
where along a field line. If 


E-d°E/af>0, 


the acceleration is essentially parallel to the “dis- 
placement” and the system may be called “unstable.” 
If 

E-0E/dP <0, 
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the acceleration is opposite to the “displacement” and 
the system is “stable.” This is not quite an absolute 
criterion for stability since the system may show 
“overstability” (oscillations of increasing amplitude). 
In this case it would be necessary to return to the 
differential equation (43). 

For any assumed &, the frequency 2 of the motion 
may be estimated from Eq. (44) by setting d?&/d?=(E. 
On evaluating the integrals, one may solve for 2. 

The use of the virial in such problems as this is not 
uncommon.’ In the hydrodynamic discussion of 
Frieman ef al.,‘ the right-hand side of Eq. (39) was 
shown to be the negative of twice the “potential 
energy” of the system. This observation by Frieman 
et al, permitted them to give a variational principle 
for the motion of the system.°® 

To complete our discussion of Eq. (43), we must now 
determine the pressure fluctuation pr’. Thus we turn 
finally to the discussion of the Boltzmann equation 
(14). The drift velocity u is evaluated from Eq. (13) 
assuming that the time derivative is negligible, as is 
valid in the low » limit. Then 


E’+ (1/C)uxXBo=0, 


determines u. But this is the defining equation for 
0&/dt. Thus 
0&/dt=u. (45) 


With Eq. (32) for B’, Eq. (14) becomes [here D can be 
written as D=0/dt+e-V+ (e/MC)cXBy-V. | 


0& dé 
Df’ = ——-Vfote- (v—) ‘Vefo 
dt ot 


e er 
oe vx (EX By) ]-V. -6(=, ). 46 
-_—" (EX Bo) ]-Vifo - (46) 
Since 


p=M | cxf’ (47) 


we can evaluate p’ in terms of £ once /’ is found from 
Eq. (46). It is clear that p’ will be a linear function of & 
and its derivatives, which shows that Eq. (38) is an 
eigenvalue equation for &,? where 


aE /dl=E. (48) 


We wish to solve Eq. (46) to lowest order in n, which 
will be to first order in reciprocal dimensions of the 
system. Thus fo is assumed to have the form (13), with 
density gradients in the X, direction [except for the 
X, dependence determined by Eq. (I-33) ]. 

Since é, depends upon r we must evaluate the gradient 


5 See, for instance, S. Chandrasekhar and E. Fermi, Astrophys. 
J. 118, 116 (1953). 

* If Eq. (39) could be replaced by an energy integral, a vari- 
ational principle would be immediately available. We have not 
succeeded in obtaining such an integral in the general case. 
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in Eq. (41) rather carefully. That is, 
Voi=V(c-é:)= (Vé;)-c, 
Ve2= —Ve=—2e,V(c1), 
for instance. The gradient of fo is therefore 
fo 7 
% sail 
ofo | 


0c,’ 


Ofo ofo ada | Ofo 
a a en ha 
Ox Ox; cl Ri 0c? 
Ofo Ofo Cilof Ofo 
OX OX cl 


R: 
ofo “| Ofo 


Loc? 


=] 


0c? 





0c? 


— i Cie — 
Ox: Ox3 


Here the symbol (0fo/0x:)c: means differentiation 
holding c; constant, and R,, Re, etc., were defined in 
Part I. The derivatives of f’ can be evaluated in the 
same manner. It is convenient to first write 


F =f" +f" + ee f"= A (c2,¢r,5) +04 2(¢,?,¢1?,r). (51) 


The terms f’”’+--- will be seen to be of 0(y) compared 
to the A; and Az, terms and will thus be neglected in 
our final result. Inserting Eq. (51) into Eq. (46) and 
evaluating space derivatives as in Eqs. (50), we obtain 
[as in Part I, D-'=—(1/Bo)(8Bo/dx,) } 

af” cc 2r of!” of” 

eeu" 4 : 7. J 
ot cl D cr 


* hell 


Tacs 


0c,” 


of” C1°C2 C1 1 1 
ea Rk: 2 R. Rs; 


0cx 
+D(f"+---)=G(dE/dt,c). (52) 
To effect an expansion in 9, we shall classify the terms 
in Eq. (52) as “L-type” and “P-type.” The P-type 
terms are those which vanish on averaging over the 
angles of cz and c; (that is, averaging over the plane 
perpendicular to By). The L-type are the remaining 
terms. As an example, f” in Eq. (51) is an L-type term. 
We may, for instance, write 


G=G,(0E/dt,c.?,c:2)+G2(0E/dt,c1,C2,C3), (53) 


where G; is L-type and G; is P-type. From Eq. (46), 
we obtain 


G\= —u:Vfo 


Ofo 
+2c7[4 x (Vu) . é; H— 
C1 dc? 


Ofo 
+¢,°[ é2- (Vu) -é2+és: (Vu) ae (53’) 
Cs? 


The term G» may easily be obtained, also, but we shall 
not need it. 
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Recalling that f” is an L-type term, we set 
(e/MC)cXBy- V.f""” =G2 


et aba ri | 


0c? 
of” fs) "1 
OX) cy OX3\c1 


(54) 


wit 


This equation may be solved easily for f’”’, since the 
terms on the right-hand side are all P-type terms.’ But 
f’” is of O(1/w), as is apparent from Eq. (54), so may 
be neglected elsewhere in Eq. (52). On dropping these 
terms, Eq. (52) reads 


of” of” 


 eanamnae 
at Ox; el 


c C6" 


D- 


of” of” i 


=). 


0c? 0c? 


(55) 


We next substitute Eq. (51) for /’” into this equation. 
We obtain some terms which are even in c, and some 
which are odd. Since G; is even in c;, we may equate to 
zero the sum of all the odd terms. This leads to two 
coupled equations for A; and A:: 


OAs OA, C:” OA, 0A, 
—+(—) +=|—-—|-0, 6 
ot 0x Cl 


Doc? dcx 
4 (=) + (= ~~) 
c*{ — c?{ —— 
0x1 cl Oc? 0c? 
dk 
~6:(— ater), (57) 
ot 


To the required order, the solution to Eq. (14) is now 
just 


and 


0A, 


ot 


f=Ay(62,€17) +014 2(¢,?,01’). (58) 


The components of the fluctuating part of the pressure 
tensor are calculated from 


M 
pu'=M f ctAree pu’ = pu =— feea dc, (59) 


with the off-diagonal elements vanishing. This was 
already predicted in Eq. (7). The only two components 
of the heat flow tensor are 


Q=M f oitAst Ou=4M f ctatAate (60) 


Here we do not have, in general, V-Q=0 as was true 
for the static solution of I. 

Before discussing some specific examples, a few 
general remarks are in order. First, having evaluated 

7It is easily verified by substitution that f’” has the form 
f" = (CP CPP 22-020 +00 2+es0's, where the I’s are L-t 
terms. Equation (54) gives a set of algebraic equations for the 
Ts. 
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Eqs. (56) and (57), we may substitute the resulting 
pressure tensor p’ into our differential equation (43) 
to obtain the equation of motion of —or we may use 
it in the virial integral (44). On the other hand, one 
may evaluate the heat flow from Eqs. (60) and use the 
differential equation (5) to obtain p’. This involves 
solving the extra set of differential equations (5), but 
has the advantage of giving greater accuracy in general, 
since V-Q, rather than Q, appears in (5). 

The motion is evidently much simpler for situations 
in which A2=0. In this case all the odd moments of f’ 
vanish, including the heat flux Q. This is just the con- 
dition that the compression law for p’ be adiabatic. 

For A,=0, Eq. (57) may be integrated to give ex- 
plicitly 

A 1 =G,(E,c,",c1"). 


Equation (56) is then 
0A, a 0A ] 


(61) 


(62) 


Ox; cl D 


0c dc,* 


=0, 


which is a condition on the “displacement” £, when we 
insert (61) into (62). We recall that Eq. (62) is exactly 
the same as the equation satisfied by fo (see Part I), 
which was interpreted as the condition for equilibrium 
“along field lines.” The interpretation of Eq. (62) is 
thus that for A2=0, the gas moves in such a manner 
that equilibrium is instantaneously maintained along 
magnetic field lines. 

In this case, using Eqs. (59), we may easily evaluate 


,. 


0g 
e42-—| 


0x1 


pu! = —E-Vpi’— pool V 
(63) 


te) 
poo! = pas’ = — E- Vs? — prov: a=] 
Ox 
These values are to be used in Eq. (43) to give a dif- 
ferential equation linear in §—or in the virial (44), 
showing that the virial is quadratic in —. Equations (63) 
are seen to be identical in form with Eqs. (8). 

In general, when Eqs. (56) and (57) must be inte- 
grated, it is convenient to change from ¢;*,c,? to ¢,*,c 
as variables. Then [0/dc;?—0/dc,?] is replaced by 
0/dc;?. Also let us set 


dE/dt=NE, 9A,/dt=QAi, 
0A2/dt=QA2, Ao=OT. (64) 


Then Eqs. (56) and (57) become [with A; and 
functions of c;’, c, and r] 


@A;|  [e—«P?] 0A1 
—_—__- ——=-97T, 
OX, C1 D 


0c 2 
or [e—c:"] 
$e 
Ox cl D 


(65) 
|: T'+c¢7— —|- Gilé,c.”,c1). 
2 0c}? 
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This indicates that motion only in the @ direction is 
involved in the integration of these equations. The total 
square velocity, c*, enters only as a parameter, so these 
are equations in two independent variables. Upon 
integrating these, we may evaluate p’ as a linear 
functional of &. This, in turn, implies that Eq. (43) is a 
linear homogeneous equation for —. We are thus dealing 
with a system which is holonomic, all quantities ex- 
pressible in terms of £. 

When the motion is very slow, so 2 is small, the 
(YT term is negligible on the right-hand side of the first 
of Eqs. (65). This is then equivalent to Eq. (62), which 
has the obvious interpretation that for very slow motion 
{ie., for Q<[thermal velocity]x[“length” of 
plasma }-'} the system always moves so as to maintain 
equilibrium “along field lines.” 

We must finally say something about our neglect of 
motion along field lines. When A2:#0, we have 


n'= fot od*c, 


since we have set £;=0. We may use 2,’ to calculate 
the current 7; and thus solve Maxwell’s equations to 
give E,'. From this we may calculate & and then 
re-solve Eq. (65). In this way we can check the con- 
sistency of our approximation (£).® 

Before considering several applications of our theory, 
we may summarize the method. In a manner analogous 
to that of Chapman and Enskog, we solve the Boltz- 
mann equations (56) and (57) along with the hydro- 
dynamic equation (43). The variable & plays the role 
of the Lagrangian variable in the conventional hydro- 
magnetic equations for a highly conducting gas, such as 


1 dé 
E+——xB=0. 
C dt 


Of particular interest is the conclusion that when 
conditions for adiabatic compression obtain, the 
Boltzmann equation may be solved explicitly, the 
solution being given by Eq. (61). 


III. APPLICATIONS 


In this section we consider applications of the theory 
of the preceding sections to hydromagnetic waves, 


8 Actually, this rather cumbersome method of investigating the 
é:-motion is unnecessary. It will be shown in a subsequent publi- 
cation that the é;-motion may easily be included in the general 
discussion and that its neglect is justifiable for a well-defined class 
of problems. A second point to be discussed in this subsequent 
publications concerns our tacit assumption that B’/Bo is of order 
n. This was assumed, because the B’-term in G was of the P-t pe 
and thus was included in G,. Consequently, f’” contains B’/ 
as is clear from Eq. (54). We discarded this term as being of order 
n, because it contained Bo. For small 8, we have [change in 
magnetic field energy ]< [total magnetic field energy }"' = (B’/Bo) 
8, justifying our neglect of this term. In the general case a minor 
modification of our formulas is needed. 
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electron plasma oscillations, and the Kruskal-Schwarzs- 
child® problem of gravitational instability. 


Example A. Hydromagnetic Waves 


We suppose the plasma to be uniform and By to be 
constant. We then look for a transverse solution of the 
form 

E=ae*™, g-2@,=0, (66) 
so 
V-E=0. (67) 


Then G,=0 in Eq. (53), so pr’=0, as does V-pr®. We 
may then substitute Eq. (66) into Eq. (43) to obtain 
aE Be 
EE. > hE. 


of Apo 


Taking 6°€/d?=(, we obtain the usual dispersion 
relation for hydromagnetic waves: 


Y= — (Bo?/4mrpo)k:?. (68) 


Example B. Electron Plasma Oscillations 
We take B,=0, 


E=é,-ae"™, da/di= —iQha, (69) 


and the vector é; to be constant. Then Eq. (4) is (for 
electrons) 
é: Ope.’ 


€ 
—Q%& = ——E’ —-—_ 
M. Mn 0%; 


(70) 


To calculate p,,1,', we shall use the first of Eqs. (9), 
assuming the compression to be adiabatic (our dis- 
cussion of the Boltzmann equation requires modification 
for By>=0), Then 


per’ = —teki po, uk. (71) 


From Eq. (3), we have 

Ne = — iknok. (72) 
The charge density is e=—en,’. Using V-E’=0E'/ 
0x, =4e, we obtain 

E’ = 4arnceté. (73) 


Substituting Eqs. (71) and (73) into Eq. (70), we 
obtain the Bohm-Gross" dispersion relation 


4arnge” 0,11 
Q?= ———+ 3k,? a 


e M. eNo 


(74) 


Example C. Gravitational Instability’ 


We consider a plasma with an infinite plane bounding 
surface, which is the plane x.=0. By is a constant and 
the plasma density is uniform except at the boundary, 
which is supposed to be sharp. A constant acceleration 

® M. Kruskal and M. Schwarzschild, Proc. Roy. Soc. (London) 


A223, 348 (1954). 
” D. Bohm and E. Gross, Phys. Rev. 75, 1851 (1949). 
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—gé. acts in the direction from plasma to vacuum." 
We shall first discuss the motion using the differential 
equation (43) and then using the virial (44). 

We suppose the variable & of Sec. II to have the form 


E=ac*", (75) 
with 

k-é,=0, a-é,=0, da/dt=Qa. (76) 
We wish to determine the dispersion relation between 
Q and the vector k. ; 


The gravitational force causes a current 


jo= é3(pC/B)g, 


to flow in the plasma interior.” The infinitesimal change 
in j,, that is j,’, is easily calculated just as was j’ in 
Eq. (42). B’ is given by Eq. (37). We have also A.=0, 
A,=G,. Thus p’ can be evaluated. We may verify from 
our final solution, however, that only the last term on 
the right-hand side of Eq. (43) need be kept when 
B<1, so 


(77) 


(78) 


pod*E/OP = — (Bo?/4a)ésX {VX[VX (EX 4) Jj}. 
The electric field E’ is 
By 7 
B= ~ (0/C)xBy=— (— axe (79) 


For the same reason that p’ will turn out to be small in 
our final solution, the charge density e[n,’—n,’] will 
also turn out to be small (this is easily calculated from 
our A;, and A,,), so 

v-E’=0, 


in the plasma interior. This implies that 


koa3= kde. (80) 


Using Eqs. (76) and (80) in Eq. (78), we obtain 
a= — (Bo?/4arpo) ke? + ks? Ja. 


To obtain a second relation between these quantities, 
we must satisfy the proper boundary conditions at the 
plasma surface. The displacement “tilts” the plasma 
surface, whereas the current j, remains horizontal. 
Thus j, will have a component flowing across the plasma 
boundary causing surface charge density to develop at 
the rate" 


(81) 


kad —jo:f, 


where # is the normal to the plasma boundary. The 
component of f in the é;-direction is (0/0x3)[ E-é; ], so 


(82) 


4 A semi-infinite plasma of uniform density is incompatible with 
a uniform By in a gravitational field. We may suppose the density 
to be uniform for a depth greater than other distances encountered, 
however, as did Kruskal and Schwarzschild (reference 9). 

2 This is calculated by setting gég= (e/M;C)v, XB and j,=eniv, 
for ions. The electrons contribute to j, only in the order M,/M;. 

‘8 This method of solving the boundary conditions at the plasma 
surface was suggested to us by Dr. C. Longmire. 


és = Qe, a= tk302J 9. 





BOLTZMANN EQUATION 


If E’(0) is the electric field in vacuum, we have the 
boundary conditions at x.=0: 
Ey! (0) 4x E;‘ (0) 
E/— ming, Rye (83) 
K K K 
Here x is the “dielectric constant” of Eq. (26). Since x 
is assumed to be a large number, we neglect E,’(0) in 
Eq. (83). We may now eliminate e, between Eqs. (82) 
and (83) and express £,’ in terms of a using Eq. (79). 
This, combined with V-E’=0 and Eq. (81) leads to 


= gks, (84) 
and 


— ikp=h~hy. (85) 


This is the Kruskal-Schwarzschild instability rate. 
To solve the same problem with the virial (44), we 
note that 
gc 
ite M L—V- (Eno) J, (86) 


0 
and that Eqs. (43) and (44) are modified to read 


aE 1 (j:°X Bo) 
po—= — V- pr’ +—{ Bo VX (EX Bo) K—— 
ar B 


°° 


1 
7 Box (VXLVX (EX Bo) ]}iesgV - (Eon), (87) 
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XLVX (€X Bo) ]— (VE): pr’ — g&2V - [Epo] a. (88) 


To make the right-hand side of Eq. (88) as large as 
possible, we must take VX (€X Bo)~0. This is true for 
our solution (84) and (83). Also pr’ is small when 
B<1, so Eq. (88) reduces to 


ae 
Jove —ar= fees0-Ceoore f cetout, (89) 


where dr = dxedZ, dd is an element of area on the surface 
of the plasma, and the contribution to “dz comes from 
the discontinuity at the boundary. To evaluate the 
left-hand side, we have |£&|~|&|~~e~**. Thus, Eq. 


(89) becomes 
Po 
ot f a~ee= | eto. 


Because of the uniformity of the plasma, we have 


= gk, 


(90) 


(91) 
which is equivalent to Eq. (84). 
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Thermoelectric Powers in Palladium-Silver and Palladium-Rhodium Alloys* 


J. C. Taytor anv B. R. Cotest 
Department of Physics, Imperial College, London, England 
(Received November 14, 1955) 


Thermoelectric powers have been measured in the temperature range 77°K to 273°K in the alloys of 
palladium with silver. The absolute thermoelectric power is found to be highly sensitive to the presence of 
unoccupied d-band states, and a marked variation with composition is also found in alloys with more than 
90% of either element. This latter behavior is ascribed to a departure of the Fermi surface from an accu- 
rately spherical form as the s-electron concentration increases above 0.9 per atom in the silver-rich alloys, 
and to a contribution to conduction from d-band holes in the palladium-rich alloys. The values of thermo- 
electric power obtained for the pure metals by extrapolation from the results for alloys where these effects are 
absent are in good agreement with estimates made on the basis of simple theoretical models. Results of 
measurements on some palladium-rich palladium-rhodium alloys are also presented and discussed briefly. 


INTRODUCTION 


N the metallic state palladium has about 0.6 un- 
occupied states per atom in the band derived from 
the 4d levels of the free atoms. In its alloys with silver, 
which form a continuous series of solid solutions, these 


* Much of the work described in this paper forms part of a 
thesis to be submitted by one of the authors (J.C.T.) to the Uni- 
versity of London for the Ph.D. degree. Part of it has been carried 
out in the U.S.A. with support from the Office of Naval Research. 

¢ On leave of absence at Carnegie Institute of Technology, 
Pittsburgh, Pennsylvania. 
1E. P. Wohlfarth, Proc. Leeds Phil. Lit. Soc., Sci. Sect. 5, 89 


(1948) 


empty states or d-band holes are gradually filled, pure 
silver having a full d-band and one electron per atom 
in the 5s-band. The magnetic properties of the alloys 
give a clear indication of the general character of the 
change in electronic structure produced in traversing 
the system, and the most recent susceptibility measure- 
ments’ suggest that d-band holes are present only when 
the silver content is less than about 60%.* The present 


? Hoare, Matthews, and Walling, Proc. Roy. Soc. (London) 
A216, 502 (1953). 

* Concentrations are expressed in atomic percentages through- 
out. 
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Fic. 1. Absolute thermoelectric power (S) in uv per degree as 
a function of composition for the palladium-silver alloys at 
273°K. The broken curves show the values given by theoretical 
expressions. 


investigation forms part of a series of studies*® of the 
physical properties of this interesting system. Addi- 
tions of rhodium to palladium decrease the total number 
of outer electrons and increase the number of empty 
d-band states. The effect on the details of the electronic 
structure is not yet understood, and more experimental 
results are required. 

Previous measurements of the thermoelectric force of 
palladium-silver alloys against platinum have been 
made by Giebel® in the temperature range 0 to 900°C. 
The measurements were not of high accuracy and were 
made on alloys the compositions of which were not 
obtained by chemical analysis, but the results sug- 
gested that more interest might attach to measurements 
made at lower temperatures and on alloys more closely 
spaced in composition. Other measurements, made by 
Sedstrém against copper at room temperature, are 
quoted by Borelius.’ 


MATERIALS AND METHODS 


The alloys used in this investigation were kindly 
loaned by the Mond Nickel Company (Precious Metals 
Division). They were prepared by induction furnace 
melting of high-purity materials, the specimens for 
these measurements being forged, drawn into wire 
form, and annealed. 

The wires were spot-welded to pure platinum wires 
and the junctions were tied with platinum wire to the 
junction of a copper-constantan couple which provided 
the means of temperature measurement. A triple junc- 
tion employing a platinum-rhodium wire could not be 
used, since the thermoelectric power of a platinum/ 
platinum-rhodium couple becomes very small at low 
temperatures and restricts the accuracy of the tem- 
perature measurements. For each sample, preliminary 
measurements were made in constant temperature 

*B. R. Coles, Proc. Phys. Soc. (London) B65, 221 (1952). 

5B. R. Coles, J. Inst. Metals (to be published). 


® W. Giebel, Z. anorg. u. allgem. Chem. 70, 240 (1911). 
7G. Borelius, Handbuch der Metall physik (Leipzig, 1935), p. 405. 
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baths and these provided checks on the calibration 
curve of the copper-constantan couple; the baths em- 
ployed were liquid nitrogen and liquid oxygen boiling 
at atmospheric pressure, isopentane, normal pentane, 
alcohol, acetone, carbon tetrachloride, and ice at their 
melting points, and solid carbon dioxide in equilibrium 
with its vapor. The temperature of the fourfold junction 
was then allowed to rise slowly from 77°K, and alter- 
nate readings of the copper-constantan emf and that of 
the specimen with respect to the platinum were made. 
Both voltages were measured on a low-resistance Tinsley 
Diesselhorst potentiometer, thus ensuring that no 
current greater than 1/100 wa was drawn from either 
thermocouple. 


PALLADIUM-SILVER ALLOYS: EXPERIMENTAL 
RESULTS AND DISCUSSION 

From plots of the emf (EZ) of the specimen/platinum 
couple against temperature, values of the thermo- 
electric power dE/dT have been obtained, and these 
have been converted to absolute thermoelectric powers 
(S) using the values of the absolute thermoelectric 
power of platinum given by Borelius.* The results are 
shown in Figs. 1 to 4; Figs. 1 and 2 show the variation of 
S with composition at temperatures of 273° and 83°K, 
respectively, and Figs. 3 and 4 the variation of S with 
temperature for the different specimens. In view of the 
large number of experimental points and the high 
accuracy to which each curve can be drawn through 
them, such points are not shown in the latter figures. 
The results shown in Fig. 1 are in good agreement with 
those of Sedstrém.” 

Figure 2 shows that SS is highly sensitive to the pres- 
ence of d-band holes—more so, even, than the magnetic 
susceptibility—and the results place the composition 
at which d-band holes appear on adding palladium to 
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Fic. 2. Absolute thermoelectric pame (S) in wv per degree 
e 


as a function of composition for the palladium-silver alloys at 
83°K. The broken curves show the values given by theoretical 
expressions. 


*G. Borelius, Proc. Koninkl. Akad. Wetenschap. Amsterdam 
35, 10, 25 (1932); 33, 17 (1930); see also Handbuch der Metall- 
physik, edited by G. Masing (Akademische Verlagsgesellschaft, 
Leipzig, 1935), p. 398. 
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silver very close to 40% palladium. It may be noted 
that this critical composition is that at which S de- 
creases suddenly, and not that at which it takes its 
minimum value, as had been suggested previously. 
The change of slope near 40% palladium is less marked 
at 273°K than at 83°K and this may be due to a varia- 
tion with temperature of the number of d-band holes 
in alloys where this band is just or almost full. Such 
an effect has been considered by Wohlfarth” in his 
treatment of the closely related nickel-copper alloys, 
and may be responsible for the anomalous temperature 
dependence of S shown by the 40% palladium alloy. 
The silver-rich alloys, having a full d-band and 0.6 
to 1.0 electron per atom in the s-band, should be 
particularly amenable to theoretical discussion in fairly 
simple terms. It is well known that an ideal free-electron 
metal should have a thermoelectric power given by 


S=—erkT/f, (1) 


where ¢ is the Fermi energy, & is Boltzmann’s constant, 
and —e is the electronic charge; this being the form to 
which the more general expression 


ewk®?T~ 1 dn(e) 1 d(s’) 


3 Ln(e) de wv de 


1dr 
+S] (2) 
T ded ny 


reduces" when the free-electron forms are assumed for 
the energy dependence of the density of states n(e), the 
velocity v, and the relaxation time for lattice scattering 
r. In Figs. 1 and 2, the broken curve on the silver-rich 
side of the diagram shows the values given by Eq. (1). 
It thus seems probable that the anomalously positive 
value of S for silver is due to the departure of the 
Fermi surface from the ideally spherical form, a de- 
parture that is removed when the number of electrons 
in the Brillouin zone is slightly reduced by additions of 
palladium; for the value obtained for silver by ex- 
trapolation from the values for such alloys agrees 
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Fic. 3. Absolute thermoelectric powers (S) in nv per degree as 
a function of temperature for silver-rich palladium-silver alloys. 
The numbers with which the curves are labeled indicate the per- 
centages of palladium in the alloys. 


9N. F. Mott, Proc. Roy. Soc. (London) A153, 699 (1936). 

1 E, P. Wohlfarth, Proc. Roy. Soc. (London) A195, 434 (1949). 

"A. H. Wilson, The er ¥ Melals (Cambridge University 
Press, Cambridge, 1953), p. 
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Fic. 4. Absolute thermoelectric powers (5) in wv per degree as 
a function of temperature for the palladium-rich palladium-silver 
alloys. The numbers with which the curves are labeled indicate 
the percentages of palladium in the alloys. 


closely with the theoretical one. The Hall constant of 
pure silver differs by about 20% from the value pre- 
dicted by the free-electron theory, but is of the correct 
sign ; such behavior is further evidence for a dependence 
of electronic energy on the wave-vector different, at 
the Fermi surface, from the free-electron one. This 
difference is presumably associated with approach of the 
Fermi surface to certain of the Brillouin zone boundaries. 
The high sensitivity of S to such departures from a 
free-electron situation is also revealed by the positive 
value shown by lithium,” the Hall constant of which 
differs more from the free-electron value than does that 
of sodium, which has a negative thermoelectric power. 

The marked variation of S$ with composition for 
alloys containing 0 to 10% palladium is confirmed by 
independent measurements on dilute alloys made by 
Otter.” 

The assumption of free-electron forms for the de- 
pendence of m(e) and » on the energy is probably quite 
justifiable for the silver-rich alloys, but the «! depend- 
ence assumed for 7 cannot be appropriate for alloys 
since it was derived for scattering by lattice vibrations 
only. This point has been emphasized by Domenicali 
and Otter. It is not, therefore, surprising that the 
theoretical curve agrees only with the extrapolated 
value for pure silver, and not with the values for the 
alloys, where scattering by solute atoms predominates. 

At the palladium-rich end of the system a marked 
change of curvature is again found in plots of S against 
composition, and here also an extrapolation has been 
made to obtain a value for the pure metal with which 
theoretical predictions can be compared. In these 
alloys the number of s-electrons is close to 0.6 per 
atom; but it is probable that in pure palladium the 
contribution to conduction of the d-band holes is 
appreciable, although falling rapidly when these are 

2 W. B. Pearson and D. K. C. MacDonald, Proc. Roy. Soc. 
(London) A221, 534 (1954). 


WF. A. Otter, Phys. Rev. 98, 1552 (1955). 
4 C. A. Domenicali and F. A. Otter, Phys. Rev. 95, 1134 (1954). 
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Fic. 5. Absolute thermoelectric powers (S) in wv per degree 
of palladium-rich palladium-silver and palladium-rhodium alloys 
at 273°K and 83°K. 


reduced in number.'* If it is assumed that the curves of 
extrapolation at the palladium-rich sides of Figs. 1 and 
2 represent the behavior that would be shown by S in 
the absence of d-band conduction, we may compare 
with them the broken curves which have been derived 
theoretically. At first sight the greater curvature at 
high palladium contents shown by Fig. 2 would seem 
to imply that hole conduction plays a larger part at 
low temperatures, contrary to the implications of Hall 
effect data.'* It should be remembered, however, that 
for pure metals Eq. (2) is appropriate only at tempera- 
tures greater than the Debye characteristic tempera- 
ture, although it is valid at all temperatures when im- 
purity scattering predominates. 

The theoretical curves have been derived assuming 
s-electrons to be the only current carriers and, as pro- 
posed by Mott,® to have times of relaxation controlled 
mainly by the value of ma(e), the density of states in 
the d-band into which they may be scattered. Equation 


(2) then becomes 
1 dn(e) 1 d(v*) 1 dna(e) 
——| .@ 
na(e) de ext 


n(e) de wv de 


S=-e 


ak ‘| 
3 


where the first two terms refer to the 0.6 electron in the 
s-band. This expression gives the value obtained for 
pure palladium by extrapolation from the alloys if the 
last term inside the brackets is taken as — 2.0 ev, in 
good agreement with the value derived from electrical 
resistance measurements made by the authors on these 
alloys. Specific heat measurements at liquid hydrogen 
temperatures’ give a value of this term at pure palladium 
of about — 20 ev—', which seems surprisingly large, but 
the extension of such measurements to liquid helium 
temperatures may cast some light on this discrepancy. 
If the quantity ma(e) can be expressed in the form 
A(eo—«)*, where « is the energy of the top of the 
d-band, and there are 0.6 d-band holes in palladium, 
a value of — 2.0 ev for the term [1/ma(e) ][dna(e)/de] 
implies a value of x close to 4. The theoretical curves for 
18 Hall effect data provide some justification for this ete. 

3, 484 


1%8E. H. Sondheimer, Proc. Roy. Soc. (London) A 
(1948). 
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the palladium-rich alloys have been drawn taking x as 
3, and the agreement with experiment is very good for 
alloys containing up to 45% silver; at higher concen- 
trations ma(e) becomes too small, relative to its value 
in pure palladium, for its energy dependence to be the 
only important factor governing that of the time of 
relaxation. 


PALLADIUM-RHODIUM ALLOYS 


In order to observe the effect of a reduction of the 
total number of electrons from that present in pal- 
ladium, a number of palladium-rich palladium-rhodium 
alloys were also examined. Rhodium precedes palladium 
in the periodic table, and additions of it have, pre- 
sumably, an effect opposite to that of silver additions— 
that is, they cause an increase in the number of d-band 
holes. The thermoelectric powers of these alloys are 
shown as a function of composition in Fig. 5, values for 
the palladium-rich palladium-silver alloys being in- 
cluded for comparison. No simple interpretation of 
these results is possible ; although, if the sudden increase 
in the room-temperature value of S as the silver content 
is reduced to zero is correctly ascribed to an increase in 
a contribution of holes to conduction, initial additions 
of rhodium seem to give a further increase of this con- 
tribution. This behavior is in accord with expectation, 
but the smaller effect of larger additions is not. Mag- 
netic susceptibility measurements on these alloys!’ also 
show effects for large rhodium additions different from 
those produced by smaller ones. At lower temperatures 
the situation is still more complicated, for anomalies 
in pure palladium arising from the inappropriateness of 
Eq. (2) at temperatures below the Debye temperature 
disappear as the proportion of impurity scattering 
increases. The tendency for S to return, as rhodium is 
added, to a negative value (such as is shown by pal- 
ladium at higher temperatures in spite of the presence 
of some hole conduction) is opposed by the increase in 
the contribution of holes to the conduction, and the 
resultant variation of S with rhodium content is small. 

Note added in proof.—Since this work was completed 
H. Jones has published a theoretical note'* in which he 
shows that quite small distortions of the Fermi surface 
can give rise to a positive contribution to the thermo- 
electric power of a monovalent metal. He concludes, in 
agreement with the views expressed above, that such 
distortions are responsible for the positive values of S 
shown by copper, silver, and gold. 
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Electron Spin Resonance in Metals and Metal-Ammonia Solutions 
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Electron spin resonance measurements have been made at 300 Mc/sec on frozen metal ammonia solutions, 
liquid metal ammonia solutions, and liquid metals. The experiments on frozen solutions have shown that 
the metal is precipitated out in small particles. Nuclear resonance experiments have corroborated this 
finding. The frozen solutions are used as a convenient source of small particles, and observations have been 
made of relaxation times in Na, Li, K, and Cs. Resonances in the liquid ammonia solutions of Li, Na, K, Rb, 
Cs, and Ca, and also in a solution of Li in methylamine were observed. The data are consistent with the 
theoretical model of Kraus, Ogg, and Kaplan and Kittel. Bulk metal resonances were observed to tempera- 
tures above the melting points on lithium and sodium. The results for sodium corroborate the Elliott theory 
of relaxation, and the lithium results indicate resistivity-dependent relaxation time. No resonance was 
observed in bulk K, Rb, and Cs carried to temperatures above their melting points. 





I. METAL-AMMONIA SOLUTIONS 
A. Introduction 


HAT ammonia dissolves sodium and potassium 

was first discovered by Weyl.! Subsequent work 

of Franklin, Kraus, and Walden and others established 

that all the alkalis and most of the alkaline earths were 

soluble in ammonia either by direct dissolution or 

electrochemically by discharge at the cathode.?* The 

stability of the solutions decreases with increasing 
atomic weight, with a reaction of the form 


X+NH;—XNH2+ 3H: 


taking place. Deterioration can be slowed by extreme 
purity of the ammonia and metals used to form the 
solution. Dewald and Lepoutre‘ have reported the 
lowest observable decomposition rate to be 0.1% per 
day. A model which describes the spin resonance and 
other properties has been discussed by Kaplan and 
Kittel.2> The alkali atom upon dissolving becomes 
ionized, and the freed valence electron is then trapped 
in a vacancy of radius 4 A in the liquid. The volume of 
this hole is set equal to the observed volume increase 
on solution. 

Extensive work has been done by Hutchison and 
Pastor on electron spin resonance in solutions of sodium 
and potassium. They have investigated line width, 
intensity, g-values, and saturation in these solutions. 
They find a g-value of 2.0012 for potassium solutions 
and line widths as narrow as 0.02 oersted in dilute 
samples at 298°K. 


* Now at Texas Instruments, Inc., Dallas, Texas. 

1W. Weyl, Ann. Physik 121, 601 (1864). 
2C. A. Kraus, The Properties of Electrically Conducting Systems 
(Chemical Catalog Company, be on York, 1922). 

3 W. C. Johnson and A. W. Meyer, J. Am. Chem. Soc. 54, 3621 
1932); McElroy, Kleinberg, and Davidson, J. Am. Chem. Soc. 
2, 5178 (1950). 

4 J. F. Dewald and G. Lepoutre, J. Am. Chem. Soc. 76, 3366 
(1954). 

5 J. Kaplan and C. Kittel, J. Chem. Phys. 21, 1429 (1953). 

bayer A. Ogg, J. Chem. ’Phys. 14, 114, 295 (1946). 
A. Hutchison and R. C. Pastor, J. Chem. Phys. 21, 1959 


The spin resonance line breadth is explained as 
follows. The electrons are assumed to occupy atomic 
orbital states on the protons surrounding the vacancy. 
Two sources of broadening exist: dipolar interactions 
among the paramagnetic electrons, and hyperfine inter- 
actions between the electrons and the protons of which 
they are the s-orbitals. At low concentrations the 
hyperfine interaction is dominant; it produces a dis- 
tribution of lines whose envelope is observable. The 
width of the envelope is independent of concentration. 
It turns out to be about 10 oersteds. However, the 
rotation of the ammonia molecules in the liquid causes 
the electron to “see” its proton for a time small com- 
pared to the duration of its spin state. The reduction of 
the effective field due to motional narrowing results in 
a width of about 0.05 oersted, in agreement with experi- 
mental data. At higher concentrations the dipolar width 
begins to take over, but it also is motionally narrowed, 
in this case by the random diffusive motion of the liquid. 


B. Preparation of Samples and Experimental 
Setup 


All measurements were made at a frequency of 300 
Mc/sec on resonance equipment using a transmission 
coaxial cavity operating ina TEM mode. Details of the 
apparatus have been previously described’ in the 
literature. 

The coaxial cavity required the use of special Pyrex 
containers. A schematic diagram is shown in Fig. 1(a). 
Sample holders had a usable volume of from 1 to 2 cc, 
and quantities of metal varied from 1 to 50 milligrams 
depending on concentration desired and atomic density 
of the metal solute. 

A standard process was used in the preparation of 
metal-ammonia solutions. Tank ammonia was con- 
densed with dry ice and acetone into a flask containing 
chunks of sodium metal. The sodium reacts with water, 
oxygen, and the ammonia itself until all impurities are 
reduced. Then the sodium dissolves in the now clean 


7G. Feher and A. F. Kip, Phys. Rev. 98, 337 (1955); G. Feher, 
Ph.D. thesis, University of ‘California, 1954 (unpublished). 
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Fic. 1. Sample holders. 


ammonia forming a deep blue solution. The existence 
of a blue solution is an excellent test of clean ammonia. 
Evolved gases are then removed by pumping the 
ammonia until it freezes. The ammonia remaining after 
pumping is condensed into calibrated sample holders 
containing the metal to be investigated. : 
Preparation of milligram quantities of alkali metal 
has been carried out as follows. Small-diameter glass 
capillaries are produced by pulling Pyrex tubing. See 
Fig. 1(b). The inside diameters are measured by the 
insertion of smaller tapered tubes. Chunks of alkali 
metal are introduced into the large end; the tube is 
evacuated, and the metal is melted. Helium gas is then 
used to force the liquid metal into the narrow section 
of the tube. The diameter can be made small enough so 
that 3-mg/cm sticks are obtained. To get a given 
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Fic. 2. Resolution of closely spaced derivative lines. 
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weight of metal it is then necessary only to cut off a 
measured length. 

Since all the alkali metals were found to be inert at 
liquid nitrogen temperature, the breaking can be carried 
out easily in liquid nitrogen. This is much easier than 
using a dry box, and it is suggested as an easy way to 
handle alkali metal for any purpose. Even cesium metal 
shows no sign of reaction in liquid nitrogen. 

After introduction of the metal into the sample 
holders, the containers are evacuated and then opened 
to condensation of ammonia. When the proper amount 
of ammonia has been condensed, the samples are sealed 
off and stored in liquid nitrogen to prevent the slow 
deterioration of the solutions which occurs, even at 
high purities,‘ since the solutions are thermodynamically 
unstable. Storage in the frozen state prevents any 
observable decomposition, and samples have been kept 
this way for several months. 


C. Experimental Results 


In addition to confirming Hutchison’s and Pastor’s 
observations of resonance in sodium and potassium, we 
have observed resonances in lithium, rubidium, cesium, 
and calcium solutions. Our data are shown in Table I. 


TABLE I. Data in liquid metal-ammonia solutions. 








4H 
peak-to-peak 
oersteds 


Li-NH; 0.1 
Na-NH; 0.13 
K-NH; 0.1 
Rb-NH; 0.16 
Cs-NH; 0.4 
Ca-NH; 0.14 


Temperature 
he 


Concentration 
M 


Solution 





—72 
—75 
—70 
—70 
—70 
—70 








We have compared directly g-values of the alkali and 
alkaline earth solutions. Samples of calcium in ammonia 
and sodium in ammonia were prepared and placed 
adjacent to each other in the cavity. A g-shift would 
have manifested itself as a splitting of the observed 
resonance line. No splitting was observed. Subsequent 
analysis of the resolvability of lines* (see Fig. 2) indi- 
cates that the difference in g-values between the sodium 
and calcium solutions is less than 0.005. 

According to Kaplan and Kittel’s theory of line 
width, the critical parameter is the frequency of the 
perturbation causing the width. In dilute solutions 
(below 0.1 M) the main perturbation is the hyperfine 
interaction, and the fluctuation frequency is given by 
the frequency of rotational dipolar relaxation. From 


8 We consider two curves of equal amplitude and width (Fig. 2). 
As the sketch shows, if the spacing 5H of two curves is ter 
than the peak-to-peak line width AH, they are resolvable. If 
4H =6H, the envelope is unresolved but its width is 2AH. If 
6H <AH, the envelope is still unresolved, but its width is given by 
(AH )envelope™= 4H+5H. Therefore, if the individual widths are 
known, the spacing is calculable from the above equation. 
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Eg. (13) of reference 5, we have 
hd kT/3nV, 


where » is the viscosity of the liquid and V is the 
molecular volume. The line width is inversely pro- 
portional to w, and therefore directly proportional to 
viscosity. Since the viscosity of liquids varies with 
temperature, the line width should vary accordingly. 
This is found to be the case. Figure 3 is a comparison 
of line width and viscosity as a function of temperature. 
They are normalized at —33.5°C, the boiling point of 
ammonia. The data plotted are from Fig. 5 of refer- 
ence 6, using the 0.1 M concentrations and our data for 
potassium at 0.08 M. 

A further test of theory presents itself in experiments 
on metal solutions of methylamine (CH;NH;). A sample 
of lithium of about 0.1 M concentration in methylamine 
was prepared by the same process used for the ammonia 
solutions. Measurements of spin resonance line widths 
were made at —80°C, —40°C, and 0°C, using dry ice 
and acetone, dry ice and dirty ethanol, and ice, respec- 
tively. Data for viscosity of methylamine are meager, 
only one point being known. 7=0.236 centipoise at 0°C. 
In order to obtain viscosity as a function of temperature 
from universal viscosity charts,’ values of viscosity 
must be known at two temperatures. We have obtained 
the value of viscosity at —54°C from Shell Develop- 
ment Company. (We wish to thank Mr. G. C. Pounds 
of Shell Development Company for kindly making this 
measurement.) Figure 4 shows a comparison of the 
spin resonance line width and viscosity of methylamine 
as a function of temperature. The data are normalized 
at 80°C. At high temperatures the line width appears 
to be leveling out faster than the viscosity. This may 
be due to the dipolar contribution beginning to make 
itself felt. 

It is of interest to compare the methylamine data 
with that of the ammonia to see whether the consistency 
persists. We compare results at — 70°C. Experimentally 
we have 


(1.1) 


AHwnu;3~0.1 oersted, 
AHcu;nn2~0.6 oersted, 


AH cu3ni2/AHNu3~ 6. 


This is to be compared with the ratio of nV for the two 
materials: 


(nV )cugnue/ (nV) Nu3= (0.7) (67)/ (0.5) (34) =3. 


The agreement is fairly good since the implied assump- 
tion of the equality of the intrinsic widths (without 
motional narrowing) is probably not accurate. The 
larger size and ellipsoidal shape of the methylamine 
molecules might reduce the number of protons sur- 
rounding the e; center and produce a wider line. The 


®W. H. McAdams, Heat Transmission (McGraw-Hill Book 
Company, Inc., New York, 1954), third edition, p. 466. 
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Fic. 3. Comparison of line width and viscosity as functions of 
temperature: liquid metal-ammonia solutions. 


ammonia molecule also possesses an extra degree of 
freedom (oscillation of the N ion in and out of the 


. triangle of protons) which is not found in methylamine. 


This additional oscillation will increase the narrowing 
of the ammonia lines with respect to the methylamine. 


Il, ALKALI METALS 


In metals it is the spin-lattice relaxation time 7; 
which determines the line width. Several mechanisms 
for spin-lattice relaxation have been proposed. Over- 
hauser" has discussed several interactions of which the 
one giving rise to the shortest relaxation time is the 
interaction between the magnetic moment of one elec- 
tron and the field caused by the translational motion 
of a second electron. Elliott" has discussed a process 
whereby the small amount of orbital angular momentum 
associated with the spin state causes the spin to flip. 
He obtains the following expression for the spin-lattice 
relaxation time: 

T\=arpR/ (Ag)? 


«1/[(4g)*e]. 


AH « (dg). 


(11.1) 
Therefore, 
The spin-orbit coupling enters through the g-shift Ag, 


which is proportional to \/A, where X is the spin-orbit 
coupling constant and A is the energy level separation. 
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Fic. 4. Comparison of line width and viscosity as functions of 
temperature: liquid lithium-methylamine solution. 


1 A. W. Overhauser, Phys. Rev. 89, 689 (1953). 
“R. J. Elliott, Phys. Rev. 96, 266, 280 (1954). 
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The g-shift has been calculated for conduction electrons 
in several metals by Yafet® and Brooks.” rz is the 
mean time between collisions for electrons as determined 
by resistivity measurements; p is the resistivity in ohm- 
centimeters. a is a constant, of the order of 0.03 for 
phonon collisions. Yafet* has examined Elliott’s as- 
sumptions, and he finds that the factor a is a function 
of temperature such that the relaxation has a 1/T 
dependence at low temperatures instead of 1/7* as 
predicted by Elliott. 


Experimental Procedure 


Samples of bulk sodium and potassium were prepared 
by forcing molten metal into glass containers and 
subsequently sealing them. Samples of rubidium and 
cesium were obtained by sending our containers to 
A. D. MacKay Company to be filled. Figure 1(c) is a 
schematic diagram of the container. 

Because of its reactivity with glass at high tempera- 
tures, lithium had to have special handling. After many 
unsuccessful attempts to force molten lithium into 
glass, the following procedure was devised. The glass 
container was first lined with Standard SAE 40 motor 
oil which had previously been heated at 220°C to 
remove volatile vapors. Then molten lithium was 
forced in under helium pressure and the container 
subsequently sealed. 

Temperature ranges between 4°K and 500°K were 
studied. To produce these temperatures the following 
procedures were used : 

1. 4°K to 77°K.—Liquid helium was introduced into 
the inner Dewar of a double Dewar system. The inner 
Dewar contained the cavity, so the cavity was in 
contact with liquid helium. The outer Dewar was filled 
with liquid nitrogen at 77°K. Measurements at 4°K 
were made with the cavity completely immersed in 
liquid helium. The range from 4°K to 77°K could be 
covered satisfactorily by taking data after the helium 
level fell below the bottom of the cavity and the 
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sodium-ammonia solutions. 


2 Y. Yafet, Phys. Rev. 85, 478 (1952). 
18H. Brooks, Phys. Rev. 94, 1411(A) (1954). 
4 Y. Yafet (unpublished). 
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cavity began to heat up. In the lithium-ammonia runs, 
the range from 65°K to 77°K was critical, and this 
region was covered nicely by pumping liquid nitrogen 
placed in the inner Dewar. 

2. 77°K to 200°K.—This region was covered by 
having liquid nitrogen in the outer Dewar and heating 
the cavity electrically with a coil attached below its 
lower end. With practice we could obtain any desired 
ambient temperature in this region. 

3. 200°K to 273°K.—This region was not covered 
continuously, but points at 200°K, 230°K, and 273°K 
were obtained by using dry ice and acetone, dry ice 
and watered ethanol, and an ice bath, respectively, in 
the outer Dewar. The inner Dewar in these runs was a 
single-walled Pyrex tube used only to keep the cooling 
bath out of the cavity. 

4. 300°K to 500°K.—The single-walled inner Dewar 
was wound with a heating coil and placed in the outer 
Dewar filled with an oil having a high flash point 
(Standard, Pure Pennsylvania, SAE 40). Fifty watts 
was ample power to produce 500°K. Teflon insulation 
was used in the cavity coupling pieces. 


Results in Frozen Metal-Ammonia Solutions 


We find that metal-ammonia solutions, when frozen, 
become separated into metal particles and ammonia. 
Observations carried out on several alkali-ammonia 
solutions support this conclusion as shown below. 

1. Sodium.—We observed sodium-ammonia solutions 
of 0.1 M and 0.01 M concentrations. Temperature de- 
pendence of the spin resonance lines was studied from 
77°K to 220°K and from 4°K to 200°K, respectively. 
The 0.01 M sample cracked and decomposed when 
taken above the melting point. It may be mentioned 
that most samples taken to liquid helium were cracked 
after removal from the cavity. Presumably the fast 
cooling from 77°K to 4°K which accompanies a helium 
transfer caused the breakage. Therefore measurements 
in liquid solutions had to be made before any helium 
runs on the same sample. Figure 5 shows the data for 
line width between maximum slopes (hereafter referred 
to as peak-to-peak width) as a function of temperature 
and the same data for metallic sodium. The width of 
the absorption is independent of concentration and its 
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Fic. 6. Susceptibility of frozen sodium-ammonia solution. 
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Fic. 7. Line width versus temperature : frozen 
potassium-ammonia solutions. 


behavior coincides with that of metallic sodium. All 
lines observed were symmetrical absorptions having 
approximately Lorentzian shapes. These results agree 
with Yafet’s prediction of a linear temperature de- 
pendence of line width. 

The presence of a calibrated sample of dipheny]l- 
picrylhydrazyl in a cavity allowed a calculation of 
susceptibility as a function of temperature to be made. 
The standard sample was located so it did not overlap 
the resonance of the metal-ammonia sample. Results of 
the susceptibility determinations are shown in Fig. 6. 
Within the accuracy of the measurements the suscepti- 
bility is independent of temperature. 

The nuclear resonance of frozen sodium-ammonia 
solution provided additional information. In 1949 
Knight'® observed that the nuclear resonance of several 
metals occurred at different frequencies (in the same 
magnetic field) than salts of the same isotope. This 
Knight shift has since been the subject of consider- 
able experimental and theoretical investigation. It has 
been established that the shift is due to an effective 
field at the nuclei due to their hyperfine interaction 
with the conduction electrons of the metal, and there- 
fore is able to give information about the electron wave 
functions in metals. 

The discovery that the electron spin resonance in 
frozen metal ammonia solutions might be due to 
precipitated metal particles suggested that the appear- 
ance of the Knight shift in the nuclear resonance would 
be a confirming fact. 

Accordingly, a sample containing 1 cc of ammonia 
and 10” atoms of sodium was prepared, and Knight 
examined its nuclear resonance. An absorption appeared 
which had the shape, width, and shift characteristic of 
metallic sodium. Comparison with a standard sample 
of sodium metal showed a frequency difference of only 
0.25 kc/sec, which is in agreement to one part in 25. 
No unshifted sodium line appeared, and since the 
signal-to-noise ratio in the sample signal was about ten, 
not more than 10% of the sodium atoms in the sample 
could have been in the nonmetallic state. 

Further evidence of the nature of frozen metal- 


1 W. D. Knight, Phys. Rev. 76, 1259 (1949). 
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Fic. 8. Line width versus temperature: frozen 
lithium-ammonia solutions. 


ammonia mixtures comes from the work of Bosch,'® 
who made optical absorption measurements on alter- 
nate layers of ammonia and alkali metals evaporated 
onto a quartz plate at various temperatures. Her experi- 
ments indicate that below 60°K the metal remains 
dissolved in ammonia ; above 60°K, precipitated metallic 
particles are formed. 

This result is significant to the work described here 
for the following reason. In all of our experiments on 
frozen metal-ammonia solutions, the material was pre- 
pared from the liquid and subsequently quenched in 
liquid nitrogen (77°K). The metal atoms thus had 
plenty of time to coagulate to form metal particles. 
(Our experiments at 4°K were on samples which had 
previously been stored for at least a day at 77°K.) 

2. Potassium.—Spin resonance measurements were 
made on two concentrations of potassium in ammonia, 
0.08 M and 0.4 M. The temperature range from 4°K to 
180°K was studied as shown in Fig. 7. All lines showed 
pure absorption behavior characteristics of particles 
small compared to a skin depth except for the 0.4 M 
sample at 4°K, where distortion began to appear. This 
is further evidence that the resonance is due to metal 
particles since the reduced skin depth in the metal at 
low temperature would cause this distortion. 

The potassium line at 4°K is about 50 times as wide 
as sodium. This is somewhat smaller than the prediction 
on the basis of Elliott’s equation (1.4), but the work of 
Yafet" indicates that the factor a can be different for 
different elements, so the experimental results are not 
inconsistent with theory. 

Potassium-ammonia samples exhibited two charac- 
teristics which we cannot explain. The first is a decrease 
of the line width as the melting point is approached. 
This is seen in Fig. 8 by the points at 170°K. The other 
is an increasing susceptibility as temperature increases. 
That this was not a cavity effect or the effect of changes 
in instrument parameters was verified by comparison 
with a diphenylpicrylhydrazyl standard sample in the 
cavity. 

3. Lithium.—Figure 8 shows the temperature de- 
pendence of line width in frozen lithium-ammonia 


16 E. Bosch, Z. Physik 137, 89 (1954). 
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Fic. 9. Comparison of line width and resistivity as functions of 
temperature: bulk sodium metal. 


solutions. The data presented are for two samples. 
Sample I is a 0.2 M concentration using 99.9% pure 
lithium obtained from Lithium Corporation of America. 
Sample II is a 0.35 M concentration using a distillate 
of the same material kindly provided by M. Browne. 

Comparison of our data with results in metallic 
lithium are less fruitful than for sodium. The tempera- 
ture dependence of line width in metallic lithium is 
anomalous with respect to the other alkalis and with 
respect to theories of relaxation in metals since it shows 
no temperature dependence. Lithium in bulk from the 
99.9%, batch generally shows a three-oersted line. The 
distillate shows a one-oersted line when evaporated out 
as a thin film. As the graph shows, both the bulk and 
the distillate, when dissolved in ammonia, show identical 
behavior. 

The g-shift in lithium metal is calculated to be less 
than 10~, and in fact none has been observed.’ On the 
basis of the calculated shift, the line width in lithium 
metal at 300°K is 0.05 oersted from the Elliott theory. 
Observed line widths have varied between 0.3 oersted 
and 10 oersteds depending on the purity and history” 
of the sample. The experiments of Feher and Browne 
support the hypothesis that impurity atoms such as 
sodium increase the spin-orbit interaction and in effect 
determine the line width. 

As seen from Fig. 8, the line width in the frozen 
lithium-ammonia solutions remains constant above 
about 80°K just as in ordinary lithium metal. However, 
the abrupt transition to a narrower line has no counter- 
part in the bulk metal work. Barrett and Frank'* have 
reported that a phase transition occurs in lithium at 
75°K, the transition being from body-centered cubic to 
face-centered cubic as the temperature is lowered, and 
the transition of line width is probably connected with 
this change in structure. 

It may be mentioned that the 0.35 M concentration 
showed the effect of particles large compared to a skin 
depth. All lines observed at this concentration had the 
x’ +x” shape. 

117M. Browne (unpublished work). 


18 C. S. Barrett and O. R. Frank, Trans. Am. Inst. Mining Met. 
Engrs. 175, 579 (1948). 
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4. Cesium.—A sample of 0.5 M cesium in ammonia 
was observed in the temperature region between 4°K 
and 77°K. A line 13 oersteds wide at g=1.930.02 was 
seen between 4°K and 25°K. (See Table II.) Above 
25°K it could not be observed. Comparison with a 
standard hydrazyl sample indicated that the signal was 
not due to a paramagnetic impurity since the intensity 
did not’follow a 1/7 dependence but appeared constant 
throughout the observable range. Brooks’ calculated g- 
value for cesium is 1.94, which seems to be in excellent 
agreement with the observations. There are no other 
data in metallic cesium with which to compare our re- 
sults. We have also examined a sample of bulk cesium 
sealed in glass, but no resonance was observed in the 
temperature range between 4°K and 300°K. 


Results in Metals at Elevated Temperatures 


The experiments of Feher and Kip’ provided the 
following information about spin-lattice relaxation times 
in metals: 


1. Sodium.—The relaxation time is approximately 
proportional to conductivity from 4°K to 300°K. 

2. Lithium.—The relaxation time is independent of 
temperature between 4°K and 300°K, but is longer the 
more highly purified are the samples. 

The results in sodium appear to confirm the Elliott- 
Yafet mechanism of relaxation inasmuch as the line 
width follows the same law as does the resistivity. The 
data for lithium are a bit confusing since the highest 
purities obtained should have yielded intrinsic relaxa- 
tion times. 

Extension of the measurements to higher tempera- 
tures would provide a better check on the theory 
especially if the melting points of the metals could be 
exceeded, since there the resistivities have discon- 
tinuities. Measurements were carried out on all the 
alkali metals to temperatures above their melting 
points. Resonance was observed only in sodium and 
lithium as expected from the theory, since the spin- 
orbit interactions are too large in the other alkalis to 
produce observably narrow lines in the temperature 
ranges studied. 

Figure 9 shows the dependence of line width and 
resistivity on temperature for sodium. The discon- 
tinuity in line width at the melting point provides a 
clear confirmation of the effect of resistivity on relaxa- 


TABLE II. g-Values in frozen metal-ammonia solutions. 








Cesium 
1.94¢ 
1,93 


Potassium 
1.998° 
1,99 


Lithium 
2.0023* 
2.00 


Sodium 
2.002 
2.00 





Calculated 
Observed 








* P. N. Argyres and A. H. Kahn, Phys. Rev. 98, 226(A) (1955). 
>See reference 12. 
* See reference 13. 
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tion time. All the lines had the characteristic shape 
exhibited by metal samples large compared to a skin 
depth.'® At these temperatures the effects of spin 
diffusion’’® are unimportant. The intensity of signals 
remained constant throughout the temperature range 
examined. Failure to observe a decrease in intensity 
above the melting point due to the increased line 
breadth may be accounted for by the larger volume of 
metal presented to the rf field. 

The results in lithium appear in Fig. 10. The charac- 
teristic temperature-independent width is observed to 
persist to the melting point. The discontinuity above 
the melting point was reversible, that is the sample on 
cooling returned to its original width. This removes 
the possibility that the increased width was due merely 
to increasing diffusion of impurities into the sample 
from the container. 

If we assume that the observed three-oersted line at 
200°C is intrinsic, the calculated intrinsic width at room 
temperature from the resistivity change is 0.6 oersted. 
Feher has observed a temperature-independent 0.3- 
oersted line at room temperature and below in an 
evaporated film. We may tentatively conclude that the 
intrinsic width has been measured at room temperature. 
The factor of 2 discrepancy may be ascribed to Yafet’s 
suggestion that at high temperatures imperfections may 
be more important to the relaxation than phonons, so 
line width may go up faster than resistivity. 

Potassium, rubidium, and cesium were studied to 


19 N. Bloembergen, J. Appl. Phys. 23, 1383 (1952). 
”F. J. Dyson, Phys. Rev. 98, 349 (1955). 
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Fic. 10. Line width versus temperature above 300°K : 
bulk lithium metal. 


temperatures exceeding their melting points, but no 
resonance was observed in any of the samples. 
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A simple theory, based upon a single-level trapping and field-controlled thermal release process, predicts 
detailed dependences of electroluminescence light output wave form and integrated light output on voltage, 
frequency, and temperature. Extensive data, obtained with the use of zinc sulfide phosphor powder layers, 
are in close agreement with the theory. Negligible frequency dependence of integrated light output at low 
fields and low temperatures and the usual strong dependence at higher fields are predicted and experimentally 
confirmed. Small temperature dependence, over a wide range of temperatures, at high fields and low fre- 
quencies, and strong dependence at lower fields, are predicted and observed; this explains the fact that both 
strong and weak temperature dependences are reported in the literature. Further correlations, together 


with the associated data, are presented. 





1, INTRODUCTION 


LECTROLUMINESCENCE,;! light emission re- 
sulting from the action of an electric field upon a 
phosphor crystal, apparently involves a number of 
competing and sequential electronic processes. The 
most common method of excitation of electrolumines- 
cence is by means of a sinusoidal voltage applied across 
a thin layer of phosphor; in this case these electronic 
processes combine in definite phase relationships to 
produce the characteristic periodic emission of visible 
light. The instantaneous light intensity is a complex 
function of time, consisting of a two-peak doublet per 
half-cycle in common electroluminescent phosphors. In 
general, the intensity of light emission is the only ob- 
servable from which the nature and phase of the various 
electronic processes can be inferred. This paper presents 
a simple theory, based on electron trapping and field- 
controlled thermal release processes, of the major com- 
ponent of the characteristic light output wave form. 
Extensive experimental data which, together with 
much of that already published, are in close agreement 
with the theory are also presented. 

Previous theoretical work’ has dealt predominantly 
with mechanisms of excitation or ionization of the 
phosphor activator centers; when the light output 
wave form has been considered, prompt recombination 
and de-excitation has been assumed. However, Alfrey 
and Taylor® have had considerable success in explaining 
strong temperature dependence of light output by 
thermal release of trapped electrons. 

Theory and experiment in this paper indicate that 
consideration of trapping and delayed processes is 
necessary to explain important experimental observa- 
tions. Furthermore, much of published experimental 
data concern dependences of integrated light level on 

1G. Destriau, Phil. Mag. 38, 700 (1947). 

2 W. W. Piper and F. E. Williams, Phys. Rev. 87, 151 (1952); 
ross f. Appl. Phys., Suppl. 4, 39 (1954); Phys. Rev. 98, 1809 

*D. Curie, J. phys. radium 14, 510 (1953). 
a9 i Diemer, and Klasens, Philips Research Repts. 10, 205 


*G. F. Alfrey and J. B. Taylor, Brit. J. Appl. Phys., Suppl. 4, 
44 (1954); Proc. Phys. Soc. (London) 68, 775 (i955). 
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applied rms voltage, frequency, and temperature. The 
importance of wave form analysis, rather than inte- 
grated light output, in leading to theoretical interpreta- 
tion, is emphasized. 


2. THE EXPERIMENTAL PHOSPHOR LAYER CELL 


Uniform phosphor power layers clamped between 
plane electrodes, one of which is transparent, were 
utilized in the following experiments. No dielectric 
medium other than air at pressures between one 
atmosphere and 10-* mm Hg was used. Phosphor layer 
weights averaged 2 mg/cm? and near 1 mil in thickness, 
corresponding to a phosphor-dielectric volume ratio 
of about 1:5. In a cell of this type, the electrodes are 
supported by phosphor aggregates in crystal-to-crystal 
electrical contact. The physical dispersion of the 
crystals is similar to that in conventional cells with 
plastic dielectric, since volume ratios are equivalent, 
yet electrical contact between the crystals (1) allows 
examination of conductive effects, (2) eliminates 
voltage division between phosphor and dielectric, (3) 
makes unimportant the correction for changes of di- 
electric constant of the medium with variables such as 
frequency and temperature. Light output wave forms 
are similar for powder-layer cells of the type described 
here, and for conventional plastic-dielectric cells. It is 
generally believed that field concentrations or barriers 
play an important part in electroluminescence, and 
that these can be described by a uniform volume 
density of positive charges in the phosphor crystal; 
in this case, the average field at low voltages will be 
proportional to \/V and at higher voltages, when the 
electric field extends throughout the crystal volume, 
the average field will be proportional to applied voltage 
V. Dielectric strength in the air-dielectric cell is so 
great that, under the cell operating conditions of 
interest in this paper, breakdown does not occur. 


3. LIGHT OUTPUT WAVE FORM: THEORY OF 
THE PRIMARY PEAK 


The half-cycle doublets characteristic of electro- 
luminescence with low-frequency sinusoidal voltage 
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excitation can be analyzed into two components of 
approximately Gaussian shape in time; the leading, or 
earlier, component is always larger in integrated area 
and is termed the primary peak, while the smaller com- 
ponent is termed the secondary peak.® The position in 
phase of these components is basic to theoretical 
analysis. A graphic indication of the phase relationships 
of the light components to the impressed voltage wave 
is obtained by applying the sinusoidal voltage to the 
X-plates of an oscilloscope and the light signal to the 
Y-plates. Figure 1 is a photograph of the repetitive 
oscilloscope trace, showing the zero-light baseline, 
with V=0 at the center and Vingx at the extremities. 
The X-axis is then linear with instantaneous applied 
voltage and the Y-axis is linear with instantaneous light 
intensity, the light signal being obtained from a multi- 
plier phototube and cathode follower circuit. It is 
apparent that the light components straddle the 
voltage maximum, the primary peak leading and the 
secondary peak lagging, and both components are out 
of phase but by considerably less than 90 degrees. 

The following theory of the primary light peak is a 
close analogy to the classic thermal glow curve theory.’ 
Assume that the initial state, at V=O, is similar to 
that of the thermal glow curve; that is, in the phosphor 
crystal there are No ionized activator centers and a 
supply of trapped electrons or donor levels. The light 
output level Z, proportional to the recombination rate 
dN/dt, is proportional to the product of number N of 
ionized activator centers remaining at time / and the 
time rate of release of electrons from the trapping or 
donor (coactivator) levels. Experiment shows that the 
volume density of activators emitting light per half- 
cycle is no greater than 10 cm-*, while the volume 
density of coactivators is nearer 10'* cm-*. Therefore 
dN/dit« Np, where p is the release probability of a 
trapped electron, given by p=s exp(—Eo/kT). Here, 
as usual, s is the frequency factor, Eo the trap depth in 
electron volts, k Boltzmann’s constant, and T the 
absolute temperature. 

In the presence of an electric field, the effective trap 
depth will decrease and more rapid field-controlled 
thermal release of electrons will occur; because of the 
periodicity of the trapping sites, the decrease in trap 
depth will be proportional*® to the field rather than to 


Fic. 1. Experimental 
light-output wave form; 
cps, 50 volts rms, 
room temperature. Light 
increasing upward, in- 
stantaneous voltage zero 
at center, maximum at 
left and right. 


sd = Diemer, and Klasens, Philips Research Repts. 9, 8 
(1954). 

7 J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. (London) 
A184, 999, 347 (1945). 

*N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, Oxford, 1948), p. 42. 
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the half-power of the field as in the case of an isolated 
Coulomb potential. Assuming that the average field is 
proportional to the applied potential difference 
V= Vp sinw!= Vo sinx, one obtains 


tan 
er 


a 
=—WNs exp| - (Bev, sna / | 


where ¢ is the electronic charge, ap the trap half-width, 
and / the extent of the electric field. When J is elimi- 
nated, the instantaneous light output is given by 


L« N pe7 #0! *T ee sing ew(-» f e* “mds)), (1) 


where a= (edo/l)(Vo/kT), b= (s/w)e~**/*7, and x=wt. 
This function has the shape characteristic of a con- 
ventional thermal glow curve, rising slowly to a peak, 
from a value greater than zero, followed by a more 
rapid decrease toward zero. The quantity No may be 
a function of temperature, frequency, and voltage. The 
second exponential factor behaves like the release 
probability », increasing with voltage or time from 
unity at V=0. The last exponential factor is propor- 
tional to the number J of ionized activators remaining 
at time /. 

Of the 10'* coactivator sites per cubic centimeter, 
about 10'* cm~ are thermally ionized at room tempera- 
ture and govern the distribution of electric field. 
Therefore the maximum density, 10'* cm, of ionized 
activator centers has little effect on the field distribution, 
nor does the associated fluctuation of 10“cm-* in 
density of donor (coactivator) electrons show up 
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Fic. 2. Theoretical light-output wave form for the primary 
peak, at 60 cps, 50 volts rms, room temperature, for comparison 
to the experimental trace of Fig. 1. 
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—196°C 


Fic. 3. Oscilloscope traces illustrating the temperature dependence 
of light output at V=0. F=60 cps; V=50 volts rms. 


against the average density of 10'* cm~; this average 
donor density is replenished at each ionization process. 


4. CORRELATION TO EXPERIMENT 


Equation (1) can be fitted by adjustment of param- 
eters a and 5 to the primary peak wave form of a con- 
ventional green-emitting, copper-activated electro- 
luminescent phesphor at room temperature, 60 cps and 
50 volts rms, for instance; this requires approximate 
values of a=4.0 and b)=0.1, corresponding to a single 
trap depth at 0.3 ev, frequency factor near 10’ sec’, and 
trap dimension something like 200 A. The fit is shown 
in Fig. 2, where the theoretical wave form to be com- 
pared to the experimental oscilloscope trace appears. 

Variations of both the shape of the wave form and of 
integrated light output L; with peak voltage, frequency, 


LL, INSTANTANEOUS LIGHT OUTPUT 








Fic. 4. Theoretical peak shift toward earlier times 
with increase in peak voltage Vo. 


and temperature may be obtained from Eq. (1) by 
varying parameters a and b in the time-dependent 
exponential factors, and 7 in the first exponential. 
First, however, light emission at V=0 is considered. 


(a) Light Level at V=0 


The important zero-voltage light level dependence 
upon temperature should be emphasized. At V=0 and 
t=0, Eq. (1) gives 

Loy « Noe~20!*?, 


This means that the light output should be greater 
than zero even at the zeros of the voltage cycle, and the 
intensity at these points should be strongly temperature- 
dependent. Experimentally, the light output at V=0 
and room temperature is large, amounting to as much 
as 50% of peak intensity in some cases. This light 
level is observed to decrease rapidly with temperature 
decrease, evidently approaching zero; this decrease is 
illustrated by the traces of Fig. 3. Such behavior is, of 
course, easily explained by the trapping effects con- 
sidered in this paper, and lends strong support to the 
theory. Whether the light level at V=0 at liquid 
nitrogen temperature is actually many orders of 
magnitude less than that at 20°C is experimentally 
indeterminate, both because of overlap of the primary 
and secondary components at V=0, and because de- 
tecting such a low level in the presence of strong 
emission during other parts of the voltage wave is a 
difficult signal-to-noise problem. 

At constant temperature, Ly < Vo, where Lo has been 
arbitrarily defined as the light intensity at the 
minima of the observed wave form. Experimentally, 
No«exp(—C/Vo), where C is a constant, at higher 
voltages where J» is large enough for accurate measure- 
ment; the data cover four decades of light level. Also, 
No«+/f over a four-decade experimental variation of 


frequency f. 


(b) Wave Form vs Peak Voltage 


Increase in peak voltage corresponds to an increase 
in parameter a. The factor e* *™* in expression (1) 
behaves like the release probability p, increasing with 
voltage from an initial low value. As peak voltage Vo 
is increased, e* *™* is larger at a given point in the 
cycle and will lead to an earlier peaking of the in- 
stantaneous light output L. The theoretical peak shift 
with voltage increase is shown in Fig. 4. Agreement is 
evident in the series of photographs of Fig. 5. This peak 
shift with voltage was first observed experimentally 
by Destriau.' 


(c) Wave Form vs Frequency 


As angular frequency w is increased, corresponding 
to a proportional decrease in parameter }, the last ex- 
ponential factor, describing depletion of ionized acti- 
vators, becomes less significant. The wave-form peak 
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Volts rms 


Fic. 5. Experimental wave forms showing the peak shift toward earlier times 
with increase in peak voltage Vo. F=60 cps; T= +30°C. 


moves toward later times, until this factor becomes 
constant and the wave form takes on the shape of the 
function e* *"*, This shift is shown by the theoretical 
curves of Fig. 6 and experimental agreement by the 
oscilloscope traces of Fig. 7. The presence of the 
secondary peak is a complicating factor at high fre- 
quencies; nevertheless, the symmetry corresponding 
to the e* *™* function is evident. 


(d) Wave Form vs Temperature 


Decrease in temperature is equivalent in expression 
(1) to an increase in effective trap depth. Decrease in 
temperature should therefore lead to later onset of 
depletion and a shift of the peak toward later times. 
This shift is shown by the theoretical curves of Fig. 8; 
it is observed experimentally over much of the tempera- 
ture range as shown by the photographs of Fig. 9. The 
small anomalous shift at very low temperatures is 
accounted for by the observations that (1) a strong blue 
component is added to the green emission, in the 
neighborhood of — 200°C, in both photoluminescence 
and electroluminescence, and that (2) this blue emission 
does peak considerably earlier in the voltage cycle, 
than the green light, as shown by wave-form detection 
through a spectrometer. 


(e) Integrated Light Output LZ; vs Peak Voltage 


Light output per cycle, per unit number of ionized 
activators at V=0, must increase with voltage and 
then level off as complete depletion of these activators 
during the cycle occurs. Graphical integration of the 
time-dependent exponential factors of Eq. (1), to 
obtain their contribution to the integrated light output, 
shows the expected behavior which also follows the 
relation exp(—C/£) to a close approximation, the same 
form observed for No. Therefore, Eq. (1) may be 
rewritten to give the field dependence of Z; as 


Lyx e~ (Crt) / 8 


where C; is related to No and the ionization process, 
and C; is related to the time-dependent factors of 
Eq. (1). In Fig. 10 appear data for L; plotted against 
Vo, valid at lower voltages, and in Fig. 11 plotted 
against Vo, valid at higher voltages; it is evident 


that Vo~ is a fair description over the entire voltage 
range, while Vo~' is poor at low voltages but gives a 
better fit at higher voltages, above 30 volts. 


(f) Integrated Light Output L; vs Frequency 
and Temperature 


In order to avoid color shift, with frequency and 
temperature, associated with the presence of both 
blue and green emission bands in the ZnS:Cu, Al, a 
phosphor containing additional manganese and showing 
only a single emission"band in the yellow was used to 
obtain the data in this section. 

In deriving Eq. (1), the expression 


N=Np exp( -bfe “ds ) 


is obtained, where N is the number of ionized activators 
remaining at point x of the cycle. The light output per 
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Fic. 6. Theoretical wave forms with variation in 
frequency plotted against time. 
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60 


Frequency (cps) 
Fic. 7. Experimental wave forms with variation in frequency. T=30°C, V=50 volts rms. 


cycle from the primary peak is assumed proportional to 
the depletion of ionized activators and therefore to 
(No— Nee) or to 


2r 
1-exp(—of e* “ds)). 
0 


This quantity multiplied by the frequency yields the 
theoretical curves for integrated light output vs 
frequency of Fig. 12, for a “high” voltage (50 volts 
rms, a= 4.0) and a “low” voltage (12 volts rms, a= 1.0). 
Also plotted are data taken at the two voltages and 
fitted to the theoretical curves at one point. At very 
low voltages, depletion of the ionized activators does 
not occur during the cycle even at lower frequencies, 
and No is expected to be independent of frequency. 
Therefore agreement between theory and experiment 
should be and is observed. The frequency dependence 
of L; at low voltages becomes very small. At high 
voltages, however, depletion of ionized activators is 


+3O°C (o*4, 0.1) 
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Fic. 8. Theoretical wave forms with variation in temperature. 


strong and, as mentioned previously, mo varies experi- 
mentally as f?; this is related to the observation that 
integrated light output vs frequency approaches a slope 
of $ at high frequencies, rather than a slope of zero as 
integration of the time dependent factors predicts. The 
over-all frequency dependence of L; at high voltages 
is strong. 

The temperature dependence of integrated light out- 
put ZL; depends upon the three exponential factors of 
Eq. (1). Graphical integration of these factors yields 
the theoretical curves of integrated light output vs 
temperature of Fig. 13, for a “high” voltage (100 volts 
rms, a= 8.0) and a “low” voltage (12 volts rms, a= 1.0). 
The general characteristics of the curve, for both 
voltage ranges, appear not to change, the curve merely 
shifting toward lower temperatures with increase in 
voltage. The rapid rise, of light output, from low tem- 
peratures followed by a leveling off at higher tempera- 
tures was first observed experimentally by Destriau.' 
Within an extended temperature range, not including 
very low temperatures, the theory predicts strong 
temperature dependence of integrated light output at 
low voltages and small temperature dependence at 
very high voltages. Support is seen in the experimental 
curves which show a much stronger temperature de- 
pendence at 15 volts than at 50 volts. An increase in 
voltage is theoretically equivalent to a decrease in fre- 
quency since depletion of ionized activators during the 
cycle is more severe; temperature dependence is there- 
fore minimized at high voltage and low frequency. The 
data of Roberts’ taken at a high voltage (150 volts 
rms; thickness ~5 mils) over a limited temperature 
range, show only weak temperature dependence, while 
those of Alfrey and Taylor® on large single crystals 
(low average fields) show strong temperature de- 
pendence. Where integrated light output levels off® 
at very low temperatures, or shows an increase,!? an 
additional process must be called upon to explain the 
data. The present theory is consistent with what is 
generally observed, small temperature dependence at 
high applied fields, and decreasing light output with 
decreasing temperature at low fields. 

Another way of illustrating the interdependences of 


®S. Roberts, J. Opt. Soc. Am. 42, 850 (1952). 
© P. D. Johnson and F. E. Williams (to be published). 
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Fic. 9. Experimental wave forms with variation in temperature. F = 60 cps; V=50 volts rms. 


integrated light output L; among voltage, frequency, 
and temperature is by means of the four experimental 
curves of Fig. 14. It is important to note that these 
extrapolated curves intersect in pairs at voltage ex- 
tremes. Although these intersections may be poorly 
defined if complete families of curves are considered, 
the following important trends are apparent: (1) Fre- 
quency dependence of Z; is a maximum at high fields 
and high temperatures, and minimum at low fields and 
low temperatures. This is accounted for by the theory 
simply by the absence of depletion of ionized activators 
under the latter conditions. That is, with low fields 
and low temperatures, the last exponential factor in 
Eq. (1) never differs appreciably from unity; then the 
light output per cycle depends only upon the time per 
cycle, and L; is frequency-independent. (2) Tempera- 
ture dependence of LZ; is a maximum at low fields and 
high frequencies, and minimum at high fields and low 
frequencies. Here, no temperature dependence is ex- 
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. 10. Integrated light output Z; vs peak voltage Vor, 
valid at lower voltages. 


pected under conditions of extreme depletion, for all 
of the ionized activators recombine each cycle regardless 
of the temperature dependence of the release rate. 
Commercial electroluminescent cells, often run at 
low frequencies and high voltages (60 cps and near 
breakdown voltages), should show little temperature 
dependence and strong frequency dependence of inte- 
grated light output. Temperature dependence in single 
crystals should vary as the number of barrier regions 
in the crystal; multiple barriers plus relatively large 
dimensions would be expected to show the strong tem- 
perature dependence characteristic of low average fields. 


(g) Trapping Levels by Conventional Glow Curve 


Finally, conventional glow curves were run on the 
ZnS phosphor cells used in obtaining the experimental 
data in this paper. The cells were cooled to liquid 
nitrogen temperature, irradiated with 3650A ultra- 
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Fic. 11. Integrated light output LZ; vs peak voltage Vo, 
valid at higher voltages. 
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Fic. 12. Integrated light output LZ; vs frequency f. Solid curves 
theoretical, plotted points experimental ; curves fitted at one point. 


violet light, the light source removed, and light emission 
as a function of temperature obtained during gradual 
warming of the cell. The resulting glow curves appear 
in Fig. 15 and indicate trapping levels in the range 
0.2-0.3 ev. A level near 0.3 ev is found in many types 
of ZnS phosphors," including copper-activated” and 
manganese-activated® zinc sulfides of the type used 
here. As the deeper traps will fill first and empty last, 
they will have the greater effect on the primary peak 
as regards peak shifts and peak heights. The net effects 
should closely approximate the theoretical dependencies 
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Fic. 13. mer ore light output L; vs temperature T. Solid curves 
eoretical, plotted points experimental. 


1 W. Hoogenstraaten, J. Electrochem. Soc. 100, 356 (1953). 
2H. W. Leverenz, Luminescence of Solids (John Wiley and Sons, 
“ — ioe . 177 
and L. R. Koller, Phys. Rev. 93, 349 (1954). 


based upon the presence of a single trap level near 
0.3 ev. 


5. SUMMARY AND DISCUSSION 


Equation (1) describes the field-controlled thermal! 
release, from trapping states at a single level, of elec- 
trons which are regarded as subsequently contributing 
to luminescence processes. The three exponential 
factors describe the release rate as a function of time, 
temperature, applied voltage, and frequency; the 
release rate is considered proportional to the instan- 
taneous light emission which is detected as the primary 
peak in the electroluminescence wave form. Equation 
(1) is fitted to an experimental wave form observed 
under certain conditions of temperature, voltage, and 
frequency, and the parameters a and b evaluated. 
From these, approximate values of trap depth and 
dimension can be inferred. Next, variation of param- 
eters a and b leads to theoretical dependences of wave 
form on temperature, voltage, and frequency of excita- 
tion; integration yields dependences of integrated light 
output on the same variables. 

Experimental data support the simple theory repre- 
sented by Eq. (1) in the following respects. First, the 
left-hand exponential factor accounts for the facts 
that very large zero-field emission levels are observed 
at room temperature, and decrease sharply with de- 
crease in temperature; this observation is made at the 
point in the wave form corresponding to ‘=0, V=0, 
when the time-dependent exponential factors on the 
right take on the value unity. Second, these time- 
dependent factors determine the wave form, and the 
initial fit to the experimental trace can be made close. 
The corresponding trap depth is not only equivalent 
to glow-curve results for the ZnS phosphors used, but 
is at a level (0.3 ev) often associated with the zinc 
sulfide lattice, quite independent of activator or 
method of preparation. Third, the shifts of the experi- 
mental peaks in phase (time or voltage) with variation 
in peak voltage, frequency, and temperature, are in 
the sense and of about the magnitude predicted by 
these two exponential factors—with the single exception 
of the temperature shift in the neighborhood of — 200°C, 
for which an explanation is given. Peak heights with 
variation in frequency are in accord with the theory. 
Theory and experimental confirmation are, up to this 
point, independent of the ionization process, since the 
factor No has not been considered. This factor will, 
however, affect the theoretical integrated light output 
if it is a function of voltage, frequency or temperature. 
Apparently No is a function of the first two variables; 
however, this dependence is determined experimentally 
and divided out. When this is done, the theory is in 
agreement with the experimental dependence of Ly 
on frequency, temperature, and voltage to the following 
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extent. As regards frequency, at very low voltages good 
agreement is obtained since, in the absence of depletion, 
No is expected to be frequency-independent; at high 
voltages No« f? experimentally and is related to the 
observed slope at high frequencies. The usual linear 
increase at low frequencies, followed by a weaker de- 
pendence at higher frequencies, is predicted and ob- 
served. The predicted temperature dependence of L; 
is in accord with present data and with observations 
of other workers, except for certain phosphors at 
very low temperatures where an additional mechanism 
has been called upon in any case. The predicted 
voltage dependence of Eq. (1) is of the form exp(—C/E); 
No follows experimentally the same form. The product 
of these, integrated light output Lz, is observed to show 
the same voltage dependence. This well-known function 
has been often associated'~* with the ionization process 
in electroluminescence. 


TABLE I. Characteristics of electroluminescence of a 
number of phosphors of the zinc sulfide type. 








ZnS :Ag 

ZnS :Cu, Ag 
ZnS :Cu, Al 
ZnS:Cu, Mn 
Zn(S, Se): Cu 
(Zn, Cd)S:Ag 
(Zn, Cd)S:Ag 


blue 
blue 
green 
yellow 
green 
green 
yellow 


primary+small secondary 
primary+small secondary 
primary+small secondary 
primary, no secondary 
primary+small secondary 
primary, secondary equal 
primary, secondary equal 
primary, secondary equal 
phosphorescent, deep traps, 
in-phase electrolumines- 
cence only 
phosphorescent, deep traps, 
in-phase electrolumines- 
cence only 
phosphorescent, deep traps, 
in-phase electrolumines- 
cence only 


(Zn, Cd)S :Ag , red 


ZnS:Cu, Ag blue green 


(Zn, Cd)S:Cu yellow 


(Zn, Cd)S:Cu 


orange 








This theory of the electroluminescence wave form 
primarily involves electron trapping, release, and light 
emission processes, following the ionization of activator 
centers at some point in the cycle. The theory is com- 
pletely independent of the mechanisms of ionization of 
the centers. The theory of the primary peak as given 
by Eq. (1) is the major consideration of this paper. 
Correlation to experiment, to the extent shown above, 
has been obtained without consideration of the second- 
ary peak, or of the color content of light emission during 
either peak. 

This behavior is characteristic of many, and perhaps 
all, zinc-sulfide-like materials. The primary peak shape 
described by Eq. (1) is present in the electroluminescent 
wave form of a number of nonphosphorescent zinc- 
sulfide-containing phosphors (Table I). In the zinc 
sulfides, the secondary peak is small, and practically 
nonexistent in the manganese-activated type. In the 
zinc cadmium sulfides, the primary peak is of typical 
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Fic. 14. Integrated light output L; vs peak voltage Vo~4 
with variation in frequency and temperature. 


shape and the secondary peak is large, the primary and 
secondary peaks being about equal in area. Finally, 
in phosphorescent materials containing deep traps 
associated with the copper activator, only in-phase 
electroluminescence is observed; presumably the traps 
are too deep for field release at room temperature and 
normal voltages except at the voltage maxima. The 
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Fic. 15. Thermal glow curves for ZnS electroluminescent 
phosphors emitting in the blue-green and yellow. 
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typical primary peak shape is apparently associated 
with the trapping level near 0.3 ev characteristic of the 
zinc-sulfide-like crystal lattice. Where this 0.3-ev trap 
is the deepest trapping level present, no in-phase light 
emission at low frequencies is observed, since recom- 
bination occurs by field-controlled thermal release 
earlier in the voltage cycle. 
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The thermoelectric power © and the electric resistance R of 
soft and hard carbons were investigated as functions of heat- 
treatment temperature 7; from 1000°C to 3100°C at three 
ambient temperatures T equal to 90°K, 305°K, and 573°K. The 
crystalline structure was studied by means of x-ray powder 
diffraction technique. For a given T, with increase of 7, the 
thermoelectric power of soft carbons goes through a flat minimum 
at Thx~1400°C, increases quite fast to a maximum at about 
2100°C, and subsequently drops down again and continues to 
do so up to the highest 7};. The electric resistance is only very 
slowly decreasing (plateau) up to Thr~2000°C, with a subsequent 
rapid decrease up to the highest 7}; investigated. The positions 
of the maximum in © and of the corresponding knee in resistance 


I, INTRODUCTION 


LECTRICAL properties of carbons have been 

investigated extensively during the past sixty 
years. In 1916 La Rosa! reviewed the earliest work 
on the thermoelectric power of carbon and noted large 
differences in the values previously published by other 
investigators. In the same paper he also reported 
results of his measurements of the thermoelectric power 
for a purified? carbon at temperatures between 308°K 
and 823°K. He found that the thermoelectric power, 
relative to a platinum standard, had a positive sign and 
increased linearly with temperature. Knowing that 
carbon has a negative coefficient of resistance, which 
is characteristic of “variable conductors” (semi- 
conductors), the linear increase, which is characteristic 
of metals, seemed anomalous to La Rosa. Comparing 
his results with those of his predecessors, La Rosa 
attributed the large disagreements in magnitude and 
temperature dependence (after normalization to the 


* Supported by the Office of Naval Research. Reproduction in 
whole or in part is permitted for any purpose of the United States 
Government. 

t This r is based in part on part of a thesis submitted in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy at the University of Buffalo. 

t Present address: RCA Laboratories, Princeton, New Jersey. 

1M. La Rosa, Nuovo cimento 12, 284 (1916). 

2M. La Rosa purified a commercial carbon rod by keeping it 
for nine hours at about 800°C in a stream of chlorine. 


(end of plateau) shifts to higher heat treatments with decrease 
of ambient temperature 7. The thermoelectric power is propor- 
tional to temperature T in the range of heat treatments below 
the 7); corresponding to the maximum in ®. The observed de- 
pendence of @ and of R on T;,; and T are in good agreement with 
Mrozowski’s energy band scheme for carbons and graphites. A 
hard carbon prepared from phenol-benzaldehyde resin shows a 
two-stage graphitization with } of the crystalline mass beginning 
to graphitize at 7,.~2200°C and the remainder only above Tx: 
=2800°C. Correspondingly the resistance curves show two 
plateaus ending one at T7,,~2200°C and the other at T,.~2800°C. 
The dependence of © on 7}; is somewhat similar to that found in 
soft carbons. 


same standard) to possible experimental difficulties or 
the presence of impurities in the samples of the other 
investigators, rather than to differences in the manu- 
facturing processes (arc lamp carbon rods, carbon 
filaments, etc.). 

Gottstein,’ who checked the validity of thermo- 
dynamic relationships between different thermoelectric 
effects for a number of semiconductors, reported the 
value of the thermoelectric power of natural graphite 
(unknown purity) to be +9.76 uv/°K with respect to 
copper when measured directly and +9.97 yv/°K when 
calculated from the measured values of the Peltier 
coefficient. 

In the period between the two world wars, little was 
published on the thermoelectric behavior of carbons 
and graphite. Pirani and Fehse‘ reported the thermo- 
electric power of a highly graphitized (‘metallized’) 
incandescent lamp filament to be +2.5 uv/°K with 
respect to platinum. Some measurements were made also 
by Fukuda and Saito® on carbon films formed by 
thermal decomposition of aliphatic hydrocarbons in 
vacuo at about 1100°C. They reported the thermo- 
electric power as negative with respect to copper (the 
authors also claim a negative sign for graphite with 


*G. Gottstein, Ann. Physik 43, 1079 (1914). 
‘M. Pirani and W. Fehse, Z. Electrochem. 29, 168 (1929). 
(19 a8) Fukuda and Y. Saito, Electrotech. J. (Japan) 2, 129 
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respect to copper), becoming more negative with 
increasing ambient temperature, with increasing 
decomposition temperature, or with higher carbon 
content in the original hydrocarbon. They also found 
that an increase in the degree of vacuum and in the 
rate of decomposition causes the power to become less 
negative and eventually to change sign. 

Several years ago, Mrozowski® proposed an explana- 
tion of the electronic properties of carbons and graphite 
and their dependence on origin and heat treatment. In 
general, carbons can be divided into two main classes: 
soft and hard carbons. Soft carbons are made by 
pyrolysis of organic materials such as tars or pitches, 
which remain fluid up to above 400°C. They graphitize 
easily and show a platelet structure upon grinding to a 
very fine size.’ Hard carbons are made from substances 
such as hardening resins, which solidify at an early 
stage in the pyrolytic process. Hard cokes graphitize 
only at very high temperatures and when ground break 
up into irregular but isotropic chunks. 

The present investigation was undertaken in order 
to check certain predictions of Mrozowski’s theory. 
Preliminary measurements,® which were performed at 
about 300°K, indicated that the thermoelectric power 
© vs platinum for various carbons and graphites showed 
a pronounced dependence on heat-treatment tempera- 
ture Ty,.2 For 7, between 700°C and 3000°C, © was 
found to be always positive: first to decrease from a 
value of about 40 uv/°K at 700°C to about 5 wv/°K 
at 1400°C, then increase to about 30 uv/°K at 2100°C 
and finally to decrease again to a value of about 
10 wv/°K for well-graphitized materials heated to 
3000°C. Values for different soft cokes were found to be 
scattered only slightly around the above described 
curve. © for a hard coke showed a similar dependence 
but much less variation in magnitude. 

According to the model® the dependence of © on 
Ty is explained by three effects: (1) the decrease of @ 
in the region of low 7), as resulting from an increasing 
number of excess holes which are created by electrons 
being trapped in the free valence o orbitals on the 
periphery of crystallite planes; (2) the increase of 0 
in the range 1400°C-2000°C as resulting from a 
decrease in the number of peripheral sites occurring with 
crystal growth; and (3) the decrease of © above 2100°C 
as resulting from an increase in the number of carriers 
(holes and electrons) as electrons are thermally excited 
into the conduction band. The position of the © maxi- 
mum is determined by a balance between effects 2 and 3, 
and a shift in the position of the thermoelectric power 
maximum with a change in ambient temperature was 


6S. Mrozowski, Phys. Rev. 85, 609 (1952); 86, 1056 (1952). 

7E. A. Kmetko, Proceedings of the Conferences on Carbon, 
University of Buffalo (to be published). 

8 E. E. Loebner, Phys. Rev. 84, 153 (1951); 86, 1056 (1952). 

*In this paper °C will be used for the temperature of heat 
treatment of carbons and °K will be used for the temperature 
at which their electrical properties were determined. 


expected. The purpose of the present investigation 
was to test this prediction. 

While this work was in progress, the results of two 
other investigations were published. Hirobayashi and 
Tayoda measured the thermoelectric power of a 
phenol-formaldehyde resin coked in hydrogen gas to 
temperatures ranging from 700°C to 1000°C. They 
found the power to be positive with respect to lead, to 
decrease markedly with increasing heat-treatment 
temperature 7, and to decrease with increasing 
temperature 7 between 300°K and 573°K. Their 
limited results supplement rather well our findings 
reported in Sec. III.B. Tyler and Wilson" investigated 
the thermoelectric power of three graphite samples 
(of unspecified heat treatments) as a function of 
temperature in the interval from 20°K to 280°K. They 
converted their ©’s, originally based on a copper 
standard, to absolute values, using the data for the 
absolute thermoelectric power of copper given by 
Borelius."* Tyler and Wilson found that the absolute 
thermoelectric power of two graphitized soft carbons 
was negative and had a minimum at about 30°K, 
whereas that of a graphitized mixture of lampblack 
with binder was positive, with a monotonic increase 
toward higher temperatures. They were unable to 
interpret the results obtained. Some measurements 
of thermoelectric power as a function of “graphiti- 
zation,” have been made by Eatherly,” but the data 
have not been published. 

The influence of heat treatment on the electrical 
resistivity of carbons and graphite was recognized at 
an early date and a number of reports can be found 
in the literature (for references, see reference 6). 
However, a complete series of electrical resistivity 
measurements for a wide range of heat treatments 
(500°-3000°C) has been given only for a soft carbon 
at room temperature.® In this work, measurements 
of electrical resistance were made at three ambient 
temperatures on soft and on hard carbon samples that 
had been heat-treated to successively higher tempera- 
tures, and the results are correlated with results of 
measurements of thermoelectric power on the same 
samples. 

Numerous investigations of carbons with x-ray 
diffraction technique have been performed.’ The 
structure of hard and soft carbons was extensively 


( 10 Bs Hirobayashi and H. Tayoda, J. Phys. Soc. (Japan) 7, 337 
1952). 

1 W. W. Tyler and A. C. Wilson, Jr., Phys. Rev. 89, 870 (1953). 

2 G. Borelius, Hanbuch der Metallphysik (Akademische Verlags- 
gesellschaft, Leipzig, 1936). 

138 W. P. Eatherly, Phys. Rev. 85, 768(T) (1952). 

44 C, A. Hansen, Trans. Am. Electrochem. Soc. 16, 335 (1909). 

16 See for instance: B. E. Warren, Phys. Rev. 59, 693 (1941); 
R. E. Franklin, Acta Cryst. 3, 107 (1950); 4, 253 (1951); G. E. 
Bacon, Acta Cryst. 1, 337 (1948); 3, 137, 320 (1950); 4, 558 
(1951); H. T. Pinnick, Phys. Rev. 94, 319 (1954). See also papers 
by B. E. Warren, by J. C. Bowman, and by L. D. Loch and A. E. 
Austin in Proceedings of the Conferences on Carbon (University of 
Buffalo, to be published). 
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investigated by Franklin,’* who found a two-phase 
and three-phase graphitization in most hard carbons. 
X-ray diffraction studies were made in this work for 
comparison and completeness. In the case of a phenol- 
benzaldehyde coke (hard carbon), an extreme case 
of two-phase graphitization has been found and the 
dependence of the thermoelectric power and resistance 
on heat treatment investigated. 


Il. EXPERIMENTAL 


The general experimental method can be outlined 
as follows: The samples were first treated to the desired 
temperature T};; this was followed by measurements 
of the thermoelectric power © and resistance R at three 
temperatures T; x-ray diffraction patterns of powder 
taken from rods of the same heat treatment were 
obtained; the samples were then heat-treated to the 
next higher temperature 7);, the measurements per- 
formed, and so on. 


A. Samples and Heat Treatment 


In earlier stages of this work® it was shown that all 
investigated soft cokes and soft carbon rods, originating 
from different organic materials have essentially the 
same © vs T,, dependence. Therefore, a single batch of 
commercial baked carbon rods was used throughout 
this investigation. On the other hand, carbonized and 
heat-treated phenol-benzaldehyde resin was used to 
study the behavior of a hard carbon. Since there are 
considerable variations among the hard carbons, 
phenol-benzaldehyde carbon (PB-carbon) cannot be 
considered representative of the entire class of hard 
carbons. It is, however, one of the hardest carbons 
known, thus greatly differing from the soft cokes. 

The soft-carbon samples consisted of rods 6 inches 
long and } inch in diameter from National Carbon 
Company, Fostoria, Ohio. 

The hard-carbon samples consisted of rods 6 inches 
long and 3 inch in diameter. They were prepared by 
baking (to 1000°C) an extruded mixture of calcined 
(at 1000°C) phenol-benzaldehyde coke particles and 
phenol-benzaldehyde resin binder. The “green” PB- 
carbon rods were baked in a quartz-tube furnace which 
was packed with a mixture of coke flour and white sand. 

Both types of samples were heat treated in steps of 
200°C or 300°C, to temperatures ranging from 1200°C 
to 3100°C. The treatment was performed in a graphite- 
tube furnace filled with high-purity nitrogen gas. The 
temperature of the samples was determined using a 
Leeds and Northrup optical pyrometer. After the 
desired temperature was reached, the samples were 
held at that temperature from two to four minutes 
(soaking time). They were then left in the furnace and 
allowed to cool slowly. 


1 R. E. Franklin, Proc. Roy. Soc. (London) 209, 196 (1951). 
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B. Apparatus 


The measuring equipment was designed to enable 
an easy interchange of samples, and to allow the elec- 
trical measurements to be carried out in a furnace as 
well as in a Dewar flask without disturbing the samples 
and the leads. 

The mounting of the samples is depicted in Fig. 1. 
Figure 1(a) shows the setup for measurements above 
room temperature, and Fig. 1(b) shows the setup for 
measurements below room temperature. The carbon 
sample was held firmly between two graphite heater 
blocks by means of removable graphite screws (collars) 
whose heads were machined as shown in Fig. 1. Several 
sets of screws were available to accommodate both 
types of samples and to assure a good thermal contact 
between the sample and the heater blocks, irrespective 
of the dimensional changes of the samples caused by 
heat treatment. Nichrome wire spiral heating elements 
were wound around and insulated from the two graphite 
heater-blocks. The bottom block (HI) rested on steatite 
rings, held by set-screws at the ends of two heavy- 
walled quartz tubes which were about ? inch in 
diameter. These quartz tubes formed the skeleton of 
the assembly, passing through both graphite blocks 
as well as through a lavite cover, from which the 
assembly was suspended by the use of set-screws. The 
lavite cover had an offset flange which rested on the 
rim of the 2-inch quartz tube furnace during the high- 
temperature measurements and on the flange of the 
copper housing during the low-temperature measure- 
ments. Leads from the two heaters and from thermo- 
couples TC numbers 1 through 4 passed through the 
upper heater-block and the lavite cover. Electrical and 
thermal contact was achieved by a press fitting of the 
thermocouple junctions into drilled holes. Two kinds of 
thermocouples were used : TC 1 and TC 2 were platinum 
to platinum-10% rhodium thermocouples, while TC 3 
and TC 4 were alumel to chrome! P thermocouples. The 
thermocouple wires were connected to copper leads by 
immersing their ends into mercury filled test tubes 
which were kept in a bath of melting ice. The copper 
leads were connected to the terminals of a type K-2 
potentiometer via an eight-position all-copper rotary 
selector switch. Positions (1) through (4) of the switch 
served for electrical contacts to thermocouples TC 1 
through TC 4, while positions (5) and (6) allowed the 
emf between the platinum leads of TC 1 and TC 2 to be 
determined. This emf was either the Seebeck voltage 
(thermal emf) of the platinum-carbon-platinum differ- 
ential thermocouple alone (no outside voltage applied 
to the sample) or an applied voltage producing a 
current flowing in series through the sample and a 
0.1-ohm standard resistor (without temperature 
gradient imposed on the sample). Switch positions (7) 
and (8) served to connect the potential leads of the 
standard resistor into the measuring circuit, thus 
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Fic. 1. Mounting of the 
sample for measurements of 
the Seebeck effect and of the 
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low temperatures. 


AUXIUARY 
HEATERS ~ 


do0o0o0o0 


x 


ONC CO OO/OO O00 


ZALZIZ 


Se 


SAMPLE. 
COLLAR 


° 


s 


AUXILIARY _ 


\ 








Ss 
NY 
i 
HT 
| 


CTURE OF CARBONS 


CARBON ROD 


_—4 HEATER LEADS 
5 ae AND 8 TC WIRES 


HEATER LEADS 
AND 6 TC WIRES 
VA 


QUARTZ TUBE 
— LAVA COVER 


GRAPHITE 
BLOCK 


ZZINZ 


MPOCALCOOODOO 


COPPER 
FURNACE =a ER SLEEVE 


HEATER 


° 





i ee FLASK 


ooo0o0°0 


GRAPHITE 








©5600 


HEATER 








S©oeo0~ 000 C00 


-LIZITB ZIT 




















ce 
ao 
8 
x 








(a) 


making possible a potentiometric determination of the 
sample’s resistance. 

A slow flow of nitrogen gas was maintained through 
the two heavy-walled quartz tubes to flush the interior 
of either the furnace or the copper housing in order to 
prevent oxidation at elevated temperatures and water 
vapor condensation at low temperatures. 

It was noted during test runs that after prolonged 
heating to and above temperatures of 800°K, the 
portions of platinum wire which were close to the 
measuring junctions of TC 1 and TC 2 became very 
brittle (a possible cause of the brittleness might be 
diffusion of carbon atoms into platinum). Since the 
use of a platinum standard offered many advantages, 
structural changes in the platinum leads were avoided 
by restricting the studies to temperatures below 600°K. 


C. Electrical Measurements 


The temperatures 7, and TJ; were determined by 
employing thermocouples TC 1 and TC 2 located in 
small holes drilled in the sample (see Fig. 2). The 
temperature difference T,—T7,, controlled by means 
of heaters HI and HII, did not exceed 12°K. This 
temperature difference was so small that standard 
tables of the Seebeck voltage of platinum to platinum- 
10% rhodium thermocouples could not be used because 
their tabular intervals are too large. Consequently the 
values of 7; and 7; were calculated using the formulas 
of Roeser and Wenzel.’ However, these formulas only 
apply to temperatures above the ice point. For tem- 


17W. F. Roeser and H. T. Wenzel, J. Research Natl. Bur. 
Standards 10, 275 (1935). 


(b) 


peratures below the ice point the differential Seebeck 
voltage of the platinum to platinum-10% rhodium 
thermocouple decreases gradually to zero at about 
200°K and then becomes negative at lower tempera- 
tures. Because of this sign reversal, the Pt-Pt/Rh 
thermocouple is commonly not used for determination 
of temperatures below the ice point. However, our 
low-temperature measurements were made in the 
narrow range between 84°K and 96°K, where the 
thermoelectric emf of the Pt-Pt/Rh thermocouples 
has a sufficiently steep slope. The platinum thermo- 
couples TC 1 and TC 2 were calibrated between 75°K 
and 105°K against the base metal thermocouples 
TC 3 and TC 4, which in turn had been standardized 
at the boiling points of nitrogen and water and the 
melting point of ice. TC 1 and TC 2 enabled the 
determination of 7; and 7; with sufficient accuracy. 
During the initial cooling of the sample, the tempera- 
ture was checked by using TC 3 and TC 4 while TC 1 
and TC 2 were used below 100°K. 

The thermoelectric power © of the carbon rod relative 
to platinum was determined from plots of the Seebeck 
voltage of the platinum-carbon-platinum differential 
thermocouple, against the temperature difference 
T,—T,. The average temperature of the sample, 
T=(71+T:2)/2, was kept nearly constant during each 
run and also the same for all runs in a series (for a 
given T=90°K, 205°K, 573°K). A typical plot of the 
thermal emf ¢ vs (T2—T7;) for the three temperatures 
T of two soft-carbon samples, heat-treated to 1400°C, 
is shown in Fig. 3. 

The determination of © from the slope eliminated a 
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Fic. 2. Electrical circuit for potentiometric determination of Seebeck voltages and resistances, including rotary 
selector switch and the thermocouple arrangement at the sample. 


number of errors. An estimate of the magnitude of 
these errors can be made from the intercept of ¢ on the 
temperature-difference axis. These errors are probably 
due to the difference in the characteristics of thermo- 
couples 1 and 2 and temperature gradients in the 
junctions themselves. 

The mean square deviation of the experimental 
points from the interpolated straight line was always 
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Fic. 3. Three typical plots of the Seebeck voltage ¢ vs meen: 
ture difference (T2—71) measured at 90°K, 305°K, and 573°K 
for two soft carbon samples heat-treated to 1400°C : The symbols 

@ and A represent experimental points for sample 1 and for 
sample 2 respectively. The thermoelectric power (vs platinum) at 
the respective temperature is obtained from the slope of each line. 


only a few hundredths of a wv/°K, giving an error 
smaller than 2%. This error is mainly due to the 
operator’s inability to make three simultaneous emf 
determinations while the thermal gradient, and there- 
fore all the emf’s, are changing slowly with time. 
Another contributory factor to the error is ‘probably 
the average temperature 7 which varies somewhat 
throughout the measurement. 

The electrical resistance R of a 44-in. long section of 
the carbon sample was determined from a _po- 
tentiometric comparison between the voltage drops 
across the sample (TC 1 and TC 2) and across a 
standard 0.1-ohm resistance carrying the same current. 
The resistance was measured while the temperature 
difference (T.—7 1) was changing at a rate of about 
0.1°K/minute (a condition deviating somewhat from 
equilibrium) and the time of the measurement was 
chosen to coincide as nearly as possible with the sign 
reversal of (7,—T7,). An average of two readings, 
taken with the current flowing in opposite directions 
and corrected for the thermal emf generated, was used 
to evaluate the resistance. 


D. X-Ray Techniques 


The crystal structure of the samples was determined 
by x-ray diffraction powder techniques using a Norelco 
Geiger Counter X-Ray Diffractometer. The Cu Ka 
radiation was filtered by a nickel foil. The integrated 
x-ray intensities of the lines were obtained by planim- 
etering the recorded traces after a graphical sub- 
traction of the radiation background. The width of 
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asymmetric lines was determined by direct measure- 
ments at half-maximum intensity and also by dividing 
the planimetered area of the lines by their maximum 
intensity. Both procedures yielded the same relative 
variations in the width with heat treatment. Since the 
elaborate scheme of corrections worked out by 
Franklin® and others was not introduced in this work, 
no claims as to the absolute accuracy of the results 
are made. 


Ill. RESULTS 
A. Soft Carbons'® 
1. Thermoelectric Power 


The results of the thermoelectric power determination 
for soft carbons are shown in Fig. 4. Three curves give 
the dependence of the thermoelectric power © (referred 
to platinum) on heat treatment, at 7=90°K, 305°K 
and 573°K. On this graph, the lowest heat treatment 
of the commercial carbon rods is indicated by 
horizontally extended ovals since the accurate 
value of the baking temperature and the temperature 
of calcination of the coke it was made from was not 
known. Similarly, a spread in the values of © found for 
different samples at a definite 7), is indicated by the 
height of the ovals. 

Each of the three curves in Fig. 4 has the same 
general shape; a shallow minimum at 7}; equal to 
about 1400°C, and a relatively sharp maximum around 
2100°C. The lower the average temperature 7, the 
higher is the heat treatment 7), corresponding to the 
maximum: for T equal to 573°K the maximum is 
located at 1980°C, for 305°K at 2050°C, and for 90°K 
at 2180°C. Studies made with another batch of rods in 
a narrow range of heat treatment (not included in 
Fig. 4) have helped to locate the exact position of the 
maxima. 

It is convenient to divide the whole heat-treatment 
range for each curve Fig. 4 into two regions, region I 
extending from lowest Ty; up to 7, corresponding to 
the maximum of the thermoelectric power and region 
II extending from there on up to the highest 7), 
used. Carbons of region I are usually called baked 
carbons, and those of region II, graphitized carbons or 
polycrystalline graphite because, as it happens, regions 
I and II correspond to a basic difference in structure 
(see Sec. III. A. 3). No sharp division exists between 
the two regions, as the position of the thermoelectric 
power maximum shifts with the temperature of measure- 
ment. That this division is not artificial and corresponds 
to a difference in type of electronic mechanism can be 
seen from the different temperature dependence of the 
thermoelectric power in each of the two regions. 

From Table I it can be seen that within region I the 
experimentally determined increment in the thermo- 

®The results for soft carbons were reported at the North 


Carolina meeting of the American Physical Society; see E. E. 
Loebner, Phys. Rev. 91, 243(A) (1953). 
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Fic. 4. Thermoelectric power © of soft carbon rods 1 and 2 vs 
platinum obtained at three average temperatures T(°K) as a 
function of heat-treatment temperature 7).. 


electric power, due to an increase in the heat treatment 
parameter 7};, is roughly proportional to the absolute 
temperature 7. The increment in the thermoelectric 
power is defined by 


AGQ= O(Tnt',T)—O(T nt’, T), (1) 


where ©(7;,',7) stands for the thermoelectric power of 
a carbon heat treated to temperature 7),' and deter- 
mined at temperature 7 with respect to platinum. 
A® is then the change in the absolute thermoelectric 
power of a carbon (determined at an ambient tem- 
perature 7) as produced by a variation of its heat 
treatment from 7,‘ to T,:/. It can be seen from Table I 
that, within the experimental error, AQ/T is indepen- 
dent of T. 

For graphitized carbons and graphite, the relation 
between the thermoelectric power and the temperature 
is not so simple as for baked carbons. This can be seen 
from Fig. 4. For high values of Ty:, the 305°K and 
573°K curves approach small values of © whereas the 
90°K curve decreases towards considerably lower 
values. The possible influence of impurities on the 
thermoelectric power in carbons was checked by 
purifying one baked rod (from the same batch) by 
the method of La Rosa.? The thermoelectric power was 
determined before and after purification in the initial 
baked state, as well as after heat treatment to 2100°C. 
The resulting values agree within experimental error 
with the values for the unpurified carbons. 


TaBLeE I. The thermoelectric power increment A® due to varying 
heat treatment H and its dependence on temperature T. 
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1900 1700 3.43 1147 21.96 38.2 37.8 38.6 
1900 1400 3.95 12.70 25.37 43.9 41.7 44.2 
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2. Electrical Resistance 


The electrical resistivity of polycrystalline carbons 
depends on the degree of their porosity. Corrections 
necessary for the calculation of the real resistivity of 
polycrystalline carbons and graphite were enumerated 
by Mrozowski.® The results reported in this paper have 
not been corrected for small changes in the porosity, 
weight, or size of the samples, which were induced 
during the heat treatment. Thus, after each heat 
treatment, a small decrease in weight of the sample was 
found. It amounted to about 1% of the rod’s weight. 
Because of the unavoidable oxidation and mechanical 
losses, the cumulative reduction of weight through 
successive heat treatments resulted in an over-all loss 
up to 10% at 3100°C. 

The relative electrical resistance R/Ro, of the same 
soft-carbon rods discussed in the previous section, is 
shown in Fig. 5 as a function of the heat-treatment 
parameter 7}; determined at the same three ambient 
temperatures JT. Ro represents the initial resistance of 
the carbon before any heat treatment, the resistance 
being determined at 90°K. 

Each curve of R/Ro vs T), has essentially the same 
shape. After an initial decrease, a typical plateau 
follows, extending from 7); about 1200°C to a knee 
which occurs around 2100°C. The lower the average 
temperature T at which © was determined, the higher 
the heat treatment 7); at which the knee occurs and the 
higher the radius of curvature of the knee. The shift in 
position of the knee in the resistance curve corresponds 
to the shift of the position of the maximum in the 
thermoelectric power curve. On the other hand, it 
seems that the position of the low 7}, end of the resis- 
tivity plateau is not appreciably affected by T. 


3. Siructure 


The structure of the soft carbons used in this study 
and its dependence on heat treatment were determined 
from a series of x-ray diffraction runs. 


RELATIVE RESISTANCE (R/Re) 


TEMPERATURE OF HEAT TREATMENT (°C) 


Fic. 5. Relative resistances R/Ro of soft carbon rods 1 and 2 
obtained at the three average temperatures T(°K) as a function 
of heat-treatment temperature 7}. 
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The great width of the (002), (10), and (11) lines 
for T.=1100°C indicates that baked carbons contain 
crystallites of very small dimensions. Since the (10) 
and (11) lines are asymmetric, one concludes that these 
crystallites are turbostratic, i.e., they are composed of 
stacks of parallel but randomly rotated graphitic planes. 
The diameter of the graphite planes was calculated 
from the width of these asymmetric lines by using 
Warren’s formula.'® The average number of graphitic 
plane layers in a stack forming the crystallite was 
determined from the broadening of the. (002) line. 

The decrease in line width which occurs with heat 
treatment to higher temperatures indicates growth in 
crystallite size while the appearance of the (101) and 
other (hkl) (10) lines results from the rotational 
ordering of the planes into the three-dimensional 
lattice of graphite. This process of rotational orien- 
tation is found in soft carbons to start for heat treat- 
ments above 1700°C and its completion is estimated to 
occur at about 2500°C. 
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Fic. 6. Thermoelectric panes © of hard carbon samples 5 and 6 
(designated 1) and 7 and 8 (designated ©) vs platinum obtained 
at three average temperatures T7(°K) as a function of heat- 
treatment temperature T).. 


Measurements of the width of the (002) line showed 
that the L, dimension of the crystallites increased from 
just a few layers in the 1100°C carbon up to hundreds 
of layers for T,:>2300°C. The diameter L, of the 
crystallites was determined at the lowest heat treat- 
ments from the asymmetric broadening of the (10) 
and (11) reflections with the help of Warren’s formula. 
At somewhat higher heat treatments the apparent 
crystallite diameter was estimated from the broadening 
of the symmetrical contribution of the (100) reflection 
to the (10) line using the conventional formula; and 
for higher heat treatments, where the (101) contri- 
bution begins to overlap considerably with the (100) 
contribution, the broadening of the symmetrical (110) 
reflection was used for the estimate of the diameter. 
In general, above 2300°C such size determination 
becomes unreliable and a high-precision technique is 
necessary. It was found that the diameter L, changes 
essentially at the same rate as the L, dimension, though 
at higher heat treatments the crystallites tend to have 
a higher L./L, ratio. The position of the (002) line 
was found to shift to higher angles with an increase 
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in the heat-treatment temperature. This indicates a 
decrease in the apparent interlayer spacing from a 
value above 3.6 angstroms for 7}, about 1100°C to 
around 3.4 angstroms for 7}, about 2500°C, while it 
remains relatively constant from 2500°C up to 3100°C. 
All the changes observed were essentially similar to 
those described by Franklin'®* and are in good agree- 
ment with the results of Pinnick'® obtained with the 
same type of carbon. 


B. Hard Carbons!® 
1. Thermoelectric Power 


Graphs of © versus T,, for phenol-benzaldehyde 
carbon are given in Fig. 6 for three values of 7. The 
squares on the diagram indicate values obtained with 
two rods used in the early stages of the experiments. 
These samples unfortunately broke during the course 
of the investigation. The circles indicate values ob- 
tained with two other rods of the same batch, which 
were originally heat-treated to 1400°C. 

The curves in Fig. 6 show the following similarities to 
those of the soft carbons in Fig. 4: They all have a 
shallow minimum for 7,,~1400°C and a maximum 
around 2200°C; for lower 7 the maximum occurs at 
higher 7}, (for 7=573°K the maximum is located at 
2120°C, for 305°K at 2160°C, and for 90°K at 2220°C). 
In the heat-treatment range I the increments are again 
roughly proportional to the absolute temperature. 

However, the PB-carbon differs from soft carbons in 
a number of ways: For the same T the maxima occur 
at a somewhat higher heat-treatment temperature 
Txt; furthermore, the variation in the thermoelectric 
power, due to change in 7}, is in general small; finally 
the curves show a complicated behavior in the range of 
higher values of T}:. 


2. Electrical Resistance 


Graphs of R/Ro against 7), are presented in Fig. 7 
for the three values of 7. They refer to the same 
PB-carbon samples described in the previous section. 

The dashed line at the low-7}, end of one curve is an 
extrapolation of the electrical resistance of the second 
pair of rods (represented in Fig. 6 by circles); the 
extrapolated values were obtained using the relative 
changes in resistance observed for the first pair of rods. 

The PB-carbon curves on this graph show again 
similarities to those of soft carbons (see Fig. 5): All 
curves exhibit an initial decrease followed by a typical 
plateau, which extends in this case to around 2200°C; 
as for soft carbons the knee of the curve, which termi- 
nates this plateau, occurs at lower values of T for higher 
heat treatments; the position of the knee of the resist- 
ance curve corresponds roughly to the position of the 
maximum on the thermoelectric power curve. 

The results for hard carbons were reported at the Detroit 


meeting of the American Physical Society; see E. E. Loebner, 
Phys. Rev. 94, 1435(A) (1954). 
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Fic. 7. Relative resistances R/Ro of hard carbon rods 7 and 8 
obtained at three average temperatures T7(°K) as a function of 
heat-treatment temperature 7).. 


The PB-carbon graphs differ from those of soft 
carbon in the important respect that in addition to the 
regular plateau, there is a second plateau-like region, 
terminated by a second knee occurring between 2800°C 
and 3100°C. The temperature dependence of the 
position of the second knee could not be established 
from the available data. It can be seen that in general 
the relative resistance changes less for hard carbons 
than for soft ones in the investigated range of heat 
treatments. 


3. Structure 


X-ray diagrams for heat treatments from 1400°C to 
3100°C differ considerably from the ones for soft 
carbons. For corresponding 7); the x-ray diffraction 
lines for PB-carbon are much broader than for soft 
carbons; for example, the diffraction pattern of a 
PB-carbon heat treated to 3100°C, resembles roughly 
the pattern for a soft carbon heat-treated to 1700°C. 
In addition, the (002) diffraction line for the PB- 
carbon shows a complex structure, which has an 
interesting dependence on heat treatment. 

With increasing T),, a sharp component gradually 
emerges superimposed on the large-angle side of the 
broad (002) line. Because of its sharpness, the sharp 
component can roughly be separated from the broad 
component by graphical means. The relative integrated 
intensities of the sharp and the broad (002) components 
are given in Fig. 8 as a function of heat treatment. 
There is no indication of the existence of the sharp peak 
at 1400°C, while at 1700°C it is clearly detectable and 
increases in relative intensity to a value of about 13% 
of the total combined areas at about 7,=2200°C. 
Above this heat treatment, the ratio of the areas of the 
sharp to broad component increases relatively slowly. 
For 7,.>2800°C, the integrated intensity of the sharp 
peak starts growing faster again at the expense of the 
broad component so that the broad component’s area 
shrinks to about 43% at 3100°C. It should be noted 
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Fic. 8. The relative ratio of the soft and hard carbon phases 
in the phenol-benzaldehyde carbon (sample 5) heat-treated to 
successively higher temperatures 7:(°C). 


that the above percentages refer to the fraction of 
carbon atoms participating in the layer structures and 
not to all atoms present. 

The width and the position of the sharp (002) 
component depend on 7); in a way similar to that 
observed for the (002) line of soft carbons. However, 
for low Ty, the peak is located at somewhat higher 
angles than in the case of correspondingly heat-treated 
soft carbons. 

Inspection of the diagrams shows that the line width 
of the broad component decreases quite slowly as the 
parameter 7); increases, indicating a much less pro- 
nounced crystallite growth than that which was found 
in soft carbons. Results for the half-width of the broad 
(002) component suggest that the stacks of the graphite 
molecular layers grow from about four layers at 1400°C 
to about 20-25 layers at 2800°C; while their diameter, 
determined from the (10) asymmetrical line, increases 
from about 40 A at the 1400°C heat treatment to about 
90 A at 2800°C. For 7), greater than 2800°C, the broad 
component decreases further in width as well as in 
intensity. No tendency for a mutual rotational align- 
ment of the graphite plane layers was found for the 
broad component. On a number of recordings, for 
which the Geiger counter operated with a relatively 
low extraneous background count, the peak of the 
(10) line profile showed an additional weak but narrow 
component, resembling somewhat the composite struc- 
ture observed for the (002) reflection. The interlayer 
spacing of the graphitic layers, as determined from the 
position of the broad (002) line, decreases with in- 
creasing 7',,, but at all times remains much larger than 
the spacing in soft carbons. 

In addition, up to heat treatments of 2100°C, an 


amount of background scattering which points to the 
presence of a relatively larger amount of disorganized 
carbon is observed. Some such scattering can be 
observed even for 7)¢=2800°C. 

Since the relative amount of the sharp (002) com- 
ponent had been found to be about 14%, it seemed 
necessary to determine whether it might not be the 
binder which graphitizes more easily than the coke 
particles themselves (the binder constitutes just about 
14% of the substance). Consequently, particles of the 
coke from which the rod was made were treated to 
2000°C and then studied with x-rays. The same in- 
tensity ratio for the sharp to broad components was 
found as before. 

It was also held possible that the presence of iron 
impurities might have promoted the growth of the 
soft phase below 7,;=2200°C by catalytic action. It 
has been checked by chemical analysis” that the 
amount of ferromagnetic impurities was considerably 
smaller than 0.1%. Although the possibility of catalysis 
cannot be excluded completely it does not seem to be 
probable. Considering the extensive studies of 
Franklin,"* the two-phase graphitization seems to be a 
characteristic property of the coke itself. 


IV. DISCUSSION 


The results, described in the previous section, clearly 
indicate that there is a correlation between the thermo- 
electric power, electrical resistance, and structure of 
solid carbons. Since there are considerable differences 
in the structure and properties of soft and hard carbons, 
these two types will be discussed separately. 


A. Soft Carbons 


The dependence of the electrical resistance and 
thermoelectric power on heat treatment 7, and 
ambient temperature T can be explained on the basis of 
the energy-band model* which was proposed a few 
years ago. In this model, electronic conduction is 
restricted to a direction parallel to the benzene-ring 
planes. A one-dimensional energy-band diagram, 
showing the forbidden energy gap and the position of 
the Fermi level as a function of heat treatment (or 
diameter of the condensed benzene-ring plane), is 
given in Fig. 9. Values of some of the physical constants 
for soft carbon are included below the diagram. 

Benzene-ring layers of the carbon crystallites are 
formed from small aromatic molecules by condensation. 
Mrozowski® assumes that the energy gap between the 
two bands, which is large for small aromatic molecules, 
decreases gradually with increase of molecular size 
(crystallite diameter) throughout the range from raw 
cokes through baked carbons and polycrystalline 
graphite, and finally disappears for infinitely large 


® The chemical analysis was carried out by R. L. Adamczak 
of the Chemistry Department, University of Buffalo. 
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graphite crystals or may even end in an overlap of the 
® and conduction bands.” In fact, it was shown by 
Akamatu and Inokuchi and by Kmetko” that molecular 
solids with condensed aromatic structures are intrinsic 
semiconductors whose energy gap decreases with 
increasing molecular size. An additional assumption 
made is the presence of surface electron traps created 
qy the removal of hydrogen and other radicals which 
leave free some of the peripheral valences in the 
aromatic layers (many of the peripheral valences are 
not free, being engaged in polymeric-type inter- 
crystalline bonding). The chemi-desorption of peripheral 
hydrogen and other radicals takes place when the 
organic substances are subjected to temperatures above 
600°C, and leads therefore to an excess p-type conduc- 
tivity in the condensed-ring structure.” 

Previously reported measurements on carbons and 
graphite* have shown a fast decrease of the positive 
thermoelectric power with increasing 7), in the region 
between 750°C and 1000°C, and were interpreted to 
indicate an increase in the concentration of excess holes 
in the w band. Indeed, the concentration of carriers in 
the + band must become very high around 1400°C, 
when almost all the volatile constituents are driven off 
and the concentration of peripheral traps becomes high. 
© decreases to a very small value of the order of magni 
tude of the thermoelectric powers of metals. This has 
been indicated in the one-dimensional energy band 
diagram by a strong depression of the Fermi level 
(Fig. 9). At this stage (7,.~ 1400°C), all peripheries are 
bare. From here on, subsequent growth of crystallites 
will tend to decrease the relative number of peripheral 
sites (for each crystal the number of peripheral free 
valence sites probably increases in proportion to the 
circumference of a layer, see reference 6). Thus a 
depletion in the number of excess carriers results, 
which leads to an increase of @. This is represented in 
the diagram by a rising of the Fermi level toward the 
top of the w band. 

When the Fermi level is located far below the top of 
the x band, a proportionality of the absolute thermo- 
electric power with the absolute temperature T is 
expected. This indeed was found in experiments (see 
Sec. III of this paper). Consequently, it can be con- 


° 
1C, A. Coulson and R. Taylor, Proc. Phys. Soc. (London) 
A65, 815 (1952); S. pos ag g Chem. Phys. 21, 492 (1953); 
Phys. ae 92, 1320 (1953); D. F. Johnston, Phys. Rev. 93, 1420 


(1954 
# J. Akamatu and H. Inokuchi, J. Chem. Phys. 18, 810 (1950); 
E. A. Kmetko, Phys. Rev. 82, 456 (1951). 

* It is interesting to note that H. K. Henisch and M. Francois 
[in Semiconducting M (Academic Press, Inc., New York, 
1951), p. 234], who studied the thermoelectric power of selenium, 
conclude that the free holes in selenium do not originate from 
impurities but somehow from the crystalline structure itself. 
However, they do not 7 gee specific model which would 
explain the generation of holes. Tt seems that the study of 
carbons might help to disentangle cases of amorphous phases of 
other elements for which the process of crystallization occurs in a 
narrower range and at an appreciably lower temperature and 
hence cannot be as easily and systematically investigated. 
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Fic. 9. One-dimensional energy band diagram representing the 
band model for carbons. With increasing crystallite size (and 
heat treatment) the energy gap decreases. The depletion of the 
Fermi level depends on the concentration of the peripheral 
carbon valence bonds, which increases with increasing chemi- 
desorption of gases and decreases with increasing crystallite 
diameter. 


cluded that baked carbons in the central part of region 
I have a very high concentration of one type of carrier™ 
and should be classified rather as p-type semimetals 
than excess semiconductors. 

The value of the absolute thermoelectric power of 
the platinum leads (chemically pure) which were used 
throughout this investigation was not exactly known. 
Therefore the absolute thermoelectric power for carbons 
has been estimated roughly by referring to the Hall 
coefficient curve which was found for the same carbons 
to be only slightly dependent on temperature in region 
I and to change sign from negative to positive with 
increasing heat treatment at 7,,=1750°C.*® Since this 
is a one-carrier region, the crossover of the absolute 
thermoelectric power should be located for all three 
T’s also at about 7,,=1750°C. Actually, if one uses 
the values of the absolute power for pure platinum,” 
one finds that all three curves have a common crossover 
at T,,=1700°C. This is a small difference and of no 
significance for the conclusions reached in this paper. 
The curves so obtained of the absolute thermoelectric 
power of soft carbons for the three ambient tempera- 
tures are given in Fig. 10. 

It can be seen from this graph that for Ty, in the 
range 900°C to 1750°C the sign of © is negative. For a 
single-carrier p-type conduction, the negative sign 
indicates that the Fermi level is depressed so low that 
it becomes located (at least partially) below the E vs k 
inflection surface. This conclusion is somewhat un- 
orthodox but quite consistent with the metallic charac- 
teristic of carbons in region I. 

In region II (7,,>2250°C), the conduction is due to 
two carriers: holes in the lower m band and electrons 


%* This, after being made plausible by considerations presented 
in a paper by Mrozowski (reference 6), was shown also to be cor- 
rect by the experimental work of E. A. Kmetko, J. Chem. Phys. 
21, 2152 (1953). 

35S. Mrozowski and A. Chaberski, Phys. Rev. 94, 1427(A) 


(1954). 
26 See for instance the diagram on p. 207 in the book by A. H. 
Wilson, Theory of Metals (Cambridge University Press, Cam- 


bridge, 1953). 
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Fic. 10. The absolute thermoelectric power © of soft carbon rods 
as a function of heat-treatment temperature 7};. These curves 
were obtained from Fig. 4 after using the data for absolute power 
of pure platinum and slightly adjusting the absolute level accord- 
ing to the Hall coefficient crossover. 


which are thermally activated into the upper band. It 
is clearly seen that, following the energy-band model, 
the thermoelectric power will go through a positive 
maximum in the transition region (1900<7),.<2250). 
With increasing parameter 7};, the energy difference 
between the top of the x band and the Fermi level 
steadily diminishes while the energy difference between 
the bottom of the conduction level and the Fermi level 
decreases maybe even more rapidly, becoming of the 
order of kT, the thermal energy, in the transition 
region. Thus, considerable numbers of electrons are 
lifted from the Fermi level into the conduction band by 
thermal agitation. The maximum has to occur at a 
particular heat treatment where the decrease of the 
thermoelectric power, due to the increasing number 
of activated electrons and holes, outweighs the increase 
of @ due to the decreasing number of excess holes. If this 
explanation is correct, then for lower T the position of 
the maximum should shift to higher values of the 
parameter 7; as observed. Moreover, this temperature 
shift of the maximum in © shows that the existence of a 
maximum cannot be due to driving out of impurities by 
heat treatment, even irrespective of the fact that 
chlorination of the samples does not affect the shape 
of the curves. 

With conduction taking place in two bands, the 
thermoelectric power of graphitized carbons and 
polycrystalline graphite resembles somewhat the situa- 
tion in germanium discussed by Johnson and Lark- 
Horowitz,”” when both bands have unequal numbers of 
carriers and both contribute to the generation of the 
Seebeck voltage. However, a quantitative treatment of 
the thermoelectric power of carbons and graphite 
is currently hampered by a number of considerable 
difficulties. Throughout most of the regions I and II 
one deals with a considerable degree of Fermi de- 
generacy. Moreover, the conventional metal or semi- 
conductor models are inapplicable as the E vs k surfaces 


( 37 3; A. Johnson and K. Lark-Horowitz, Phys. Rev. 92, 226 
1953). 


are not parabolic.** The only thing that can be said 
without detailed theoretical study is that negative 
values of the Hall constant and of the thermoelectric 
power © found in highly graphitized samples indicate 
a larger mobility for electrons than for holes. 

In general, the results of the thermoelectric power 
determination in carbons and graphite are consistent 
with Mrozowski’s model.* Because of the insufficient 
theoretical information available on the shape of energy 
surfaces within the Brillouin zones of the carbon and 
graphite structures, qualitative agreement is all that can 
be obtained at present. 

Figure 10 reveals that for highly graphitized soft 
carbons (large values of 7),) a large numerical increase 
in the absolute thermoelectric power occurs at low 
temperatures, which is in agreement with observations 
reported by Tyler and Wilson." The conventional 
theory does not predict such an anomalous rise in the 
values of the thermoelectric power at low temperatures. 
However, some time ago Gurevich” showed that such 
deviations can result from the influence of phonon 
currents on the charge-carrier distribution. Recently, 
Fredrikse,® Herring,» and Klemens,” independently 
of Gurevich, have proposed a similar explanation for 
the anomalous behavior of germanium and of some 
metals at low temperatures. Fredrikse describes the 
effect as an additional emf contributed by a “phonon 
drag” of electrons, and Herring gives a detailed dis- 
cussion of this effect for various models of semi- 
conductors. Herring has shown that the “phonon drag”’ 
emf is developed only when little boundary scattering 
is present. Thus, this effect should be prominent for 
highly graphitized carbons only and in fact this is the 
behavior which can be inferred from Fig. 10. 

In the preceding discussion, the influence of the 
disorganized carbon phase and the presence of potential 
barriers on the observed values of the thermoelectric 
power were neglected. The theory of thermoelectric 
power in nonhomogeneous semiconductors and across 
potential barriers was recently developed by Tauc.* 
His treatment shows that the thermoelectric contri- 
bution of the barriers can be completely neglected in 
our case.™ 

The explanation of resistivity in carbons was given 
in some detail by MroZowski several years ago.* The 
existence of the observed resistance plateau was 


% P. R. Wallace, Phys. Rev. 71, 622 (1947). 
* L. Gurevich, J. Phys. (U.S.S. R.)9 477 io 67 (1946); 


J. Exptl. Theoret. Phys. (U.S.S.R.) 16, 193 (1946 

*” H. P. R. Fredrikse, Phys. Rev. 91, 491 (1953) ; 92, 248 re 
T. H. Geballe, vig Rev. , 857 (1983); T. H. Geballe and G. W 
Hull, Phys. Rev. 94 , 1134 (1 954). 

aC, Herring, Phys. Rev. 92, re (1953); 96, 1163 (1954). 

#P. G. Klemens, Australian Phys. 7, 520 (1954). Klemens 
discusses the deviations for the Thomson coefficient. 

% J. Tauc, Czechoslov. J. Phys. 3, 282 (1953). 

*H. K. Henisch and M. Francois (reference 23) showed that 
although the conductivity is very sensitive to the presence of inter- 
crystalline barriers for selenium, the thermoelectric power can be 
considered a true property of the bulkof the crystallites. 
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explained to be due to a compensation between the 
decreasing number of excess carriers and the decreasing 
amount of electronic scattering at the crystallite 
boundaries. The subsequent knee and decrease in 
resistance with heat treatment results from the transi- 
tion to a two-carrier conduction with electrons having 
a higher mobility than the holes. The position of the 
knee should, by such reasoning as above, shift to higher 
values of 7}, in a manner similar to the shift of the 
thermoelectric maxima. The fact that the position of the 
knee following the plateau shifts correspondingly with 
the position of the maximum of the thermoelectric 
power, indicates that the assumed mechanisms of 
conduction in carbons is essentially correct. 


B. Hard Carbons 


The structure of hard carbons is known to differ 
considerably from that of soft carbons: the diameter 
of the graphite layers, stacked to form turbostratic 
crystallites, is very much smaller after the same heat 
treatment, and the amount of disorganized carbon is 
much greater. This is probably due to a large amount 
of criss-cross linkage and the absence of preferred 
alignment of crystallites, which inhibit crystallite 
growth.® 

The present x-ray investigation of phenol-benzalde- 
hyde carbon, a particular kind of hard carbon, brought 
to light an extreme case of two-phase graphitization. 
Two-phase and three-phase graphitization was origin- 
ally reported by Franklin, who found that it was 
exhibited to a greater or lesser degree by almost all 
hard carbons. From the data given in the previous 
section, it is quite evident that about 13% of the 
crystalline phase of the substance graphitizes around 
2200°C and constitutes a softer carbon phase. It is 
interesting to find a carbon which exhibits this phe- 
nomenon to a higher degree than any of those reported 
by Franklin.'* Because of the higher percentage of the 
softer phase present in PB-carbon it was possible to 
establish that the appearance of the soft phase is not 
quite sudden, as reported by Franklin, but occurs 
gradually between 1400°C and 2300°C. Moreover, an 
ultimate conversion of the hard phase into the soft 
one was found to begin after treatments to temperatures 
above 2800°C. After heat treatment to the highest 
temperature used during this investigation, 3100°C, 
more than one-half of the conversion has been 
accomplished. 

These two stages of graphitization are reflected in 
the dependence of the resistance of PB-carbon on heat 
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Fic. 11. The absolute thermoelectric power @ of hard carbon rods 
5 through 8 as a function of heat-treatment temperature Ty. 
These curves were obtained from Fig. 6 after adjusting the absolute 
level similarly as in Fig. 10. 


treatment, since two plateaus are observed. Each 
plateau is similar to the single plateau of soft carbons, 
and presumably the explanation in terms of the band 
model Fig. 9 is also similar. The over-all resistance 
decrease in hard carbons is still somewhat smaller 
than the decrease observed for soft carbons, showing 
that, in accordance with the x-ray studies, the softening 
of the hard phase is not complete at 3100°C. 

The absolute thermoelectric power © of a PB-carbon 
is plotted in Fig. 11. It has been again obtained by 
bringing each of the curves of Fig. 6 to a crossing with 
the zero axis at T,,=1750°C. The shifts necessary to 
bring each of the curves to a common crossing at 
1750°C are about the same as the ones used in plotting 
Fig. 10—this agreement strengthens our belief as to 
the approximate correctness of the procedure also in 
this case in spite of the fact that the exact location of 
the Hall crossover is not known for this type of carbon. 

The explanation of the thermoelectric maxima and 
their shift with temperature T toward higher 7}, is 
probably the same as in the case of soft carbons. The 
prominence of the © maxima in PB-carbon is, however, 
somewhat surprising, since around 2300°C only one- 
eighth of the crystalline substance undergoes graphitiza- 
tion. The higher electrical conductivity of the softer 
phase might be responsible for this higher © contri- 
bution as well as for the apparent absence of the second 
maximum (except at the lowest temperature). 
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The change in magnetic susceptibility of carbons of varying crystallite sizes resulting from a shift of the 
Fermi level has been studied by investigating residue compounds of carbons with bisulfate ions. The sus- 
ceptibility decreases monotonically with the concentration of the ions and the relative decrease is progres- 
sively larger for larger crystallites. As a result, instead of the plateau in susceptibility in the case of untreated 
carbons extending from diameters of 150 A to sizes greater than 1500 A, one finds a maximum in suscepti- 
bility at about 200 A diameter for carbons with a finite (not too small) ion concentration. The temperature 
dependence of susceptibility for both untreated carbons and residue compounds has also been studied over 
the temperature range from 80°K to 1300°K. The susceptibilities of the untreated carbons all decrease at 
higher temperatures and tend towards a temperature-independent limit at low temperatures. For small 
crystallites, the rapid decrease begins at higher ambient temperature, and the low-temperature limit is 
smaller. The plateau in susceptibility as a function of crystallite size is present for all ambient temperatures, 
but the beginning of the plateau shifts somewhat to smaller crystallite size for higher ambient temperatures. 
A qualitative discussion is given which leads to the conclusion that the Landau-Peierls theory is inadequate 
to explain all the experimental findings if the simplified band model deduced from other electronic properties 


of carbons is used. 





I. INTRODUCTION 


HE diamagnetic susceptibility of carbons and 
polycrystalline graphites has a very remarkable 
dependence on crystallite size. The crystallites are 
composed of parallel graphitic planes stacked, depending 
on the size, in either an ordered arrangement as in 
graphite or in a disordered way. The crystallite size 
will refer throughout this paper to the diameter of the 
graphitic plane (a-direction) and not to the dimension 
of the crystallite perpendicular to the plane (c-direction), 
since the anisotropic component of susceptibility seems 
to depend mainly on the former dimension. The single 
crystals of graphite are very anisotropic; the suscepti- 
bility for the field in the direction perpendicular to the 
graphitic plane being 40 times as large as that for the 
field parallel to the plane. The room-temperature sus- 
ceptibility of polycrystalline carbons has been found 
to be a very slowly increasing function of size up to 
diameters of about 75 A, with a relatively abrupt in- 
crease from —2.0X10-*/g to —7.5X10-*/g over the 
range of diameters from 75 A to 150 A, and to have an 
essentially constant value for all diameters above about 
150 A.' This relation between x and crystallite size is 
essentially the same for all carbons irrespective of origin, 
with the possible exception of slight shifts of the whole 
curve of perhaps +10 A in the crystal size. 

The susceptibility of small crystallites seems to be 
explainable on the basis of the closed shell diamag- 
netism of the nearly full x band.? The magnitude of this 
closed shell susceptibility can be approximately ob- 


* Supported by the Office of Naval Research. Reproduction in 
whole or in part is permitted for any purpose of the United States 
Government. 

t Now at Metals Research Laboratories, Electro Metallurgical 
Company, Niagara Falls, New York. 

“eT Pinnick, Phys. Rev. 94, 319 (1954). Further designated 
as Part I. 

— Phys. Rev. 85, 609 (1952); Phys. Rev. 86, 1056 

52). 
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tained by extrapolation from the known susceptibilities 
of aromatic molecules of known structure up to 10 
benzene rings, assuming the susceptibility to be roughly 
proportional to the number of benzene rings. An ex- 
planation of the susceptibility of very large crystals of 
graphite was proposed by Ganguli and Krishnan* who 
assumed that the electrons behave as a two-dimen- 
sional free-electron gas with one electron per atom and 
with a very low degeneracy temperature arising from 
the extremely high effective mass in the direction per- 
pendicular to the plane. This theory was unacceptable 
because of serious difficulties in regard to electronic 
specific heat and paramagnetism. A modification’ of 
this theory which takes into account the effective 
number of electrons and holes and their effective masses 
removed these objections and gave a value for the sus- 
ceptibility which is in reasonable agreement with experi- 
ment. The explanation of the susceptibilities for the 
intermediate size range, 75 A to 1000 A seemed to be 
in a less satisfactory state. The abrupt rise in suscepti- 
bility was tentatively ascribed' to a combination of 
two factors controlled by crystallite growth: the shift 
of the Fermi level towards the corners of the zone 
(regions of higher curvature of the energy surfaces) as 
a electrons trapped in surface states are returned to 
the band, and the change of curvature of the energy 
surfaces themselves as the energy gap between the 
a band and the conduction band decreases. However, 
it was pointed out that while the susceptibility remains 
constant for crystallites with diameters of 150A to 
approximately 1000 A, there are still changes occurring 
in the number of carriers as indicated by the changes in 
Hall constant‘ and in the thermoelectric power.’ An 
assumption that the number of carriers and their 

*N. Ganguli and K. S. Krishnan, Proc. Roy. Soc. (London) 
117, 168 (1941). 


‘E. A. Kmetko, J. Chem. Phys. 21, 2152 (1953). 
* E. E. Loebner, preceding paper [Phys. Rev. 102, 46 (1956) ]. 





MAGNETIC SUSCEPTIBILITY OF CARBONS 59 


effective masses change in just such a manner as to 
maintain the susceptibility constant over this large 
size range, and suddenly, in the narrow size region 
75 A to 150 A, change in such a way as to give a very 
large change in susceptibility, seems to be somewhat 
forced. 

In varying the crystallite size by varying the maxi- 
mum temperature of heat treatment (7),) of the carbon, 
both the energy gap and the number of excess holes due 
to m electrons trapped on the crystallite boundary are 
being changed simultaneously. Thus the position of the 
Fermi level and probably also the curvature of the 
energy surfaces at the Fermi level are changing®-* and 
it would be very desirable to separate the contribution 
of these two effects from each other. Donor and ac- 
ceptor levels cannot be introduced into graphites by the 
substitutional replacement of carbon atoms by foreign 
atoms as is customarily done in such semiconductors as 
silicon and germanium. However, such levels can be 
introduced into graphites by means of ions located 
between the graphite layers. Positive ions (e.g., the 
alkali metals) act as donors while negative ions (e.g., the 
halogens) act as acceptors. This allows the number of 
carriers in carbons with different T,, to be changed 
independently of the possible change in the energy gap 
and in the shape of the energy surfaces with crystallite 
growth. 

Large crystals of graphite have a pronounced tem- 
perature dependence of susceptibility and it might be 
expected that studies of the temperature dependence 
of susceptibility as a function of crystallite size would 
help clarify the relation between the susceptibility 
and the band structure of carbons and polycrystalline 
graphites. For example, the low-temperature suscepti- 
bility of single crystals of graphite gives information 
about the possible overlap of the r bands and the con- 
duction band regardless of the details of the model.’ 

While this work was in progress, some results were 
published by Marchand,® who has studied the suscepti- 
bility of graphitized carbon blacks with crystallite 
sizes up to 200 A at temperatures from 78°K to room 
temperatures. Later these results were extended to 
ambient temperatures of 1000°C.° He found that for 
crystallite sizes of 200 A the temperature dependence 
is very similar to that of single crystals, while the sus- 
ceptibility of very small crystallites is practically inde- 
pendent of temperature. The range of sizes in the in- 
vestigation reported below includes most of the sizes 
in Marchand’s carbon blacks and covers a wider range 
from 50 A to 1200 A. The extension to larger sizes is 
particularly important, since the relations found for 
these large sizes at high temperatures make possible a 
prediction of the probable behavior of the susceptibility 


ao Kmetko, and Mrozowski, J. Opt. Soc. Am. 44, 
26 (1954). 
7S. Mrozowski, J. Chem. Phys. 21, 492 (1953). 

8 A. Marchand, Compt. rend. 238, 460 (1954). 

9 A. Marchand, Compt. rend. 239, 1609 (1954). 


of smaller sizes at very high temperatures not readily 
attainable experimentally. 


II. EXPERIMENTAL PROCEDURE 


The samples which were heat-treated were }-in. 
diameter National Carbon Company baked rods of a 
soft coke base. For these rods, neither the coke particles 
nor the binder have been heat-treated in the manu- 
facturing process to a temperature higher than about 
1250°C. These rods were heat-treated to temperatures 
of 1200°C, 1400°C, 1600°C, 1800°C, 2000°C, 2200°C, 
2400°C, and 2800°C. As many as six rods were treated 
to each temperature to provide a sufficient number of 
samples prepared under identical conditions at each 
Tx: to perform experiments both with bisulfate com- 
pounds and on temperature dependence. The heat- 
treatments were carried out in a graphite resistance 
furnace in a high-purity nitrogen atmosphere, the 
temperature being measured with an optical pyrometer. 
Heat-treatment runs lasted from 1-3 hours with a 
holding time of about 10 minutes at the top temperature. 

The choice of bisulfate ions to introduce excess holes 
into the x band was made because it enables the number 
of ions introduced to be counted quite readily, as shown 
by Hennig”® for the case of polycrystalline graphites. 
There was an additional advantage in that it has been 
shown by Kmetkot‘ that this technique is also applicable 
to carbons with T,, as low as 1800°C. The cell used 
to introduce the ions was similar to that described 
by Hennig” with concentrated sulfuric acid as the 
electrolyte and a special sintered porous glass disk 
separating anode and cathode compartments. Bisulfate 
ions cannot penetrate the small pores of the glass disk, 
but the hydrogen ions can pass through it easily. Thus, 
current flows in the cell only when bisulfate ions go into 
the carbon anode. The current was held constant at 
5 ma; the electrical resistance of the rod was ordinarily 
measured every 20 minutes corresponding to increments 
of ion concentration of approximately 1.5X10~ ion/ 
atom. The compounds formed by this procedure are 
the lamellar compounds,” which are unstable if the 
rod is removed from the concentrated sulfuric acid. 
Experimentally there would be many difficulties in- 
volved in measuring the susceptibility of the rods while 
they were still immersed in the acid. However, if after 
oxidizing the carbons to a particular ion concentration, 
the polarity of the cell is reversed, about one-third to 
one-fourth of the maximum number remain in the 
carbon no matter how long the current is maintained. 
The concentration of ions in such a residue compound 
can be determined from the relative resistance as a 
function of the ion concentration as obtained during 
the formation of the lamellar compound since the 
relative resistance of the lamellar and residue com- 
pounds is the same for a given ion concentration.‘ 
These residue compounds are quite stable and no 


” G. R. Hennig, J. Chem. Phys. 19, 1922 (1951). 
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Fic. 1. Mass susceptibility of a carbon heat treated to 2400°C 
as a function of the inverse magnetic field (a) before and (b) after 
introduction of bisulfate ions. 


further change in ion concentration occurs when the 
rod is removed from the cell, washed, and dried. For 
each T}:, three rods were oxidized to maximum levels 
of 15X10, 30X10, and 45X10~ion/atom. After 
reversing the cell currents this gives residue compounds 
with ion concentrations of approximately 5x10~, 
10X 10, and 15X10~ ion/atom. All rods were washed 
after that in running water for 24 hours and dried for 
several hours at approximately 125°C. The suscepti- 
bility was then measured using the Gouy method as 
described in Part I. The residue compounds of carbon 
contain about four molecules of sulfuric acid for every 
bisulfate ion, giving a considerable increase in weight. 
The susceptibility was calculated on the basis of the 
original weight of the carbon rod, however, since the 
diamagnetic contribution from the sulfuric acid repre- 
sents a negligibly small correction (<}%). 

The treatment in the electrolytic cell turned out to 
be a very efficient way of removing ferromagnetic 
impurities, being far more effective than prolonged 
treatment in hot HCl. Figure 1 shows the plot of sus- 
ceptibility against 1/H for a carbon with a Ty, of 
2400°C ; the curve (a) for the untreated carbon showing 
a pronounced field dependence of susceptibility, but 
the curve (b) for the residue compound having a 
susceptibility independent of the field within the 
experiment error. 

In the temperature-dependence studies, the suscepti- 
bility was measured at seven temperatures 77°K, 
195°K, 300°K, 570°K, 820°K, 1040°K, and 1280°K. 
The low-temperature measurements were carried out 
in a cylindrical Dewar flask filled with dry nitrogen to 
prevent weight changes arising from water vapor 
condensation. The rods were suspended by means of a 
chromel-constantan thermocouple (40 gauge) soldered 
to a brass clamp which gave direct thermal contact to 
the sample. A tube furnace interchangeable with the 
Dewar was used for measurements of susceptibility at 


high temperatures. To avoid oxidation, a nitrogen 
atmosphere was also used here and in this case the 
temperature was determined by a thermocouple located 
near the bottom of the sample. The temperature varia- 
tion over the six-inch length of the furnace in which the 
sample was placed was about +10°C at 575°K. The 
magnet gap necessary to admit the Dewar and the 
furnace was about 5 cm and with this pole separation, 
the maximum field attainable was 6500 gauss. The 
extrapolation of susceptibility to infinite fields to 
correct for ferromagnetic impurities is not too reliable 
for such a low maximum field, but the ferromagnetic 
corrections were generally small and as a result, the 
susceptibilities at room temperature agreed within 
+2% with the room-temperature susceptibilities ob- 
tained using a smaller pole separation and maximum 
field of 11 500 gauss. 


III. RESULTS 


The room-temperature susceptibilities of the poly- 
crystalline graphites which have been found were all 
around —7.5X10~-*/g, which is very close to the value 
expected for a random arrangement of crystallites with 
a susceptibility of —22X 10~*/g in the direction of the 
c-axis and —0.5X 10-*/g in the directions parallel to the 
graphitic planes, the latter values being those reported 
by Ganguli and Krishnan* for large graphite single 
crystals. In this work the single crystal values were 
checked by measurements on a sample of specially 
purified Ceylon graphite. The graphite samples were 
fabricated from powder without the use of binder by 
compacting it into rectangular plates at a pressure of 
20 000 Ib/in.? The compression tends to align the small 
particles with their c-axis parallel to the applied pressure 
and although the alignment was not complete, the 
anisotropy in susceptibility was about 4 to 1. The sus- 
ceptibility of a rectangular rod cut cut from such a 
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Fic. 2. Relative resistance of carbons as a function of 
concentration of introduced bisulfate ivns. 





MAGNETIC SUSCEPTIBILITY OF CARBONS 


plate was measured in two perpendicular directions, 
both of which were perpendicular to the axis of the rod. 
Three determinations were made and representative 
values of the susceptibilities in one of these were 
— 16.3X 10-*/g for the direction parallel to axis of com- 
pression and — 4.3 10-°/g for the direction perpendicu- 
lar to the axis of compression. The sum of the suscepti- 
bilities in three perpendicular directions assuming that 
susceptibility is the same in any direction perpendicular 
to the direction of the compressing force was 
— 25.0 10-*/g+0.3X 10-*/g. If the susceptibility in 
the a-direction is taken as —0.5X10-*/g, then the 
anisotropic component for a single crystal in the 
c-direction is —23.5X10-*/g, a higher value than that 
reported by Ganguli and Krishnan* (— 21.5 10-*/g) 
by about 10%. 

The relative resistance curves for carbons with 
various T}, are plotted in Fig. 2 as a function of the 
number of ions/atom introduced during the oxidizing 
cycle of the chemical treatment. From these curves, 
the residual ion concentration was determined by 
measuring the relative resistance of the rods after the 
cell current had been reversed until no more ions could 
be driven out electrolytically. The curves, although 
similar to those of Kmetko,‘ show somewhat greater 
change in relative resistance for a given ion concentra- 
tion as Ty; is increased. The similarity provided a 
qualitative check on the residue concentrations com- 
puted from relative resistance curves. The susceptibility 
of the untreated rods and of the three residue com- 
pounds for each 7), were measured at room tempera- 
ture. Using these values, a plot of susceptibility as a 
function of ion concentration for each set of rods with 
a particular 7}, was obtained (Fig. 3). The figure shows 
that the change in susceptibility is qualitatively the 
same as the change in relative resistance; that is, the 
higher the 7}:, the greater the decrease in susceptibility 
for a given ion concentration. The range of ion concen- 
trations for the residue compounds of carbons with a Ti: 
of 1600°C only extends to 1X10~ ion/atom. These 
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Fic. 3. Mass susceptibility of bisulfate residue compounds 
of carbons with varying heat treatment as a function of ion 
concentration. 
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Fic. 4. Mass susceptibility of bisulfate residue compounds 
carbons as a function of crystallite diameters. 


rods behaved differently from rods of higher 7}, in that 
they retained almost half the maximum ion concentra- 
tion regardless of how long the cell was run with re- 
versed polarity, but when the rod was washed in water, 
practically all the residue ions were washed out. 

In order to present more clearly the effect of changing 
the Fermi level in carbons of different 7):, values of 
susceptibility at three ion concentrations, 5<10~, 
10X 10, and 15x 10~ ion/atom have been determined 
by interpolation using smooth curves drawn through 
the experimental points in Fig. 3. These values were 
used to construct in Fig. 4 a plot of susceptibility as a 
function of crystallite size for the untreated rods and 
for rods containing these three ion concentrations. Since 
the susceptibility of the untreated rods is constant for 
sizes larger than 150 A and since the susceptibility is 
more sensitive to the introduction of ions as the size 
increases, the curves of susceptibility vs size for all 
the residue compounds have a maximum near 200A 
and this maximum becomes more pronounced as the ion 
concentration is increased. 

The results of the temperature-dependence measure- 
ments on the untreated rods are summarized in Fig. 5 
where the curves of x vs J; are plotted for each tem- 
perature at which measurements were made. The 
general shape of the curves is similar for all ambient 
temperatures, but the limiting value of susceptibility 
for large crystallite sizes is smaller as the ambient 
temperature is increased. The shape of the curves makes 
it difficult to determine the 7); at which the limiting 
value of the susceptibility is reached but it is readily 
visible from the figure that it is shifting towards lower 
Tx as the ambient temperature is increased. Roughly 
estimated, it shifts from 7),~2400°C at 77°K to 
Trt 2200°C at 1280°K. The rate of shift of 200° in 
Tx, per 1200°C increase in ambient temperature is 
roughly the same as the rate of shift in the peak of the 
Hall constant as measured recently by Mrozowski and 
Chaberski."' 


"S. Mrozowski and A. Chaberski, Phys. Rev. 94, 1427 (1954). 
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Fic. 5. Mass susceptibility of carbons as a function of heat 
treatment for seven ambient temperatures. 


The susceptibilities for carbons with a 7}; of 2400°C 


and greater are about identical with that of single 
crystals with the anisotropic component reduced by a 
factor of approximately three to take into account the 
nearly random orientation of the microcrystals in the 
polycrystalline material, (Fig. 6). The susceptibility of 
carbons in the range of 7}, from 1600°C to 2400°C for 
which the large increase in susceptibility occurs ap- 
proaches a temperature independent value at low 
temperatures and this value is smaller for lower Ti:. 
For lower T}; the susceptibility falls off with increasing 
temperature in much the same way as for carbons of 
higher 7}:, but the beginning of the decrease is more 
sudden and starts at somewhat higher temperature. 
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Fic. 6. Mass susceptibility of differently heat-treated carbons 
as a function of inverse absolute temperature. 
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This illustrates essentially the same effect as the shift 
of the beginning of the plateau is susceptibility vs T), 
described above only presented in a different fashion. 
All the curves (Fig. 6) seem to have a tendency to join 
the single crystal curve at sufficiently high tempera- 
tures. The susceptibility of carbons with a T, of 1600°C 
or less is practically independent of temperature. 

The variation of susceptibility of carbon bisulfate 
compounds was also investigated as a function of 
temperature. The susceptibilities for three ion concen- 
trations obtained by interpolation are given in Table I 
for three ambient temperatures. One can see that the 
decrease in susceptibility with increase in ion concentra- 
tion is relatively even more pronounced at low tem- 
peratures. The measurements were not extended above 
room temperature since fumes came out from the 
bisulfate compounds when they were heated. After 
cooling to room temperature, both the susceptibilities 


TABLE I. Magnetic susceptibility of bisulfate 
compounds in — 10~* emu/g.* 





Temperature 
of heat 
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1800°C 
1800°C 


Ions/atom 
10 X10-4 


Ambient 
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* The values for the susceptibility given in this table were obtained one 
year after the original oxidation of the samples. Small changes occurred 
during this interval, as can be seen by comparison with Fig. 3. 


and electrical resistivities correspondingly increased, 
indicating a partial decomposition of the compound. 
This driving out of ions has been studied by heating one 
bisulfate sample for each heat-treatment to a series of 
consecutively increasing temperatures. The results for 
the susceptibility are collected in Table II. It is evident 
that most of the bisulfate ions are being expelled by 
heating to temperatures below 800°C. As the result of 
driving out of ions, the electrical resistance increases 
considerably above the original value; this being due 
to breaking off of small pieces of the material (loss in 
weight of the sample) and probably also to formation 
of internal fissures. 


IV. DISCUSSION 


In the region below 7),=1700°C, it was impossible 
to introduce a significant concentration of bisulfate 
ions so that the influence on the susceptibility of 
changing the hole concentration could not be studied. 
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TaBLe IT. Magnetic susceptibility of bisulfate compounds in — 10* emu/g. 











No, of ions 
per carbon 


Untreated 
Tu atom bo: 


carbon 


With 
introduced 
ions 


After keepin, 
ionized sample 
4 hr at 2100°C 


After keepin; 
ionized sample 
4 hr in 1400°C 


After keepi 
ionized sample 
4 hr at 800°C 


After keeping 
ionized sample 
4 hr at 300°C 





1800°C 17.2X10~ 3.8 
2000°C 12.5X10~ 6.0 J 
2200°C 15.3X10~ 7.3 

7.5 

7.6 


2400°C 18.710 
2800°C 15.5X 10 


3.6 


3.5 , 3.8 








However, the fact that the susceptibility is practically 
temperature-independent supports the conclusion that 
the susceptibility in this region is due mostly to closed- 
shell diamagnetism. The closed-shell diamagnetism 
would be expected to be temperature-independent since 
the energy distribution of these electrons would not be 
affected by changes in temperature. The tendency of all 
the curves of Ty, higher than 1600°C to join the single- 
crystal curve at high temperatures implies that the 
susceptibility for T,,= 1600°C and lower might become 
temperature-dependent at high enough temperatures, 
but this temperature would be so high that the Ty, of 
the carbon would be changed. Thus such temperatures 
can never be attained experimentally. If, however, this 
would be possible, the top of the Fermi distribution 
would be spread out over such a large energy range that 
even the closed shells would become excited, details of 
the band structure would tend to be obliterated, and all 
curves would tend toward a common temperature 
dependence. 

It seems that the increasing change in susceptibility 
as a function of ion concentration could be explained 
on the basis on the shift in Fermi level (observed for 
carbons in the region of 7, from 1800°C up to 2800°C) 
to regions of lower curvature assuming the same band 
structure for carbons of all 7j;. Carbons heat-treated 
to 2800°C have very large crystallite diameters and 
therefore relatively few holes left in the x band due to 
electrons trapped at the peripheral sites. Near the zone 
corner the density of states is quite small, so that for a 
particular ion concentration the Fermi level will be 
shifted more than for a carbon with lower 7}; in which 
the Fermi level is initially lower because of the larger 
number of electrons which are trapped at the bound- 
aries of crystallites. However, if the only result of in- 
creasing 7’; in the region 2200°C-2800°C were to raise 
the Fermi level as a result of the return of trapped 
electrons to the band, then, as was pointed out in the 
introduction, in order to explain the plateau in suscepti- 
bility over this range of T}:, one would have to assume 
that the effect of the decrease in the effective number 
of carriers is exactly compensated by the increase in 
curvature of the energy surface at the Fermi level. 
Such a model would require that the susceptibility of 
a carbon with a 7}; of 2800°C, for example, remain 
constant when bisulfate ions are introduced until the 
Fermi level is lowered to the same point below the top 
of the x band as it is in a carbon with a Ty, of 2200°C 


(at the end of the plateau). This is obviously not the 
case since the 2800°C carbon actually shows the largest 
change in susceptibility for a given ion concentration. 
Therefore, in order to explain both the presence of the 
plateau and the influence of acceptors, it seems necessary 
to assume that the curvature of the energy surfaces at 
a definite depth in the r band changes with crystallite 
size, or more generally that the dependence of energy 
E on k changes inside of the Brillouin zone. Thus one 
is led to the suggestion originally made by Mrozowski? 
concerning the change of curvature of the energy 
surfaces near the corner of the zone as the energy gap 
between the z band and the conduction band changes 
with crystallite size. To explain both the plateau and 
the results of the ion experiments, the direction of the 
change as the energy gap becomes larger would have to 
be towards greater curvature at a particular value of 
k below the top of the x band, compared to the curvature 
at that point in the r band of a very large crystal. 

The rapid change in susceptibility with 7), from 
1700°C to 2200°C is consistent with this general 
scheme of the change in curvature of the energy 
surfaces near the top of the band since the change of 
sign of Hall effect near a Ty, of 1700°C shows that in 
this range of 7}, the Fermi surface is near the inflection 
curve where 0?£/dk?=0. Here the curvature is zero, 
but due to the symmetry of the zone, the inflection 
curve is not far from the top of the x band. Therefore, 
the curvature must increase relatively rapidly with 
increasing & in the neighborhood of the inflection point 
so that as the Fermi level is raised by a relatively small 
amount with increasing 7);, the susceptibility must 
also increase rapidly. 

The room-temperature susceptibility and the change 
in the susceptibility as a function of ion concentration 
can be qualitatively understood, therefore, on the basis 
of the previous explanation involving both a shift of 
Fermi level with change in 7}, and a corresponding 
change in the E vs k relation as the energy gap changes 
with increasing size. However, the assumption of in- 
creasing curvature with decreasing crystallite size and 
increasing gap does not seem reasonable. Furthermore, 
the temperature dependence of susceptibility is such 
that the susceptibility as a function of 7); is constant 
at large 7},’s for all ambient temperatures from 80°K 
up to 1300°K. The shift of the beginning of the sus- 
ceptibility plateau towards lower 7}, for higher ambient 
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temperatures (similar to the shifts in the peaks of the 
thermoelectric power® and Hall effect" is undoubtedly 
due to the thermal excitation of electrons over a 
correspondingly larger gap. The Fermi level for a carbon 
with a given 7}, shifts as the ambient temperature 
changes, causing a change in the average curvature or 
effective mass of the carriers. In order to explain the 
existence of the plateau of susceptibility vs 7, for all 
ambient temperatures, it would be necessary, then, to 
assume that the change in susceptibility resulting from 
the shift of the Fermi level with temperature is just 
balanced by the change in the number of carriers 
resulting from thermal excitation into the conduction 
band. While this assumption is acceptable on qualita- 
tive grounds, it seems highly improbable that such an 
exact cancellation of these factors could occur over 
the observed wide ranges of temperature and 7};. The 
difficulties seem to be of a basic nature and probably 
some modifications in the general theory of diamag- 
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netism will be required in order to explain all the experi- 
mental findings. 

The problem of the simultaneous explanation of the 
susceptibility plateau and of the change in susceptibility 
of bisulfate compounds must be considered to be in an 
unsatisfactory state. A part of this difficulty might be 
due to the interpretation of the addition of bisulfate 
ions as affecting the number of carriers in the r band 
only. It may be that the band structure of the bisulfate 
compounds is different from that of untreated carbon 
of the same 7}; and some additional scattering effects 
are present. 
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By careful grinding and etching, contouring and mounting in 
a vacuum, very small internal friction coefficients Q~! are found 
in AT shear vibrating crystals. Various tests show that the 
internal friction corresponds to that of the quartz itself. The 
internal friction at room temperature increases proportionally to 
the frequency up to 100 Mc/sec indicating the presence of re- 
laxations. These have been investigated by measuring the internal 
friction at very low temperatures down to 1.5°K and two relaxa- 
tions were found. One having a time constant of 10" second 
appears to be connected with a distorted lattice due to impurities 
while the other having a time constant of 7.7 10™™ second is 


I. INTRODUCTION 


URING the course of development of high-Q, 
high-frequency crystal units for primary fre- 
quency standards, it has become increasingly evident 
that the maximum Q obtainable for AT7-cut crystal 
units at ordinary temperatures is an inverse function of 
frequency, ranging from 10X10® at 1 Mc/sec to 
0.1X 10° at 100 Mc/sec. 

Techniques have been developed which virtually 
eliminate energy loss through the supporting structure 
at the edge of the quartz plate, and studies have since 
been carried out which show that all other sources of 
energy loss can be made insignificant in comparison 
with the energy loss caused by the anelasticity of quartz. 

The resulting curve of maximum Q vs frequency 
suggests a relaxation process. To verify the existence 


1 A.W. Warner, Proc. Inst. Radio Engrs. 40, 1030-1033 (1952). 


thought to be connected with dislocation loops. Using equations 
developed ape A for metals the indicated number of dislo- 
cations is N~10*/cm*, the average loop length about 1.8X 10 
cm and the ratio of Peierls force to shear modulus about 5X 107°. 
Confirmation of these values is given by the time constant 
7.7X10- second and the change in frequency as a function of 
amplitude. A long-time aging effect is thought to be due to closer 
pinning of dislocations by impurity atoms. It is suggested that 
an improved frequency standard, free from aging, can be obtained 
by holding the temperature of the crystal at liquid helium temper- 
ature. 


of such a relaxation, measurements of internal friction 
of single crystals have been made from 1.5°K to 300°K 
and in the 5 to 80 Mc/sec frequency region. Two 
relaxations are found having activation energies and 
angular frequency constants equal, respectively, to 


vi=1.3X10°/sec; H=155 cal/mole=6.7 X10 ev, (1) 
2= 10'8/sec; H= 1300 cal/mole=0.056 ev. 


The first process can be shown to be due to dislocations 
in the crystal quartz, while the second process appears 
to be the result of impurities in the crystal. 


II. EXPERIMENTAL EVIDENCE FOR Q VARYING 
INVERSELY PROPORTIONAL TO THE 
FREQUENCY AT ROOM TEMPERATURE 


AT-cut quartz plates are excited electrically by 
centrally located electrodes and supported by wires 
fastened at the edge. The frequency of oscillation is a 
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Fic. 1. Values of Q for 15 mm AT plates at atmospheric pressure. 


function of plate thickness and overtone as follows 
—ft=n1670, where f is the frequency in kc/sec, ¢ is 
the thickness in mm, and » is the overtone. The Q of 
such plates may be increased by proper shaping of the 
quartz blank, such as making one or both major faces 
convex. This has the effect of confining the mechanical 
motion to the center of the quartz plate, leaving the 
edge of the plate relatively quiescent. Energy loss at 
the edge and through the mounting wires is thereby 
minimized. 

Figure 1 shows Q versus frequency for 15-mm diameter 
crystal plates at atmospheric pressure. Three effects 
may be noticed: first for a given overtone, above the 
maximum value, Q follows an inverse curve with respect 
to frequency; second, Q is a function of overtone, or 
putting it another way, for a given frequency, Q is a 
function of plate thickness; and third, the Q falls off 
rapidly at lower frequencies. At 15 Mc/sec, the Q is 
approximately proportional to the volume to surface 
ratio, indicating loss of energy at the quartz plate 
surface. At 1 Mc/sec, the principal energy loss is at the 
quartz plate edge, indicating that a 15-mm diameter 
plate is too small for a quiescent boundary at the 
lower frequencies. 

Figure 2 shows the Q versus frequency curve when 
the crystal plates are mounted in vacuum. The (Q is 
increased by a factor of at least 3 over that at atmos- 
pheric pressure, and Q is no longer a function of over- 
tone, indicating that the energy loss was due to the 
presence of air and not due to the condition of the 
quartz plate surface. For example, data at 10 Mc/sec 
shows the third, fifth, and ninth overtones together, a 
3 to 1 difference in quartz plate thickness, and a 27 to 
1 difference in the equivalent electrical inductance and 
resistance, all indicating the same Q. In other experi- 
ments a variation of 3 to 1 in electrode thickness at 
5 Mc/sec failed to show any effect on Q. Likewise, 
carefully polished quartz surfaces did not show more 
than a 10% improvement in Q over that of carefully 
lapped and etched plates. 

To investigate the cause of low Q at the lower 
frequencies, a group of nine quartz plates 30 mm in 
diameter were obtained, twice the diameter of normal 
AT plates, and their electrical characteristics measured 
for various degrees of convex shaping. Also, one 90-mm 
diameter quartz plate was measured. The effect of the 
larger quartz plate diameters extending the frequency 
to 1 Mc/sec before appreciable degradation of Q due to 


energy loss at the edge of the plate occurs was shown 
in Fig. 1 of a previous publication.’ 

A study of available high frequency AT crystal units 
allowed an extension of the maximum Q data to 100 
Mc/sec. At frequencies above 30 Mc/sec, evacuation 
of the crystal units had no measurable effect. The 
crystal unit measured at 100 Mc/sec consisted of an 
extremely flat and parallel polished quartz plate, excited 
by air gap electrodes and considered to be quite superior 
to commercial crystal units at this frequency. It is 
significant that with the greatest care taken, a Q of 
only 150 000 was obtained. 


III. LOW-TEMPERATURE MEASUREMENTS 
SHOWING TWO RELAXATIONS 


An internal friction increasing proportional to the 
frequency, as shown previously,’ is indicative of a 
relaxation since the internal friction Q~ can be written 
in the form 

AE 


w/wo 
1 


(2) 


EB 14+-(e/es)” 


where AZ/E is a weighting factor determining the 
difference of the appropriate elastic constants above and 
below the angular relaxation frequency wo, and w is 2x 
times the frequency of measurement. Since Q~ is still 
increasing proportional to the frequency, it is evident 
that the relaxation frequency is above 100 megacycles 
at room temperature. 

If the relaxation has an activation energy, it is 
necessary to lower the temperature in order to bring it 
down to the accessible measuring frequency range. 
Hence, a well-mounted crystal of 5 Mc/sec, such as 
discussed in Sec. II, was placed in a sealed container 
inside a double Dewar cryostat of conventional design.’ 
The temperature was decreased to 1.5°K by pumping 
the liquid helium in the inner Dewar flask, and the Q 
of the crystal was measured as the temperature was 
slowly increased to room temperature. The Q was 
measured by determining the rectified grid current for 
the oscillator when the crystal was operated at reso- 
nance, then by a substitution method determining the 
equivalent resistance to give the same grid current for 
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Fic. 2. Highest Q of crystals mounted in a vacuum plotted as a 
function of the frequency. 


? Bémmel, Mason, and Warner, Phys. Rev. 99, 1894 (1955). 
( *F >. example, see H. J. McSkimin, J. Appl. Phys. 24, 988-997 
1953). 
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Fic. 3. A repeat of a 5-Mc/sec crystal measurement. 


the oscillator at the same frequency. Knowing the 
separation of resonant and antiresonant frequencies of 
the crystal, the equivalent inductance L and hence the 
Q could be determined. 

This process was carried out for a 5-Mc/sec plate 
with the Q values shown plotted against the absolute 
temperature by Fig. 2 of the previous publication.? As 
the temperature decreases, 0 increases down to 52°K 
where a sharp internal friction peak occurs. The internal 
friction first decreases, then increases to a broad peak 
at 21°K and then drops down to a value Q'=2X10~7 
at 6°K. Below this temperature the internal friction 
remains constant down to 1.5°K, the lowest temperature 
obtained. 
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The constant loss has been ascribed to a mounting 
loss at this temperature. If the loss remains independent 
of the temperature, the dashed line would result. The 
very sharp peak at 52°K is only slightly broader than 
a single relaxation whose value is shown by the dot 
dash line. In addition there is a broad relaxation which 
has been labeled a dislocation relaxation for reasons 
discussed later. 

In order to see if the main characteristics were 
reproduced with different crystals, the characteristics 
of a second 5-Mc/sec crystal were measured and are 
shown by Fig. 3. The same features were present but 
the dislocation peak is only half as high while the 
impurity peak is about twice as high. 

To study the nature of these relaxations, measure- 
ments have to be made at different frequencies in order 
to determine activation energies and frequency con- 
stants. Figure 4 shows a measurement of a 9-Mc/sec 
crystal as a function of temperature. The measurements 
indicate that the dislocation relaxation peak is about 5 
times as high as that for a 5-Mc/sec crystal and that 
the impurity peak is 20 times as high. The positions of 
the peaks on the temperature scale fit on the lines of 
Fig. 5 which show the logarithms of the relaxation 
frequencies plotted against 1/7. A number of other 
crystals up to 80 Mc/sec were also measured and their 
relaxation peak frequencies are shown plotted on Fig. 5. 

Two curves are determined from the data of Fig. 5, 
and as can be seen they satisfy the equations: 


w= 1.3X 10% 186/87, 


It will be observed that at room temperature the first 
relaxation is the lower frequency one and contributes 


c= 10)8¢-1800/ RT, 


Fic. 4. Internal friction for a 
9-Mc/sec crystal showing in 
losses at peaks and lower mounting 
loss. 


"0 =: 120 





CRYSTAL 


most of the internal friction. The indicated relaxation 
frequency at room temperature is slightly under 200 
Mc/sec. For frequencies above this, the Q of the quartz 
crystals should increase again. 


IV. THEORETICAL INTERPRETATION OF 
RELAXATION FREQUENCIES 


The relaxation mechanism with the higher activation 
energy has an angular frequency constant of 10+" and 
hence involves the motion of single atoms or molecules 
rather than a chain of molecules. The activation energy 
involved—1300 calories per mole—is too low to corre- 
spond with any diffusion process. It is in fact similar 
to that found in previous measurements of fused silica.‘ 
Figure 6 shows measurements of the internal friction 
of fused silica at low temperatures for these frequencies 
and as can be seen, the relaxation frequencies parallel 
those of Fig. 5 for the high activation energy line. The 
most probable interpretation of this coincidence is that 
the impurities are producing a distorted structure by 
the strains they introduce. Figure 7 shows the most 
likely interpretation of the ultrasonic loss for fused 
silica, namely, that the loss is the result of the relaxation 
of the sidewise vibrations of the oxygen atoms between 
two equilibrium positions produced by the random 
network of the glass structure. The activation energies 
and frequency factors are consistent with this interpre- 


TEMPERATURE IN DEGREES KELVIN 
10®x 400 
300 


1.3x109 xe"!S5/eq 


10'3 x e@"9°YRT 


RELAXATION FREQUENCY IN CYCLES PER SECOND 


0.01 0.02 0.03 0.04 0.05 


VALUE OF 1/7 


Fic. 5. Plot of two relaxation frequencies versus 1/T 


40. L. Anderson and H. E. Bémmel, J. Am. Ceram. Soc. 38, 
No. 4, 125-131 (1955). 
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Fic. 6. Internal friction in fused silica for three frequencies 
(after Bémmel and Anderson). 


tation.‘ If we accept this as the cause of the results for 
the higher activation energy relaxation, the narrowness 
of the peak—which corresponds to a single relaxation— 
indicates that the strain due to the impurities introduces 
only a narrow range of bond angles rather than the 
very wide range found for fused silica. The amplitude 
of the peak which is only about 1/2000 as high as the 
fused silica peak in the same activation energy range 
also indicates that only a small fraction of the total 
crystal is active in the production of this relaxation. 
This fact and the wide variation of the height of the 
peak suggests again that the relaxation is the result of 
impurities in the lattice. 

This same relaxation has been found in the dielectric 
loss of crystal quartz.’ Measurements at 32 kc/sec as a 
function of temperature show a large peak at 38°K 
which is in agreement with Eq. (1) for this frequency. 
The types of defects have been analyzed and by 
optical measurements it was shown that this peak 
corresponds to the replacement of an oxygen bridging 
atom by two aluminum atoms of valence +3. This 
oxygen vacancy can distort the lattice considerably 
and can be the cause of the ultrasonic and dielectric 
losses observed. 

The low activation energy curve with the corre- 
spondingly low frequency factor is thought to corre- 
spond to a relaxation for dislocations. The results are 
similar in nature to a dislocation relaxation found in 


5 Volger, Stevels, and von Amerongen, Philips Research Repts. 
10, No. 4, 261-280 (1955). In fact, the constants found by di- 
electric measurements are wo=0.5X10"/sec; H=1275 cal/mole 
=0.055 ev, which agrees with the ultrasonic measurements well 
within the experimental error. 
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Fic. 7. Random network structure of glass compared to regular 
structure for perfect crystal. 


face-centered metals and discussed in several papers.® 
In these papers a model for a dislocation relaxation is 
assumed in the form shown in Fig. 8. Edge dislocations 
are assumed to lie in minimum energy positions along 
the glide planes of the metal and to be bound at 
irregular lengths / by impurity atoms or dislocation 
nodes. At absolute zero temperatures, the dislocations 
remain fixed in their minimum energy positions but as 
the temperature increases, sufficient thermal energy is 
imparted to the dislocations so that a few of them can 
overcome the energy barrier provided by the shearing 
stress tending to return them to their minimum energy 
position. 

In crystal quartz the glide planes are the y and z 
major and minor rhombohedral planes. The AT cut is 
nearly parallel to the z minor rhombohedral face which 
is related to the crystallographic axes as shown in 
Fig. 9. Since the unit cell is a primitive cell, the shortest 
displacement distance is along the a axis with a value 
of 4.9 A. Hence the Burgers vector )>=4.9A. When the 
dislocation becomes displaced to its next minimum 
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Fic. 8. Model for dislocation motions and equivalent 
potential well model. 


‘W. P. Mason, Phys. Rev. 98, 1136 (1955); W. P. Mason, 
J. Acoust. Soc. Am. 27, 643 (1955). 


energy position, the perpendicular displacement is 
b’=b cos60°=6(2)! (3) 


from the minimum position. Hence the calculations for 
a cubic crystal given previously’ are slightly altered. 

The energy required to displace the dislocation with 
two kinks against the Peierls restoring force, 


(T13).= (T1s)ob sin (2xd/b’), (4) 


is given by the equation 


‘4 “) = 2nx (T13)bb'l 
Wi= (Trs)eb f ay [ sin—dx = ae 
0 0 b’ 2x 


2nd 2rd iD! 2nd 
x : —cos—-+ 29 cos ee sin||, (5) 
b’ b’ «ond b’ 


where p is the percentage of the loop covered by the 
two kinks, d(y) is the displacement at a distance y from 
one end of the loop, and d is the displacement of the 
straight middle sections of Fig. 8. The other source of 


b cos 60°= b' 
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Fic. 9. Dislocation position and motion in crystal quartz. 


energy due to the increase in length of the dislocation 
is determined by the increase in length Al: 


Al=2[ (pl)'+a*})— pl~@/pl. (6) 


The work is done against the tension 7, which is 
usually taken as 


T=pb?/2, (7) 
where yu is the shearing constant in the glide plane, 


pu=3.12 10" dynes/cm?. (8) 

Hence 
W.2=TAl=ub'd?/2pl. (9) 
The minimum energy A at the first atomic distance 


b’ from the unstretched position is obtained when d=)’ 
and this case cos(2rd/b’)=1, sin(2d/b’)=0, and 


;: run(—). 


The kink length pl is determined as the length giving 
the minimum value for A. Differentiating A by pl and 


bb” 


be 
Wi+W.=A= (10) 
2pl 
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setting the result equal to zero, the length pl is equal to 
pl= [arubb’/2(T13)o}}. (11) 


Hence, with this value the maximum and minimum 
values of W,+W, are 


H= (T13)0bb'l/x ; A= 2(bb’)§[ (13) 04/2 }}. (12) 


Hence, if we define length b)= (bb’)!, the same formulas 
hold for a quartz crystal as for a cubic crystal. 

To determine the resonant frequency of a dislocation 
in its potential well, the restoring force for small 
displacements, obtained by differentiating the sum of 
W.+W,; by d and letting d—0 is 


2 (T 13) 0bl b} a(T13)o@}! 2 8a 
+— -—-—)}. (13 
PPT ORT AG 


Since the effective mass for a dislocation is rpb*/, the 
resonant frequency is given in the equation 


a 1 aoe si se 


~ Qed p we 2r s.,3 
1 72(T1s)07' 
=|. (14) 


— Qebol p 








since the last part of the square root is less than 1% 
of the first part. 

For very small stresses the dislocations cannot move 
out of their potential wells shown by Fig. 8(c) under 
the applied stress. The stress can bias the potential 
wells and thermal agitation will cause more dislocations 
to go into the low-energy wells than in the high-energy 
wells, thus producing a plastic deformation. The effect 
of this type of model is to produce a relaxation loss 
which has been shown to be given by the equation 


1 ag 40 [| w/wo 


Q 142¢-4/e7 ar fete 
Au 


uw 1+(w/e)?” 





w/wo 


where wo=ye~‘#—4)/*? and No is the number of disloca- 
tion loops per cubic centimeter. For a distribution of 
loop lengths, the formula reduces to 


n Ani w/W5 
i= = ( a) 
i=1 po \1+ (w/w)? 
Another indication of dislocations is the rising 
attenuation which increases exponentially with the 
temperature. This was shown® to be the result of the 
breakaway or repinning of dislocations by impurity 


atoms. The change in lengths caused by this process 
abstracts energy from the vibration and produces an 
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Fic. 10. Internal friction in quartz at high frequencies showing 
an ion relaxation and the exponentially increasing “breakaway” 
loss (after Cook and Breckenridge). 


internal friction independent of the frequency equal to 


—) boV N ole U'*T 





) (17) 


m 2r 


where V, is the shear velocity normal to the glide plane 
(3.4 10° cm sec for quartz), Nol the number of dislo- 
cations per square centimeter, and U the binding 
energy of impurity atoms. 

This effect was first observed for quartz by Cook and 
Breckenridge’ who measured the resistance of longi- 
tudinally vibrating crystals. The resistances for the 
first, third, and fifth harmonics of a 36.5-kc/sec crystal 
are shown by Fig. 10. Since the effective inductance of 
a harmonic crystal decreases in the ratio of the har- 
monic order, the resistance has to increase 3 and 5 times 
over that for the fundamental in order to preserve a 
constant Q. The solid line shows the actual measure- 
ments which indicate a relaxation having an activation 
energy of 22 kilocalories and a frequency of 5X10". 
This relaxation has been ascribed to the migration of 
vacancies’ by Cook and Breckenridge. There is also an 
exponentially rising component as shown by the dashed 
lines which indicates an activation energy of 5000 
calories per mole. Since the internal friction of the 
crystal, including air losses at room temperature, was 
found to be 


Q-'=1/70 000=1.4X 10-5, (18) 


we find that the breakaway dissipation is given by an 
equation 
Q1*=7X 10-te- OFT, (19) 


Measurements have been made for AT crystals at 
1070 kilocycles with closely similar results. 


™R. K. Cook and R. G. Breckenridge, Phys. Rev. 92, 1419 
(1953). More recent measurements of Cook’s, however, indicate 
that this peak may be due to diffusion of metal ions. These 
measurements will be discussed in future publications. 
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Fic. 11. Change in frequency of a GT cut as a function 
of strain amplitude. 


V. EVALUATION OF PARAMETERS FOR 
QUARTZ CRYSTALS 


Four pieces of data have been obtained which can 
be compared with the theoretical formulas. These are 
the average activation energy which has been evaluated 
as 155 calories per mole, the frequency constant found 
experimentally to be 1.3 10°, the breakaway constant 
found to be 7X 10~ and the peak attenuation loss. The 
most reliable value for this is that obtained from Fig. 1 
of reference 2 which indicates a value of 0-'=6X10~* 
at room temperature. The loss is still increasing pro- 
portional to the frequency with an indicated relaxation 
frequency from Fig. 5 of 160 Mc/sec. If this were a 
single relaxation, the minimum value would be 7.5 
X10-*, and hence Ayo/yo of Eq. (15) should equal 
1.5X10-*. Actually the width is broader than a single 
relaxation and hence we take the equivalent single 
value as 


Au 

—=2X1.5X10°=3x10~ 

Ho 

Qe AlRT [VoP(1— p)*bo'ué 


kT 


1426-4088 





| (20) 


The breaking away loss is taken as 


—y boV Nol 
2x 


(21) 





7.0X 10-+=( 
m 


The third piece of information is the activation energy 


Py — ‘i ( (Tis) ) ] 


T ax 
6.025 x 10% 
4.182 10’ 





155. (22) 


These equations give enough information to solve for 
the three unknowns, /, No, and (T71s)o/u. Introducing 
the values 2¢~4/87/(1+2¢-4/8T)=%, by=4.510-8, 
#=3.12X10" dynes/cm’, V,=3.42xX105 cm/sec, k 
=1.38X10-*, T=300°K, and p=+0.05, we find the 
values l= 1.8X10-* cm; Nol=N =850 dislocations/cm?; 


(T13)o/u~5X10-. (23) 


One check of these values is the resonance frequency 
of dislocations in their potential well. Since the effect 
of a sudden temperature agitation will be to set the 
dislocation in vibration at its natural frequency, we 
should have 2rfr=~y equal to the y found in Fig. 5, 
namely, 1.3 10°. Inserting the values of Eq. (23) in 
Eq. (14) we find 

vy=2.4X 10°, (24) 


which is within a factor of 2 of the measured result. 


VI. FREQUENCY AGING IN QUARTZ CRYSTALS 


Another indication of the presence of dislocations in 
crystal quartz is the existence of a nonlinear frequency 
change of the resonant frequency of GT frequency 
standards as a function of strain amplitude. For very 
low temperature coefficient G7 crystals, Fig. 11 shows? 
the change in frequency observed plotted as a function 
of current per millimeter width. This is not a heating 
effect since we are using a GT crystal with a very low 
temperature coefficient of frequency. A large increase 
in internal friction also occurs when the frequency 
decreases nonlinearly. 

The cause of this nonlinear behavior is the production 
of unstable Frank-Read dislocation loops. The process 
for doing this is shown by Fig. 12. When the stress 
becomes large enough to cause a dislocation loop to 
bow out to semicircular form, it becomes unstable and 
keeps on growing until it spirals back on itself and 
forms a new loop between the pinning points and a free 
loop which can interact with the applied stress and 


(a) (b) (c) 
Tisp 
. o! Ti3b 
(d) (e) 


Fic. 12. Unstable Frank-Read dislocations. 


*A. R. D’heedene, Quarts Crystals for Electrical Circuits (D. 
Van Nostrand Company, Inc., New York, 1946), Chap. 14, p. 456. 
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produce more plastic strain, thus lowering the elastic 
constant. After a certain number has been produced 
they are held up by obstructions such as other disloca- 
tions, impurity atoms, etc., and react back on the 
Frank-Read source stopping production. Hence, a 
stable elastic constant results which is somewhat lower 
than that for quartz at low amplitudes. The initial 
strain for the production of unstable loops occurs when 
the force on the dislocation equals twice the tension. 
This results in the equation 


T 1361 = ub*, or 1=b/T 13/u=b/ (Sis). (25) 


Hence, for strains greater than (S13)-, unstable disloca- 
tion loops can be produced and the frequency can be 
lowered. The curve A which was for crystals etched 
less than 20 minutes begins to deviate from a straight 
line for strains of the order of 2 10~* which correspond 
to dislocation lengths as long as 2.5X10-* cm. The 
effect of more completely etching the surface is to 
reduce the longest loops to about 10-* cm. The average 
dislocation loop length for maximum frequency reduc- 
tion is about 10~* cm in agreement with the determi- 
nation from the relaxation effect. 

When strains much above 10~ are applied to quartz 
crystals, they fracture. It appears that this may be due 
to the unstable production of Frank-Read loops around 
the longer dislocation loops which may act as centers 
of fracture. 

All frequency standards are operated at strains less 
than 10-* and consequently the operation should not 
produce dislocations in the crystals. It is well known,’ 
however, that they suffer a frequency aging phenom- 
enon. For clean glass holders which minimize inter- 
change of mass between the holder and the crystal, 
most of this aging represents’ an increase in frequency 
with time. It appears likely that this increase in fre- 
quency is the result of the pinning down of the extra 
dislocations produced in the manufacturing process by 
the migration of impurities through the quartz. If this 
is the case, the change in frequency should be lower at 
lower temperatures. Some evidence for this is found in 
the work of Mitchell!® of the British Post Office, who 
has observed the rates of aging of frequency standards 
at 50°C and —10°C. The aging at —10°C was found 
to be less than } that of 50°C. This ratio corresponds 
to an activation energy of 4.6 kilocalories per mole in 


* See A. W. Warner, Proc. Inst. Radio Engrs. 43, No. 7 (1955). 
1H. T. Mitchell, Nature 174, 41 (1954). 


good agreement with the value of 5 kilocalories found 
from “breakaway” loss. If the temperature is reduced 
to liquid helium temperature or even to liquid nitrogen 
temperature, the aging rate should be decreased by a 


factor of 
4600/1 1 
exp| -——(—-—) ]~10 
2 \77 323 


Hence the aging for 40 years at 77°K will be less than 
that for 0.1 second at 50°C and therefore this source 
of aging should be eliminated. 


VII. CONCLUSIONS 


It is evident from the foregoing data, particularly 
that of Sec. IT, that the best frequency for the operation 
of quartz plates for frequency control purposes is a 
function of available quartz size. For a 15-mm diameter 
plate, which is readily available, this frequency is 
about 5 Mc/sec. Attempts to operate a quartz plate at 
a higher frequency than necessary to obtain the 
characteristic Q of quartz will result in diminishing 
returns for two reasons. One, the requirement for Q is 
greater due to the limitations of circuit components, 
and two, the available Q is lower due to the increased 
anelasticity of quartz at higher frequencies. Any 
attempt to operate the crystal at a lower frequency 
will result not only in a rapidly diminishing Q but in 
less stable operation because the mounting structure 
becomes part of the mechanically vibrating, frequency 
determining element. 

The data also imply that frequency stability beyond 
that measured to date may be obtained by operating 
crystal units at liquid helium temperature (4.3°K). 
The Q at 5 Mc/sec is at least double that at room 
temperature, and frequency aging should be many 
times less since transfer of mass and change in elastic 
constants should be greatly retarded. The temperature 
coefficient has been found to be about 0.01 parts per 
million per °K for AT crystals which in combination 
with the excellent temperature control properties of 
helium might make possible stabilities in the order of 
one part in 100 billion. 
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An analysis is given of the determination of additive functions of the frequencies of the normal mode 
vibrations of a lattice. The method is applied to the problem of calculating the self-energies and interaction 
energies of defects in lattices of any dimension. In particular results are derived for the self-energies and 
interaction energies of isotopes, holes, and “source” defects in simple cubic monatomic and diatomic 
lattices. For example it is shown that two holes in a simple cubic lattice attract each other, the energy of 
interaction being inversely proportional to the cube of the distance of separation. The general method is 
also applied to the problem of the interaction of lattice defects with the boundaries of the lattice. Finally, 
if the lattice approaches the limit of a continuum, it is shown that the energy of interaction between two 
holes is just that obtained by Wentzel for the interaction between two fixed nucleons according to the scalar 


meson pair theory. 





INTRODUCTION 


HE influence of defects such as impurities and 
holes on the physical properties of crystals has 
been one of the most studied phases of solid state 
physics in recent years. This paper is the third report 
of a detailed mathematical investigation of the effect 
of localized irregularities on lattice vibrations' (the 
first report will be referred to as D-1 and the second as 
D-2). Although the authors are interested in the general 
defect problem, they have decided that various suitable 
mathematical techniques can more easily be applied to 
perturbations of lattice vibrations than to other degrees 
of freedom in a solid and have elected to examine that 
problem first. The work of Koster and Slater? on the 
theory of semiconductors via Wannier wave functions 
parallels our analysis to some extent (as do the brief 
remarks of Lax and Smith? on lattice vibrations). Work 
is now in progress on the influence of defects on the 
spin wave, Ising, and spherical models of magnetic 
materials. 

D-1 is mostly concerned with those vibrational modes 
which are localized around lattice defects. It is shown 
that under certain conditions discrete normal modes 
exist which are diplaced out of the continuum of modes 
of the unperturbed lattice. Only a few atoms in the 
immediate neighborhood of a defect participate in these 
modes. Generally motions of all atoms in a perfect 
monatomic crystal contribute equally to the energy in 
each normal mode. However, the atoms which par- 
ticipate in localized modes are responsible for more than 
their normal share of the internal energy of the crystal. 
Hence the region around a defect is equivalent to a 
“hot spot” in the lattice. A localized mode (either in the 


* This research was eure by the Air Research and De- 


velopment Command of the U. S. Air Force. 
¢ On leave from the University of Adelaide, South Australia. 
1E. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955); 
Mazur, Montroll, and Potts, J. Wash. Acad. Sci. 46, 2 (1956). 
2G. F. Koster and J. C. Slater, Phys. Rev. 95, 1167 (1954); 
G. F. Koster, Phys. Rev. 95, 1436 (1 954). 
3M. Lax, Phys. Rev. 94, 1391 (1954). 


interior or on the surface of a crystal) might catalyze 
physical and chemical processes which would not 
normally occur at the existing temperature of the 
crystal. D-2 is concerned with localized modes in linear 
diatomic lattices. 

It was also pointed out in D-1 that at low tempera- 
tures an attraction exists between “like” defects (for 
example a pair of isotopic impurities of the same mass) 
and a repulsion between “unlike” defects (for example, 
two isotopes of different mass, one heavier than a normal 
atom in the crystal and one lighter). This interaction is 
greatest at absolute zero. A consequence of the attrac- 
tion between like defects would be a clustering tendency 
between atoms of like atomic weight in a mixed crystal 
of two isotopic species. Indeed one would expect a 
separation into two isotopic phases at T=0 (actually 
the equilibrium time for such a process might be very 
long). This effect has been discussed by Prigogine, 
Bingen, and Jeener.* It will be shown in Sec. 6 that light 
isotopes and holes are attracted to the free boundary 
of a crystal. 

This paper is mainly concerned with the development 
of a formalism for the discussion of the effect of the 
interaction of defects on additive functions of the 
normal mode frequencies. The formalism will be applied 
to the calculation of the interaction energy between 
defects (as determined from the change in zero-point 
energy) and of that between defects and surfaces. 
Although thermodynamic quantities are additive func- 
tions of the frequencies, we shall postpone a discussion 
of their behavior until part 4 of this series. Detailed 
calculations are made here on simple cubic lattices with 
interactions (described through both central and non- 
central forces) between nearest neighbors only. Both 
one- and two-component systems are analyzed. 

Some remarks will be made concerning continuum 
field theory by letting our crystalline lattice spacings 
vanish. It was pointed out to the authors by Professor 


pe: Pagogine, Bingen, and Jeener, Physica 20, 383 (1954); 20 
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T. D. Lee that our methods are similar to those used 
by Wentzel® in his investigation of the meson pair 
theory of forces between nucleous. We show that pair 
theory is mathematically equivalent to the continuum 
limit of the theory of the interactions of holes in a 
crystal lattice. 

The reader is referred to D-1 for a detailed discussion 
of the model® used here. 


1, GENERAL FORMULAS FOR CALCULATION OF 
ADDITIVE FUNCTIONS OF NORMAL 
MODE FREQUENCIES 


Let us suppose that the normal mode frequencies of 
a lattice are w:, we, -::. Many quantities of interest 
can be expressed as sums of functions of the normal 


mode frequencies 
S= Lj g(w)). (1.1) 


For example, the zero-point energy of the lattice is 
given by S if g(z)=4hz. The characteristic function, 
E(expiaw*), whose Fourier transform is the frequency 
distribution function, corresponds to 


g(z)=N— exp(iaz’), 


where N is the number of degrees of freedom of the 
lattice. Thermodynamic quantities are generally of the 
form of (1.1). 

Let us also assume that the frequencies are roots of a 
characteristic equation 


D(w)=0. 


It was pointed out in D-1 that if g(z) is an analytic 
function inside of a closed counter-clockwise contour C 
and if D(z) has all of its zeros but no poles inside the 
contour, then’ 
1 d 
S=¥ eo) =— J e(e)—ogD@))as. (1.2) 
i % 


2ri Yc 


We represent the function whose zeros are normal mode 
frequencies of a perfect lattice by Do(z), and represent 
the corresponding function associated with a lattice 
with defects enumerated by a, 8, --- by D(a,8,---; 2). 

The change in an additive function S which results 
from a single defect, a, is 


1 
AS.=— 
2 


d 
g(z)—{logD(a; z)—logDo(z)}dz 
Ti Jo dz 


(1.3) 


iat qi D(a: 2)/D d 
=— J £(2)— log( D(a; 2)/Da) a. 


This quantity might be referred to as the self-S of the 


5G. Wentzel, Helv. Phys. Acta 15, 111 (1942). 

®See also E. W. Montroll, Third Berkeley Symposium on 
Statistics and Probability, 1955. 

7 See E. C. Titchmarsh, Theory of Functions (Oxford University 
Press, Oxford, 1932), p. 116. 


lattice. The “interaction-S” of a defect pair (a,8) is 
defined as the difference between the S of a system of 
two interacting defects and that of a pair of isolated 
defects and is given by 


Xlog{ D(a,8; 2)Do(z)/D(a; 2)D(8; 2)}dz. (1.4) 


If €a, €s, ‘++ are the parameters which characterize 
defects a, 8, ---, and D(a; z) is of the form 


D(a; 2)=Do(2)[1+ aha(z) ] (1.5a) 


(as we shall show to be the case in a wide variety of 
situations), and 


D(a,8; 2) = Do(z)[1+ €aha(z)+ €sha(z) 
+€a€ghtag(z)], (1.5b) 
we find 
pee fa ha’ (z)g(z)ds 


, (1.6a) 
2mi Jo 1+€gha(z) 


where the prime denotes the derivative with respect to 
the argument. Also 


Ea€p (hag— hah) 


dz, 
(1+ €ghta) (1+ €shB) 
(1.6b) 





1 d 
ASap=— | g(z)— log | 1+ 
2ni dz 


Tic 


so that as €, and ¢s,—0 


€a€p 


rgb g(2)[ ha(z)hg(z)—hag(z) \'dz 


Tc 


and the interaction S is of second order in €g, €g in the 
limit of “weak defects.” 

The total interaction S due to a large number of 
defects is }> ASag over all defect pairs and is a quad- 
ratic form in €q, €s, --- in the limit of weak defects, 
but cubic and higher order terms occur when “strong” 
defects (large e’s) exist. 


2. ON THE GENERAL FORM OF THE CHARACTERISTIC 
EQUATIONS OF NORMAL MODE FREQUENCIES 


The normal mode frequencies {w;} of a set of coupled 
harmonic oscillators are zeros of the characteristic 
determinant 


@utM yw? 12 413 
= a2 d22+M x” 423 
Do(w) ri a31 32 A33+Myw* ---]’ (2.1) 


Here the M;,’s are particle masses and the a;;’s are 
related to the force constants of the “springs.” We 
shall assume that defects in a lattice alter the deter- 
minant through the introduction of a set of parameters 
5a, 5g, +++ at the ath, Sth, --- elements along the main 
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diagonal so that these elements become @aa+M w*+5a, 
etc. (Although it is sometimes necessary to perturb 
off-diagonal terms as well, the analysis of such cases is 
essentially the same as that given below.) 

In the case of a single defect, the determinant can be 
expanded by the ath row in the usual manner to yield 


D(a; w) = Do(w)+5eA aa; (2.2a) 


where Aaa is the cofactor of @aa+w?M, in the deter- 
minant Do(w). It is well known that if {a;;" (w)} is the 
set of elements of the inverse of the matrix of Do(w), 
then 
Aga=Do(w) daa (w), (2.2b) 
and 
D(a; w) = Do(w)[1+badaa (w) J, (2.3) 


which is of the form (1.5a) where hq is to be identified 
with Gea. 

Now let there be two defects, one at a and the other 
at 8. Then, if we expand D(a,8;w) with respect to the 
Bth row, we find 


D(a,B ; w)= D(a; w)+5sA ga(a), 


where A gg is the cofactor of the Sth diagonal element of 





1+bedaa cy 


D(a,8,y ; ») = Do(w)| (6362) *apa 
(5,62) faye ) 


and may generalize these results to any given number 
of defects. 

Since the elements of the inverse matrices appear in 
all formulas independently of the specific nature of the 
defects, we derive formulas for these elements in the 
next section. 

3. ELEMENTS OF INVERSE MATRIX FOR 
CERTAIN MODELS 

We shall now find the elements of the inverse of the 
matrix Do which corresponds to one-component, m-di- 
mensional simple cubic lattices with interactions 
between nearest neighbors only (and both central and 
noncentral forces). We assume the lattices to be cubes 
containing N” lattice points. At the end of this section 
we discuss the case of a diatomic lattice. 

The mechanics of these systems are discussed in 
detail in D-1 and in reference 6. A mathematically 
convenient (but physically somewhat unreal) feature 
of this model is the independence of the x, y, and z 
components of the motions of the lattice particles. 

The equation of motion of the x component of the 
displacement of a particle at lattice point (#),m»,- - - ,m,) 
is 


Mi(m,,- . *,M,)= > vi x(m, ered m;—1, ar +, M») 
j=l 
"y m;+1, stl mn) |, (3.1a) 


where 7; is the force constant associated with displace- 


—2x(mi,-++,m,)+x(m, -° 
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the determinant D(a; w). This is, however, 


aa 
A gp(a)=Apet+A | | : 
BB 


where A {53} is the second-order cofactor obtained by 


striking out the ath and 8th rows and columns of Do(w). 
Since this cofactor is 
de a 


agg-? 


ints ea? 
A = Do(w) 
BB 


Aga (—1) 
we have 


D(a,8; w) = Do(w) | 14+6e@aa) (w)+5gage (w) 


Gea 


dep? 
+6.5 


(—1) (—1) 


gp 
148.024" 
= Do(w) 
(5a5s)!agq°) 


The reader can verify the three-defect formula, 


(5058) 4aag-" 
1+6d,gag¢ (-) 


(2.4) 


(5058) 4¢ag 
1 +5sag (-1) 
(5,52)4a,~°— 


(5054) 8a 
(56y)4ag,— |, 
146,44, 


(2.5) 





ments parallel to the jth coordinate axis. Similar 
equations exist for the other components of the dis- 
placement. We choose solutions of the form 


a(my,* + + tn) = eu (mM, * +) (3.1b) 


and find Dy to be the determinant of the coefficients 
of the «’s in 


Mumma, --)4E yul--+, my, ++) 
j=1 
—2u(+++mj,-++)-u(---, m+, ---)J=0. 


We first assume the existence of periodic boundary con- 
ditions; later we discuss the cases of free and rigid 
boundaries. The characteristic vectors of the matrix of 
the coefficients of «(m) are of the form 


u,(m) = N-* exp(2ris-m/N), 


(3.2a) 


(3.2b) 
where 
o= (si,- E Sn), m= (mmo, ° : *,M») 


and the characteristic values 


(51,52, + -)=Me?—2 ¥) ¥;(1—cosg;), 


i (3.3) 


The elements of our determinant can be expressed as 
N 


pa 


21,42, ++ +=1 


Xexp{2ris-(m—m’)/N}, 


¢j=2ns;/N. 


a(m; m’)=N-" A(S1,52,** +) 


(3.4) 
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while those of the inverse are 


a) (m; m’)=N-* >, A““(s) 
Xexp{2ris: (m—m’)/N}. 


In the limit as VN, 


1 dj Qn 
o»(m; m)=(—) ff 
exp[i(m—m’)- ¢ ]d"¢ 
[Mw*—2 51" ,(1—cose,)] 


These integrals are essentially the Green’s functions 
discussed in D-1. In that notation, 


a—) (m; m’)= (yityet +s +n) g(m—m’). 


In the one-dimensional case, 


(3.5) 





(3.6a) 


(3.6b) 


if f2<0 
if f?>41, 


—}3 eschy exp(—| j],) 


ai Te 


(3.7) 
where f=w/wz and 
|2f?—1]. (3.7a) 


The case 0< f?<1 corresponds to scattering problems 
and will not interest us here. 

The elements of the inverse of the matrix for a two- 
dimensional] square lattice has the form 


coshy= 


Met f f exp(is- g)dgidgs 
(2m)? 4b2-+-271 cosy: t+2y2 cosge 
0 (3.8) 


re —1 if f?=(w/wzr)?<0 
os ee if f>41, 
4b?= | Mu®—2(yi+72)|. 





a (8,2)= 


where 


This integral can be expressed in terms of generalized 
hypergeometric functions of two variables.* This form 
is not particularly useful for our purpose. However, 
when s;=52=s a relatively simple expression exists for 
a (s,s): 


a 


Xexp(—4b*x—2xy1 cosyi— 2x72 cos¢s) 
Xexp(is:y)dgidg, (3.9a) 

Mes 
(2)? 
Buss 


(yity2)9 


f° exp(—4b*x)I,(2xy1)I,(2ay2)da 
0 


Q.-4(1+26 fC f?—1)), 


where Q(z) is the mth Legendre function of the second 
kind and 


B= (v1 t+-¥2)/(172)!. (3.9b) 


An asymptotic expression for a(s,,s2) can be 
obtained when 


sPyr+seyst 


is very large. However, since in the general case 
a‘ (51,59,° + +,Sn) can be considered as simply a (51,52), 
we proceed with the general case to find the asymptotic 
expression for a (s1,59,-++,S,) when 


S=[sPyr'+ +++ +501}! 


is very large. 
First let w?<0. Then 


, 
(2m)" J = 


exp(is- g)d"¢ 
x 
—Met+2y+: 


(3.10) 


a (51,59,° . j= — 





(3.11) 
-)—2y1 cosgi— 


When S is large, the integrand oscillates very rapidly 
except in the region of | y| close to the origin. Hence we 
can expand each of the cosines as a power series in ¢ 
and retain only the first few terms. Also, since the 
remote regions in g space contribute practically nothing 
to the integral, after this expansion is made we can 
integrate over the entire g space without significantly 
changing the integral (in the limit as S—«). Hence 


yess: gryi')+-+: \dgi---dy, 
—Mot+yigit--:+ynge 


a) (51,59,° . joe 


(2mr)” 





(3.12) 


If we introduce new coordinates x;= ¢;y;', the integral 
becomes an n-fold Fourier transform of a function of 
r’=x,"+---+2,”. Such integrals have been discussed 
by Bochner® and lead to the following result after a 
transformation to polar coordinates : 


(2m) 


je ested liataneciguanaeniiion 


(2m) "(vry2"* "Yn Ashen 2) 
xf ri? (— Mo) P'S 4 n-2) (Sr)dr. (3.13) 
0 


Here the J function is a Bessel function of order 
3 (n— 2), while the integral is a Hankel transform which 


8S. Bochner, Vorlesungen tiber Fouriersche “yr a: (Chelsea 
Publishing Company, New York, 1948), p. 187 
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is well known.’ One finds 
(—Ma?)t 
(yi: = *Y¥n)*(2m) ASH 
XK 4(n-2)([—Moa* }'), 





a) (s1,59,- . j\oe- 


(3.14) 


where K,(z) is that Bessel function which is commonly 
referred to as the K function. In particular, 


Ky(z)= (4/2z)'e-*, 
while as z—> 0 
K,(2)~(x/2z)%e* 


for all positive » if |argz| <$. Finally as S> (with 
w*<0), we have, when n 23, 


(—Ma*)*) (Arr)! 
(2m) (ya- + yn)# SHO 
Xexp{ — (— Ma*)4S}. 





a) (5y,50,°+-)~ 


(3.15) 


One can determine a (s;,59,- ++) in a similar manner 
when (2f?—1)>1. We replace the ¢,’s by ¢;+7 to 


obtain 
(—1)srt-+ te d 
cae ferf 
exp(ig-s)d"y 
“Meteo --)—2y1 cosgit::- 
and (when w*>wz’) 
[M («®@—wz2) ho 
Cava: = Yn) *(2m)i9SHOD 
XK yn—-2)((M (w*—w?) 5), 


by using the arguments given in the foregoing. 
It is to be noted that if we let 


k= ¢/a, 
a being the lattice spacing, (3.11) becomes 


r/a 
hairs 
a 71f'2,°** =_ feof 
(2nd 


exp(ir-k)d"k 
xX , 
— Mo?+2(y1+- + +)—X 27; cosak; 








a) (51,59, ** -) 


(3.16) 


as=?, 





so that, as a—0 in the continuum limit, (3.14) corre- 
sponds to an exact rather than asymptotic expression 


®Erdelyi, Magnus, Oberhettinger, and Tricomi, Tables of 
Integral Transforms (McGraw-Hill Book Company, Inc., New 
York, 1954), Vol. 2, p. 23. 
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and 
qi(n-2) i Ma?/y;)** (m2) ay 0/2 


(v1 **¥n)*RE (20) 
XK j¢n—2)([— Mw*/y1 }R/a), 
where now we define R (with units of length) by 
R=[92+12(y1/¥2)+°° +r? (yi/¥n)}#.  (3.17b) 


Section 6 will be devoted to a discussion of the inter- 
action of defects with crystal boundaries. For this 
purpose we shall record the inverses a (m,m’) which 
correspond to rigid and free boundaries. We shall 
sketch the manner in which results were obtained by 
examining one-dimensional chains. 

Let us consider a chain of N+-2 masses with the end 
two held fixed at their equilibrium positions (the rigid 
boundary case). This corresponds to boundary condi- 
tions of (3.2a) (with n=1): 


u(0)=u(N+1)=0. 


The components of the jth characteristic vector of the 
matrix whose elements are the coefficients of the ’s in 
(3.2a) are 


uj(m)=[2/(N+1) } sin[mjx/(N+1)], 
the associated characteristic value being 
j= Mw?—2y{1—cos[_jx/(N+1)]}. 


Hence the elements of the required inverse matrix are 





a(n, r= — 


(3.17a) 


a) (m; m’) 

2 4» sin{ mjx/(N+1) ]sin[m’jr/(N+1)] 
N411 Mu?—2y{1—cosl jx/(N+1)]) 
The n-dimensional “rigid boundary”’ inverse is 


2 ° N N 
a-v(mim)=(——) es zy 


n MSO 
Il {sin sin 
mil N+1 N+1 
Xx . 
Mo? —2 $1" y¥.{1—coslsix/(N +1) ]} 
The boundary conditions at a free boundary are 
u(1)—u(0)=u(N)u— (N+1)=0. 


This is obtained by noting that the equation appropriate 
for an end-particle displacement (1) is 


u(1)[Mw?—-y ]+-yu(2)=0, 
u(1)[Mw*—2y]+yu(2)+yu(0)=0, 
the standard form if 
u(1)—u(0)=0. 





(3.18a 





| 





(3.18b 
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The characteristic vectors which satisfy the boundary The elements of the required inverse are 


conditions have components 
uo(m) = (1/N)}, 
u;(m) = (2/N)* cosl (2m—1)rj/2N ] 
if j=1,2,---,N—1. 
with characteristic values 


j= Mw*—2y[1—cos(rj/N)], j=0,1,---,N—1. 





2 N-1 


a) (m; m')=— 2 
N i= 


cos[ (2m—1)xj/2N ] cos{ (2m’— 1)rj/2N} | 1 


Mu*—2y[1—cos(wj/N)] “NM? 
(3.19a) 





with an m-dimensional generalization 





a—) (m; m’)= (— 
N s1=1 s)=1 
The elements of the inverse matrix a (m;m’) 
associated with a two-component system with nearest- 
neighbor interactions only can be discussed in a similar 
manner. The one-dimensional case will be developed in 
detail and the results merely stated for the general 
n-dimensional lattice. We postulate the even-numbered 
particles on our chain to be of mass M and the odd- 
numbered ones of mass m. Then the analog of (3.2a) is 
two sets of equation 


yu(2j+1)+ (Mo*— 2y)u(2j)+yu(2j—1)=0, 
yu(2j+2)+ (mu?—2y)u(2j+1)+yu(2j)=0. 
If we let 


(3.20a) 
(3.20b) 


0(2j) = (Mw*—2)'(2)), (3.21) 
0(2j+1)= (ma?—2y)'u(2j+1), (3.22) 
we obtain the more compact single set of equations: 
yo(j—1)+ (M*w?— 2y)0(7)+0(j+1)=0, (3.23) 
where the mass M* is defined by 
w*M* =2y+[(Mw*—2y)(mw*—2y) }. (3.24) 


Clearly, if m=M these equations reduce to the one- 
component ones and M*=M. 

It can be shown that in the n-dimensional case the 
new single set of equations is the same form as (3.2a) 
with the mass replaced by M*, with 


wM*=2 (yt ++ +yn)+[(Ma*—2y1— + +: — 270) 
X (me®—2y1— +++ —2yn)}t. (3.25) 


The normal mode frequencies of an n-dimensional 
monatomic lattice are 


Mo?=2 > y;(1—cosy;), gj=2ns;/N, 
the s,’s being integers. In our diatomic lattice 
M*w*=2 > 7;(1—cos¢;). (3.26) 


If we substitute (3.22) into this equation and solve for 
w*, we find two branches: 


w= (it: +: +7n)(M+m)/Mm 
+ (mM) (vit +++ +¥n)?(M—m)? 


+4mM (jv; cose;)*}'. (3.27) 


2\* v1 n-1 T]i"{cosl (20m,—1)154/2N] cosl(2m,'—1)msx/2N]} 1 
) ra Mo?—2 D1" vel 1—cos(as./N) ] +0(—). (3.19b) 





If M>m, the largest frequency w;? is given by 


w1?=2(yit++++7n)(M+m)/Mm. 
The top edge of the lower band is at 
w=2(yit---+y2)/M, 
while the lower edge of the top band is at 
wo? =2(yit +++ +yn)/m. (3.28c) 


The Green’s function (3.15) is valid for the diatomic 
lattice if w?<0 and M is replaced by M*. 


(3.28a) 


(3.28b) 


4. CHARACTERIZATION OF DEFECTS 


As in D-1, we shall be concerned mainly with changes 
in masses and force constants but not in equilibrium 
positions. If the mass of the particle at lattice point 
a= (a1,@2,°**,a) is changed from M to Ma, Eq. (3.2a) 
with m=a can be put in the appropriate form by adding 
the term 


w*(M a—M)u (1,02, - -) 
to the left-hand side. Then, we set (see 2.2a) 


ba= —w* Mea, (4.1) 


(4.2) 


where we define 
€a=1—(M./M). 


The single mass defect function D(a; w) is then 


D(a; w) = Do(w){1—w’*M ea (a,a)}. (4.3) 


The characterization of a mass defect in a diatomic 
lattice is obtained from (3.20). Let the heavy mass M 
be replaced by M,. Then Eq. (3.20a) has a correction 
term 


w?(M.—M)u(a). 
After the transformation (3.21) is made the new equa- 
tion in v(a) has the term 
—Mw*€q(mu?— 2y)*/(Mw?—2y)* 
added to the left-hand side of (3.23). 
In general, the mass defect function is 
D(a; w)= Dow) {1—w*a (a; a) 


X Meal (mu*—2y)/(Mw*—2y)}#} (4.4) 
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if M is normal mass at a, and 
D(a; w)= Dow){1—w*a (a; a) 
X meal (Me*—2y)/(mu*—2y)}} (4.5) 


if m is normally at a. Generally, 


(: defect mass at a ) 
€a = se : 
normal mass at a 





(4.6) 


The defect in force constant as well as mass is first 
discussed in the one-dimensional monatomic case. Let 
the force constant associated with the interaction of a 
with a+1 and a—1 be changed from y to 7’. Then 
(3.2a) becomes (in the cases m=a—1, a, a+1): 


[w*M — (y’+-) Ju(a—1)+-'u(a)+yu(a—2)=0, 
[w*M — 2y" ju(a)+y'u(a—1)+'u(a+1)=0, 
[w®M — (y'+7) Ju(a+1)+-7'u(a)+-yu(a+2)=0. 


If we replace u(a) by a new variable (y/7’)v(a), the 
determinant of the coefficients of the “’s and 2 is of the 
form (2.1) with additions to elements along the main 
diagonal : 


ba-1=ba41= —Y7e/ (1 Sp Ta), (4.7a) 


ba= Mw" (1—€2)(1—72)?—-1]+2y72, (4.7b) 
where 
Ta=1—(y/y’). (4.8) 


If both the mass and the force constant are changed, 
three consecutive diagonal elements are changed in Dp. 

If defects exist at a, 8, ---, the appropriate value of 
the new M’s and 7’s are substituted into (4.1-4.5) at 
the appropriate diagonal elements in (2.1). 

Equation (4.7) is still valid in the n-dimensional case 
when yi1=Y2=7:=*:* and when the force constants 
between the ath particle and its nearest neighbors are 
all changed to y’. However, if 71 #72, ys, -*-, and only 
force constants in the m, direction are changed, the 
normal mode determinant (2.1) is changed in several 
off-diagonal elements as well as along the main diagonal. 
The functions (2.4) and (2.5) are somewhat more com- 
plicated but can be easily found. 

In the n-dimensional case, with y1=7y2= ---, a defect 
at (a,8,---) yields 


ba, 8,---= Mw (1—€e,...)(1— Ta, 8.-.)?—1] 
+2nyrT0,p..-, (4.9) 


Sa41, 8, «+» =9e, B41, += —YyTap.--/(1—Tap.--), (4.10) 


where the defect mass at (a,8,---) is Ma,,,... and 
€a,p,---= (1—-M"Mag....), (4.11) 


while a change of the force constant to ya,s,... between 
(a,8,---) and its nearest neighbor yields 


Ta, p,--- = (1—Y7e,8,-.."). (4.12) 


A defect which we shall discuss later, but which 
corresponds to neither a mass nor force constant change, 
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is the defect “source” at a which we characterize by 
5.=xy=constant independent of w. 


5. SELF-ENERGY AND INTERACTION ENERGY 
OF DEFECTS 


In this section, the formulas derived above will be 
applied to the calculation of the self-energy and inter- 
action energies of various defects in monatomic and 
and diatomic lattices. 

The simplest type of defect is the source defect de- 
scribed by (4.13). Although it does not correspond to 
any attainable defect in a crystal lattice, we shall 
discuss it first to demonstrate the ideas involved in 
making more complicated calculations. We shall show 
at the end of this section that source defects are mathe- 
matically equivalent to holes in lattices if one is con- 
cerned with the interaction of holes separated by many 
lattice spacings. 

The self-energy of a source defect of strength xy is 
given by 


h 
—— wd logl1+«ya (aa; w)], (5.1) 


Tivo 


where use has been made of (1.6a) and (4.13). From 
(3.6a), 


a (a,a; w) 





Qe 
1 f f d"y 
~ (Qn) 2 Met 2 D1" y(t —coee,) 


The contour C has to contain the positive real axis of w 
since the frequencies of interest are positive real 
numbers ; it may be chosen to be the counter-clockwise 
contour about the right half-plane. Then the only non- 
vanishing contribution to (5.1) is the integration down 
the imaginary axis. Since the integrand is an even 
function, the logarithmic term being a function of w’, 
the integral reduces to 


h 00 
AEs= — f wd logl 1+xya (a,a; ic) ]. 
T~“0 


In the case of the one-dimensional lattice, this integral 
can be evaluated in terms of elementary functions. The 
inverse a(a,a;iw) is given by —1/{4yf(1—?)}} 
(where f=w/wz), so that 


aze=—— fd log{1— tx[1/f(1— f?)*}}. 
2r vo ' 


If we let f=tand, we obtain after some manipulation: 
dd 


hwy, (4 s/2 i 606dé 
pigebatn gh og Poot) 
2n (2 90 a-—sind 0 i1+asinéd 


(5.2a) 
where a is related to x by 


xk=4a/(1—a), —1<a<1, (5.2b) 
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The interaction energy between two source defects 
separated by a great distance can be obtained as follows 
1+ (1—a*)! for all numbers of dimensions > 3. The case n<3 must 
lo be handled in a slightly different manner and will be 
a omitted here. We consider the special case y:+72= °- 
(53a) =7: If one defect of strength x is at m= (m,,mo,---) 
and the other «’ at m’= (my,’,m:’,---) we find 


so that by letting a range from —1 to +1, « ranges from 
—* to-+. Hence 





— (1—a?)-! cosa . 








xx’a— (mm! ; iw)a— (m' ,m; iw) 





h Cs) 
az,--— [ od log |1— 
0 


2x 


As |m—m'|—2, a—(m,m’; iw)—0 so that at great 
distances we obtain (after integrating by parts), in the 
weak defect limit as x and x’—»0, 


Axx’ f” 
mors f a (m,m! ; ico)a— (mm ; ico) deo. 
r “0 
(5.3c) 
Since 
a) (mm! ; ia) =a (m! m; iw)~ (Moz) 


x fHO-9 (r)4(2ay) SHY exp — (Meez2)4fS}, 


where 
S=yi[sP+sP+---+5,7}, 
sj=mj—m;, and Mw ;?=4ny 





fx'y” Mi(n-8)yy 0-2 2 
f beg 
0 


sr 
Xexp(—2MtwrSf)df (5.4) 
ho rxx’ (n— 3)! 
3 2(4r) "m3 | m’—m|2"-* 
In particular, if n=3, 
AE; — hw pax’ /2(4r)*V3 | m’—m|3; (5.5) 


or, if we let a be our lattice spacing and R=a|m’—m|, 
then 





AE; — hx’ a®/2 (4r)*V3 R8. (5.6) 


Two sources or “sinks” (we call the case x <0 a sink) 





[1+-yxa—) (m,m ; ico) 1 +-yx’a (m! mm! ; iw) ]) 


(5.3b) 





attract each other, while a source and sink repel each 


other, with an energy of interaction inversely propor- 


tional to R°. 

A more realistic example is that of the isotopic 
defects in a lattice. We examine the behavior of such 
defects in both monatomic and diatomic lattices. 


(a) Monatomic Lattice 
The self-energy of an isotope of mass (1—¢,)M is 
given by 


h 
AEs=— ff ud loglt— eaMuta (a) (5.7) 
4mi Jo 


As in the previous case, our integration can be carried 
from 0 to ©: 


h c) 
aEs=—— [ wd logl 1+ ¢.Muw’a— (a,a; iw) }. (5.8) 
1 ill |) 


In the case of the one-dimensional lattice, this integral 
can be evaluated explicitly; in fact using (3.7), (5.8) 
becomes 


AEs 1 
Ses T 


f fd logh1—ef(1+f?)] (5.9a) 


0 
=$3[ (1—¢)-!—1]+27(1—2) sin, 
in agreement with D-1, Eq. (4.15). 
A similar analysis gives for the more interesting case 
of the interaction of two isotopes the formula 


(5.9b) 


a) (B,a; tw)a™ (a,8 ; too) 





h 20 
AE;= -— f wd log| 1— eset 
2a 0 


or, for €a, ¢s—0 (in the general case the integration is 
more difficult but can be carried out either numerically 
or through various series expansions), 
heats °” , 
AB f wdL Mata (a; ia) (Bp i) 
Qn 0 

(5.11) 

which after integrating by parts simplies to 


h 


€a€ as 
AE;=— ; f M*w'a— (a8; iw)a— (Ba; iw) dw. 
2x v5 


(5.12) 


[1+e.Muta (a,0; is) 1+ epMuta— (8,8; ics) Ih 


(5.10) 





For the one-dimensional lattice, (5.12) gives 
cats 7° L(+) f Pie 
7” J fUFP) 

4|a—B| 
16(a—8)?—} 





=e 


T 


-—| ~¥(3+2|a—8]) 


2r 


+¥(3+2|a—61) 


in agreement with D-1 (5.31). 


(5.14) 
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Of more interest is the expression for the interaction 
energy for large distances. Then (3.15) may be inserted 
in (5.12) to yield 





2x 


heats (” (Mu*)i-) x 
AE;~ f Mu -Si-" 
0 (2m)"(yrv2"**n) 2 


Xexp(—2wM'S)dw (5.15) 


or 
AE; 
ght A(yit + +¥n)8(2)*(yiy2- + Yn) S* 


— €a€B 





x f brtig-2kSqp 
0 


— €a€a(n-+1) IS- Cnt) 
© 16(yrt ++ +b ya) reve +19) (4) 
For the case yi=2= ++: =Yn=Y, 
yS= (sP+s2+---+5,2)!=R/a 
and the energy of interaction is given by 
AEr — €aeg(m-+1) la?! 


~— 


Mio, «16 *(4r) "RH 








(5.17) 


For one dimension, AE,« R~“ as derived in D-1. For 
two dimensions AE,« R-* and for three dimensions 
AE,« R- 7, 

An attraction exists when both M, and Ms, are larger 
or smaller than M (like defects), while a repulsion 
appears when M,>M>Mg or Ma<M<Mez (unlike 
defects). 


(b) Diatomic Lattice 


The self-energy of an isotopic defect in a diatomic 
lattice of alternating masses m and M is given (by a 
derivation similar to that for the monatomic lattice) by 


h C) 
AEs=—— Jf edtog1—D(e; isda (a; in) 
To 
(5.18) 


where D is given by (4.4) or (4.5) and for the*one- 
dimensional lattice 


a (a,a; iw) = —[(mu?+2y)(Mw*+2y)—4y"*]}#. (5.19) 
For an isotope of mass (1—€_)m, this integral becomes 
AEs 1 ~ 

ecenianepdesentin ad 

tho, Toro 

ema? (mu?+ 2) (Mu*+2y7)}4 


(mes?+-2-7) { (mos?+-2) (Mo?+27) —47*}4 
(5.20) 





Xilog| 1 
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This integral has been evaluated in D-2 for two special 
cases, namely, when M=m/(1+-1), 7 small and M={m, 
¢ small. In the first case, 


AEs 1 
+ [4a+sin-"e ] 


}A(y/m) 2 x(1—#) 





+I log(1-++V2) erv2 = 
4nrLi+é ” 2(1+e) 26 


(i—é)! 
e(1+€) 
and in the second case, 
AEs 1 1 
18 an 
3n(2y/m)# 2 x(i—é)! 


(rtsin'g [40099 (5.21) 





fe 
{37+sin~e}+- 
4(1—e) 





{4+sin—e} |+0 (¢). 
| (5.22) 


-_ 
2r(i—e)! 2ne(1—e)! 


For the interaction energy between two isotopes, 
h Co) 

AEy~—— f be (io)Bp(ies)[aY (cf; ise) Pdes, (5.23) 
aT “0 


where 5, and dg are given by (4.4) or (4.5). 
If 
w=[ (mo*+2y)(Mw*+2y)}}—27, (5.24) 


then the asymptotic expression for the element of the 
inverse matrix can be inserted in (5.23), giving 


. h o : : 7 
AE f slis)ilied 


u” exp(—2uS) dw 
—du, 
(yrv2" + *¥n)S" du 





But, from (5.24), 


2 
t= a+ O(a) (5.26) 


m-- 
bait) ied) = 4.0 (08 
a(t) ois) = (u*), 


where o= em or eM is the change in mass of the isotope 
from the normal mass. As above, the integration can be 
carried out with the final result : 


AE; oao3(mM)* 
Mo,  2(m+M)3 
(n-+1) \S- Gn) 
(4m) Cyeve: + ¥e) (ribet: +t Y0)* 


(5.27) 





(5.28) 
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If m=M, then 
Ca0g(mM )*/2(m+M)*= e:€2/16 
and (5.28) is obtained. 
For y1=72= +++ =n, YS=R/a, (5.24) becomes 
AE; oaos(mM)! (n+1)! a4 
Kuo, -2(m-+M) (4a)"n} Rom 


In particular, when »=3 our interaction energy varies 
inversely as the 7th power of the distance. 

An interesting consequence of (5.30) is obtained if 
we consider a pair of defects whose masses lie between 
M and m. If these defects move on the same sublattice 
(the lattice of M’s or m’s), an attraction between the 
defects results; whereas, if in their motion one defect 
remains on one sublattice and one on the other sub- 
lattice, a continuing repulsion exists. 

The interaction of two impurities (or holes) which do 
not distort the lattice equilibrium positions can be 
discussed in the same manner as that of the isotopic 
defects. We examine for simplicity the special case 
¥1=2= +++ =¥ which corresponds to equal central and 
noncentral force constants. 

Consider two similar defects, one at lattice point 
(0,0,0) and the other at (/,m,n), characterized by a mass 
M’ and springs with force constants y’ connecting these 
lattice points to their nearest neighbors. The deter- 
minant D(w) is changed by the addition of 


(5.29) 





(5.30) 


j=y-Y (5.31) 

to the diagonal elements (—1, 0, 0), (1,0,0), (0, —1, 0), 

(0,1,0), (0, 0, a), (0,0,1), (/-1, m, n), (+1, m, n), 

(/, m—1, n), (, m+1, n), (/, m,n— 1), (), m, n+1) and 
by the addition of 

B= (w/7')?(M'y?—y") + (67/7')(y'—y) (5.32) 


to diagonal elements (0,0,0) and (/,m,n). The energy 
of interaction between two defects is 


h ¢* A B 
az;=-— f od log| 
2r 0 BA 


where A and B are 7X7 matrices given in Appendix I. 
The product of the determinants can be simply ex- 
pressed as 


|A +}, (5.33) 


|7—(A“B)?| 


and this can be easily evaluated by taking account of 
the symmetry of A and B. However, the resulting 
expression is rather complicated and will not be ex- 
hibited here. It simplifies considerably if only the first 
term in the expansion in inverse powers of the distance 
r between the defects is required. In this approximation, 
A can be taken as the unit matrix and (5.33) becomes 


(5.34) 


h oO 
AE;=-— f TraceB'dw. 
2r Jo 


The first term in Tr(B?) is 
C(6/y')(7'—v*) Pla (0); tw) P, (5.35) 


so that E; is precisely the expression (5.36) obtained 
for the interaction energy between two source defects 
with 

c= (6/y7’) (7'—7)?. (5.36) 


We have used the invariance relation a (m,m’ ; iw) 
=a (0,1; iw) if l=m—~m’. It is to be noted that to 
this first order of approximation the interaction energy 
is independent of M’. When we set M’=0, our defects 
become holes in the lattice. We then find that the inter- 
action energy of two holes is attractive and varies as 
the inverse third power of the separation distance (5.5). 
Furthermore, the discussion of the interaction of a 
pair of holes is equivalent to that between a pair of 
source defects when the source strength « is defined by 
(5.36). 


6. INTERACTION OF DEFECTS WITH BOUNDARIES 


As a first example of the interaction of a defect with 
a boundary, we consider an isotopic impurity m lattice 
spacings from the end of a chain. In the case of a rigid 
boundary (end of chain held fixed) the characteristic 
determinant for normal modes is obtained by combining 
(4.3), (3.18a), and (2.3): 


D(m; w)=Do(w) 1—2w*MeN z| sin = ) / 


beatin it 


which, in the limit as N—>~ , becomes for the case {?<0: 


D(m; w) = Do(w){1—(tanh}z) (1—e-?™*)}, 


rigid boundary, (6.1) 


with coshz=1—2/*. As usual, e=1—(M’/M) with M’ 
being the impurity mass. The corresponding deter- 
minant in the case of a free boundary is obtained by 
combining (3.19a) with (2.3) and (4.3) 


D(m; w) = Do(w){1—(tanh}z) (1+e-@"-*)}, 


free boundary. (6.2) 


It is to be noted that as the defect recedes from the 
boundary the m dependent exponentials vanish and 
(6.1) and (6.2) reduce to the ordinary single-defect 
result : 


D(@ ; w)=Do(w)[1—« tanh}z ]. (6.3) 


Furthermore, the sign of the interaction terms are such 
that if a defect is attracted to a free boundary it is 
repelled from a rigid boundary and vice versa. The 
interaction is of O(e) rather than e; hence interactions 
of isotopes with boundaries are not of the “image” type 
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which exist in electrostatics and hydrodynamics. The 
ratio D(m; w)/D( ;w), which is to be substituted into 
(1.3) to find the interaction, is then 

ec *™ tanh}z 
D(m;w) 1—e tanh}z 
D(@ se : ee 2+) tanh}z 


‘jilted ’ 


( 1—« tanh}z 


, Tigid boundary 
(6.4) 
free boundary. 


Then the interaction with a free boundary is 
a (2m+1)2 tanh3z 


1—« tanh3z 





, (6.5a) 


for f® 
aEr=-— [ falog| 1 - 
2r 0 


while that with a rigid boundary is 
ee?" tanhdz 


1—e tanh}z 


lo, f® 
AErs= eect cid f fd log| 1+ . (6.5b) 
2r +o 


If we integrate by parts in the rigid boundary case, we 
find 


fw, * 
AErRs=— f (cosh$z) log 1 + 
4r +o 


= 
a 


a ee 
1—«e tanh}z 

ho, * (6.6a) 
~e— f e?*™ sinh}zdz as m—>2 

4x 
= hw L/ 32am’, 
while as m—~ in the free boundary case 
AErn~ za eho, /320m?. (6.6b) 


Hence, in both the free boundary and rigid boundary 
cases, the interaction energy is inversely proportional 
to the square of the distance of the defect from the 
boundary. The interaction is one of attraction if 


M<M'<« 
0<M’'<M 
while it is repulsive if 
0<M’'<M 
M<M’'<o 


for rigid boundary, 
for free boundary ; 


for rigid boundary, 
for free boundary. 


This is qualitatively expected. An interaction of an 
isotope with a rigid boundary is equivalent to that 
between the isotope and a particle of infinite mass. If 
both are heavier than a normal lattice atom, an attrac- 
tion exists; when the isotopic defect is lighter, it inter- 
acts with the “infinite mass” boundary and a repulsion 
ensues. On the other hand, a free boundary is equivalent 
to a very light impurity at the end of the chain. Our 
above results are consistent with Eq. (5.16). 

These qualitative results are valid in three dimensions 
as well. Without any extra difficulty we can discuss the 
isotopic defect in an n-dimensional lattice. We postulate 
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it to be m lattice spacings in the m, direction (x direction 
when »=3) from a rigid surface. It is easy to show from 
(3.186) by choosing m =m, m=m;,=---=}(N+1) 
and letting N—>~, that the generalization of the rigid 
boundary equation (6.4) becomes (after replacing w 
by iw) 

w*M el (m,iw) 


D(m,iw) , 
iy BoM atl (00 du)’ 


D( ,iw) 








(6.7) 
where 

1\"” 9 expis: gd¢gi:: -dy, 
I (m,iw) = —( — ah : 
ve (;-) J pee est fer 


S=71'(2m,0,0- - - ,0). 





When m is fairly large, (3.15) is applicable with w 
replaced by iw. Then the analog of (6.5b) which is 
appropriate here yields 


h C) 
AErn~-—-— f wd 
2r Jo 


e(Mu*)' ($47)! exp[ —S(Ma*)!] 
Xilog| i+ 
(2m)§*(y1- ‘ Yn) bSto-D 
hoo e(30r) 43 (n+1) J}! 
(-ya> + =n) 8S™1 (2a) +2) (Meco 32)8” 








(6.8) 


with S=2m/7;'. It is easily verified that the case n=1 
is exactly the same as (6.6a). 

The isotopic defect in a three-dimensional lattice is 
repelled from a rigid boundary when e>0O (light 
isotopic defect) and 

tote (y1/ mw”)? 


~ Crnra/"vi)*(2m)*(2m)* 


A free boundary attracts a light isotopic defect with a 
force of the same magnitude but opposite in sign. 

We therefore find that not only should an ordering 
process exist at absolute zero' temperature but that 
a coating or “frosting” of light isotope should develop 
in a solid isotopic mixture, leaving the heavier atomic 
species inside. It would be interesting to leave a hydro- 
gen-deuterium mixture in a liquid helium bath at low 
temperatures for a long period to observe whether the 
separation process would require days or years. Note 
that the energy of the boundary attraction diminishes 
as the inverse fourth power of the distance while the 
interatomic attraction energy [Eq. (5.17)] varies as 
the inverse seventh power. 

If the state of perfect order is to exist at low tem- 
peratures, we should expect holes in a lattice to be 
attracted to a free boundary and hence expelled from a 
crystal. A repulsion from a rigid boundary should also 
exist. We consider these effects by using the source 
defect model. This defect was shown in the last section 


AExs 





(6.9) 
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to be equivalent to a hole when one deals with the 
interaction of a pair of holes separated by a distance 
large compared to a lattice spacing. We can also expect 
the model to apply to the interaction of a hole with a 
distant boundary. We restrict our discussion to the case 
v1=Y2=°*:=vy and first analyze the effect of a rigid 
boundary. 

We recall from (4.13) that a source defect is charac- 
terized by 6=«xy and an isotopic defect by 5= —w*Me. 
If w—%iw, this becomes w*Me so that the expression 
equivalent to (6.7) for a source defect is 


D(m,iw) ‘ 
D(@ ,iw) 
The analog of (6.8) is 


«yl (m,iw) 
1+«yI(© ,iw) 





h C) 
AERs™-—— f wd 
Qn 0 


ey (Mut) (Jn)} exp —S(Mat)*)) 
(2ary)nSHen—) | 





Xlog|1-+ 


h = xy (4)! 


efor 


—————— f (Ma*)!"-® exp[ — (Ma#)!S]dw 
2m (2my)inshm) Jy 


Es hny (x/2M) [3 (n—3) ]! 
Oe (Qwry)inSe 





, (6.10) 


with S=2my~ and Mw ,?=4ny. The sign is changed 
when the interaction is with a free boundary. In the 
three-dimensional case, 


+3-Mwzx/(8xrm)?, rigid boundary 
AE= (6.11) 
—3- Mw x/(8rm)*, free boundary. 


The hole corresponds to xy=6(y'—v)*/y’ and is 
attracted to a free boundary as was expected. 


7. REMARKS ON THE CONTINUUM LIMIT AND 
ANALOGIES WITH QUANTUM FIELD THEORY 


We shall now observe some consequences of letting 
our lattice spacings vanish and show the similarity of 
the continuum limit of a lattice with holes to Wentzel’s® 
pair theory of the interaction of neutrons and protons. 

One generally starts an analysis of a quantum field 
with the introduction of the proper Hamiltonian. Let us 
' consider the Hamiltonian of a continuous medium of 
density p with propagation velocity c and a set of fixed 
point source defects of strength Ax, Ae, ++ at 71, 72, ° 


2 


1 1 1 m 
H=~-p f edr+—pe* f (Vy)*dr-+—- ——~p f ¢g'dr 
2 2 2 


a=! 


ar 2(r)d 7.1 
+8 Ddef 8—re)e*Ade. (7A) 


Here a mass m is associated with quanta propagated 
from one source to another. The A.’s (which have units 
of length) represent the coupling strengths of the 
defects with the medium in which they are immersed. 
The 6 function is defined by the property 


f 8(r) f())dr=pf(0). 


If we divide our continuum into a simple cubic lattice 
with unit cell cube edges a, introduce a mass M with 
a single degree of freedom into the center of each cell, 
couple it to its nearest neighbors by a spring of spring 
constant y, associate each coupling constant ya to a 
dimensionless constant xa, and finally relate y, M, and 
Ka to the constants of the medium and sources p, c, 
and A. by 


p=M/a, &=ya?/M, (7.2) 


and \a=Kad, 
we obtain 
H=3M > ¢@(l,m,n) 
+4ya? D{Ce(l+1, m, n)— o(l,m,n)P/ae+- ++} 
1 mc 


+-—M> lua Dd Kat?(lq,MaMa), (7.3) 
2 #? 24 


where all summations except the last extend over all 
lattice points. Once the conjugate momentum 


p(1,m,n) = M ¢(I,m,n) 


is associated with ¢g(/,m,n), the application of Hamil- 
ton’s equations of motion yield 


m?c4 


M¢ (/,m,n) > re 


=-y 2 


«i, €2, es =0, 1 


atet+a=i 
—2¢(1,m,n)+ g(l—«, m— €2, n—€3) ] (7.4) 


[ e(l+e1, m+ eo, n+) 


except at (/,m,n)= (la,Ma,%a) in which case the terms 
Yka?(la;Ma,Na) are added to right-hand side. 

If we let 
(7.5) 


¢(1,m,n) = u(l,m,n)e'! 
and define w* by 


(w*)?=6?— mth, 


(7.6) 


the resulting equations are the same as (3.2a) when w 
in (3.2) is replaced by w*, that is, if the lattice phonons 
are given a mass m. 

It was shown at the end of Sec. 5 that the source 
defect is equivalent to a hole in the lattice if one 
considers the interaction of defects separated by a large 
number of lattice spacings. As the lattice spacing di- 
minishes, this number increases for holes a fixed 
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distance apart. Hence the Hamiltonian (7.1) can be 
interpreted either as that of the continuum limit of a 
set of holes in a simple cubic lattice (with nearest- 
neighbor interactions due to central and noncentral 
forces of equal magnitude) or of a set of particles 
interacting through a meson pair field. 
When the mass m is included, our inverse 


a (r1,72,73; tw) 
given by (3.17a) must have w replaced by w*. Then 
a) (11,072,733 iw) = =q-) (R; ; iw) 


(<)< exp(—o7RL (u*-+ut¢)M/y}h, (7.7) 


a 


“ yR(2r)*X\2 


where 


Re=rf+r7e+r? and pw=mc/h. (7.8) 


The interaction energy between two defects x and x’ 
at two points separated by a distance R=a|m—~m’| is 
given by substituting (7.7) into (5.3c). This reduces the 
calculation of the interaction energy to quadratures for 
all degrees of coupling. In the weak coupling limit we 
can rederive Wentzel’s result as follows: 


ix @/r ~ 
Sip>-o-rien nah = 
vas woe SON 
Xexp{—2o7R[ (w*-+-we2)M/y do. (7.9) 


This integral can be expressed in terms of the modified 
Bessel function of the third kind, K,. If we let 


w=upc sinhx 


and use the formula 


Ki(z)= f exp(—z coshx) coshxdx, 
0 


we find 
‘auc 


Eyw- K,(2Ra“ye| M/y }*), 
A ‘any (2Ra“uc| M/y }*) 





AND ®.: 3B: POTTS 


or after employing (7.8) and (7.2) we find 
"me 


AR ——_ (2). 7.10 
329 — 


This is exactly Wentzel’s® result (with the exception of 
a factor of $ which was left out of his paper since he 
set E=) hw rather than }) $hw). The two limiting 
results follow: 


/ 


AE;~————._ if RX 
642° RS 


be 
6425/2 


These finite convergent results are unique to a three- 
dimensional space. If we employ our n-dimensional 
inverse [Eq. (5.4) ], we can show that in the n-dimen- 
sional case the weak-coupling approximation yields 


(7.11) 


—2uR 


if Rw. (7.12) 


hdr‘ a?-6 
( Qn ) ntlR n—2 


AE;=— neat f [o?(w?+- pc?) hor 


X K4¢n—2)*L Reo (w*+ ye") # Jen, 


so that the lattice spacing @ occurs only as a coefficient 
a’*~¢ while all other parameters in the equation repre- 
sent macroscopic properties of the medium or defect. 
When n<3, the continuum limit a—0 gives an infinite 
interaction energy at all separation distances between 
sources. On the other hand, when m>3 the interaction 
vanishes identically in the limit. Hence, if one were to 
take pair theory of nucleon forces seriously, one would 
have to conclude that only a three-dimensional universe 
could contain condensations of nucleons as we know 
them in atomic nuclei. 

The continuum theory of the interaction of point 
defects in solids has been discussed by Eshelby.” 


APPENDIX I. THE MATRICES A AND B OF EQ. (5.33) 
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Elastic Constants of Indium Antimonide* 
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Chicago Midway Laboratories, Chicago, Illinois 
(Received October 13, 1955) 


By means of ar acoustical method, the elastic constants of this compound were measured. At room 
temperature they are: Cy: = (6.60.3) X10", Cio= (3.80.2) X10", Cyg= (3.00.1) X 10" dynes/cm?. 





HE elastic constants of indium antimonide at 
room temperature have been evaluated from 
measured velocities of sound. The acoustic measure- 
ments are based on the general method introduced by 
Huntington'; the apparatus was that previously em- 
ployed by Lazarus.? Quartz transducers were cemented 
on the appropriate crystal faces by using phenyl 
salicylate, and 12-Mc/sec pulses of 4 microseconds 
duration were applied to the crystal. 

Two large single crystals of high-purity InSb were 
used. Parallel faces were ground on crystal A in the 110 
and 111 directions and on crystal B in the 010 direction. 
Thicknesses in the 110, 111, and 010 directions are 2.33, 
2.81, and 1.59 cm respectively. Crystallographic orienta- 
tions are accurate to within +1°. A density of 5.78 g/cc, 
determined from the lattice constant of the zinc-blende- 
type structure of InSb,’ is used in the calculations. The 
values of the elastic constants and velocities are listed in 
Table I. Seven velocities are measured to determine the 


*This work was supported in full by the U. S. Air Force 
through the Office of Scientific Research of the Air Research and 
Development Command. 

1H. B. Huntington, Phys. Rev. 72, 321 (1947). 

2D. Lazarus, Phys. Rev. 76, 545 (1949). 

3 A. Iandelli, Gazz. chim. ital. 71, 58 (1941). 


three independent elastic constants and to provide four 
internal checks. In measuring the transit time, only a 
small number of echoes were usable; this circumstance 
limited the accuracy with which the velocity of sound 
could be determined. 


TABLE I. Elastic constants and sound velocities for indium 
antimonide at room temperature. 








Elastic constants (dynes/cm?) 
Cu=(6.640.3)X10" Cy=(3.840.2)X10" Cy=(3.040.1X 10" 


Velocities of sound waves (cm/sec) 


Direction of 
propagation 
Polarization 
\ 


direction 











[010] 
3.39X 105 


2.29X 108 


[110] 
3.80 105 


2.26X 105 
1.61 10° 


C111] 
3.88 X 105 





Longitudinal 


Transverse [001 
110 


1.84X 105 








The authors wish to express their gratitude to Dr. S. 
W. Kurnick for his helpful suggestions and guidance; to 
Professor A. W. Lawson for the use of the equipment, 
and to H. Hu for determining crystal orientations. 
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Spectral Distribution of Photoconductivity 
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(Received November 28, 1955) 


A theoretical analysis of the shape of photoconductivity spectral distribution curves is presented, based 
upon the effects of surface and volume recombination of the charge carriers liberated by the light. Repre- 
sentative curves of photoconductivity vs absorption are computed and compared with experimental obser- 
vations. As an application of this analysis, experimental data for antimony sulfide are compared with a 
theoretical curve, and the difference is found to be resolvable into two bands representing nonphotocon- 


ductive transitions. 





INTRODUCTION 


HOTOCONDUCTIVE materials generally exhibit 
spectral distribution curves having a more or less 
sharp peak in the vicinity of the absorption edge. 
Characteristically, as one proceeds from the low-energy 
(long-wavelength) to the high-energy (short-wave- 
length) side of the absorption edge, the photoconductive 
response starts from zero, rises rapidly as the absorption 
edge is reached, goes through a maximum at some 
moderate value of absorption, falls again while the 
absorption coefficient is still rising, and usually appears 
to approach some asymptotic value greater than zero. 
This behavior is rather remarkable, since one would 
expect a priori that each absorbed photon would 
generate a pair of charge carriers and hence that the 
photoconductive response should have risen to a maxi- 
mum value, corresponding to absorption of substantially 
all of the incident radiation, with no decrease for higher 
values of absorption coefficient. 

It has been customary to explain the peak in the 
photoconductive response by asserting that for high 
values of absorption coefficient the radiation is all 
absorbed in a comparatively thin layer near the surface 
and that the high density of carriers in this region 
leads to more rapid recombination and hence to a 
reduced equilibrium concentration. This explanation, 
however, is completely invalidated by the observation, 
found in substantially all cases, that the photocurrent 
in all spectral regions is proportional to light intensity, 
at least for small intensities, while the peak in the 
spectral response curve remains. If the recombination 
of carriers were more rapid in the high-absorption 
region because of the high carrier density, the photo- 
conductive current would have to approach propor- 
tionality to the square root of the light intensity in 
this region. 

In the case of very thin layers of photoconductors, 
as, for example, in the case of evaporated films, the 
peak of the spectral response curve is found to be 
greatly broadened and the drop in the high-energy 
region is much less than is observed for thick speciments. 

It is proposed that the spectral response curve may 
be explained by taking into account the recombination 
of carriers at the surface of the photoconductors. Thus, 


if the surface recombination rate is high, compared 
with that in the volume of the photoconductor, the 
equilibrium concentration of charge carriers will be less 
when these are generated close to the surface (high- 
absorption region) that when they are distributed 
through the body of the material (lower absorption). 


ANALYSIS OF THE PROBLEM 


For simplicity, consider the photoconductor to have 
the form of a large sheet with thickness / (Fig. 1). Let 
it be illuminated on one face by radiation having 
intensity J (photons/second). At each point through 
the specimen, the density of charge carriers is n(x), and 
these charge carriers will diffuse in the positive or 
negative x direction because of the gradient of this 
density. It is assumed that the carrier pairs will undergo 
recombination in the volume of the material at a rate 
corresponding to a volume lifetime r and further that 
they will recombine at the surface at a rate which may 
be represented by a surface recombination velocity S. 
The carrier pairs are being continuously generated at 
each point in the volume at a rate proportional to the 
intensity of the radiation at that point. 

In a region at distance x from the surface on which 
radiation is incident, the rate of generation of carrier 
pairs is dn/dt= Ae~**, where a is the absorption coeffi- 
cient. To evaluate A, assuming that every photon 
absorbed creates a carrier pair, it is noted that for an 
infinitely thick specimen the number of pairs generated 
would be equal to the number of photons incident. 


a 


i A 
=f Ac “dx=—, ie, A=Ta. 
0 


The carrier pairs leaving the region by diffusion will 
decrease the carrier density according to the equation 
dn/di= —di/dx, where i= ndx/dt is the carrier current. 
The carrier pairs disappearing by recombination will 
be represented by dn/di= —n/r, where r is the volume 
recombination lifetime. Combining, we obtain an 
equation of continuity: 


dn(x) di n 
= ——+Jae~**—-., (1) 
dt dx T 
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For steady-state conditions, dn/dt=0, and 
di/dx=Tae~**—n/r. 


For the diffusion carrier current, we have i= — Ddn/ 
dx, where D is the diffusion constant. Differentiating 
and substituting, 

dn n Ia 


—$ = —— — 8, 


dx? Dr D 
For convenience, let 1/Dr=? and Ia/D=y. 
@n/dx? = B'n—ye~=*. 


This equation has the general solution 


y 
dee (2) 
B’—a? 


Boundary conditions are determined by the assump- 
tion that recombination occurs at each surface at a rate 
which may be represented by a recombination current 
izg=n,S, where n, is the pair density at the surface and 
S is the surface recombination velocity. Thus, at the 
first surface, (iz)o= —D(dn/dx),..0= —moS, and at the 
second surface, (iz);= —D(dn/dx),-.=m,S. Substitut- 
ing these in Eq. (2) and solving for the constants B 
and C, we obtain 


n= Be~$=+-Cees+- ( 





(S—aD) eae ener) 
(DB—S)¥e-*!— (DB+S)%e* 





(S—aD) (D8+S)e-*!+ (S+aD) a] 
(DB—S)*e-#'— (DB-+S)*e*! 


We assume that the increase in conductivity caused 
by the radiation is proportional to V, the total number 
of carrier pairs: 


: 1 
N= f n(e)dem(B.- Bl) 4+-C (¢e8!—1)} 


Y 
+ (1- 
a(S?—a?) 


jug 


[Site +aD(1—e*)] 
[Dé sinhgl+S (coshél—1)] | 


(D*6*+-S?) sinh8l+2D8S coshsl) 
y (i-e@ 1[8(1+e-)+aD(1—e*")] 
8  DB+Scoth(4sl) | 








Fic. 1. Schematic 
arrangement. 








Replacing the values of 8 and y, 
rl 





ee 3) 
14+5(r/D)' coth{I/2(Dr)*] | 


It is convenient to make use of the following dimen- 
sionless parameters : 


1/(Dr)*=\(~ thickness of photoconductor), 
a(Dr)4=¢(~ absorption coefficient), 


S(r/D)'=t(~ ratio of surface to 


volume recombination rates). 
Hence, al=d¢. Then 


or Eee a) 
1+£ coth(4) 


Letting Z=A{=al, and expressing the photoconduc- 
tivity in the form P= N/Ir, 


N 1 
ae \*(1—e-2) 


en 
Ir \?-—Z? 
sete sae 
1+£ coth($Z) 


j= 
1— 2 





rl 
| (1—e™) 
t 





1-—¢-7 
~ 1+£ coth (a) 
te coth($\)— AZ a in 
—Z? 





i-e* 
~ 14£ coth(}a) 
me | AD coth(4$A) —Z coth($Z) ] 
—Z? 


It is of interest to examine several limiting cases. 





; (5) 
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\ 
‘ 
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Fic. 2. Photoconductivity-absorption curve, \= 1, §=0.01 to 100. 


1. Small absorption. a—0. Therefore Z—-0. Hence 
1—¢-2-Z, Z coth($Z)-—>2. Then 


Zz 1 PhO eoth (Gn) 2 


p-— + —0 as Z—0. 
1+£ coth(3a) ? 





This result is essentially trivial; if light is not absorbed, 
then there can be no conductivity. 

2. Large absorption. a. Therefore Z— , «2 
0, coth (4Z)—>1. Then 


1 £\(Z—A coth(}A) 
+ — 


P—> 
1+£ coth($d) FA 





1 
1+£ coth(3A) 


The photoconductive response approaches a constant 
value. 

3. Surface recombination negligible compared with 
volume recombination. L.e., S&D/r or &1. Then 


(A coth($A)—Z coth($Z 
Polt—e8) san (A coth(3A)—Z coth (32) i 





(i—e-7). 


\ 
2 
\ 


\ 


za 


Fic. 3. Photoconductivity-absorption curve, 
A= 100, §=0.01 to 100. 
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Fic. 4. Photoconductivity-absorption curve, 
A= 10000, €=0.01 to 100. 


Here P increases monotonically from 0 for small a to 1 
for large a. There is no peak in the photoconductivity 
curve. 

4. Surface recombination large compared with vol- 
ume recombination. £>1. Then 


_, 84 coth(A)—Z coth(4Z) 
NZ? 


ie" 
P= is 
€ coth(3A) 


This approaches 0 as a—0 and approaches 1/¢ coth(3A) 
for large a. For intermediate values of a, there is a 
peak which may be approximated as follows: For \ and 
Z greater than about 3, coth($A) and coth($Z) both 
approach unity. Then 


(1—e-7) fA\(A—Z))  1-e7 
canecieee 
é w-2) ¢ 
This quantity has a maximum given by dP/dZ=0; i.e., 
EX(A+Z)e-4—EA(1—e-7) 
(A+Z)? 


which reduces to e7=1+A+Z for (A+Z)*<éA. For 
A=3, 10, 100, and 1000, this equation gives Zmax= 1.75, 
2.61, 4.7, and 6.9, respectively. For this case there will 
be a peak in the photoconductivity response corre- 
sponding to small values of Z. 
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Fic. 5. Photoconductivity-absorption curve, §+0.001, 420.1. 





SPECTRAL DISTRIBUTION 


TaBLe I. Values of P./P,=ratio of photoconductivity at high 
absorption coefficient to peak photoconductivity. 
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5. Small sample thickness. \-0. Then 


i-—¢7 A(2—Z coth(4 r 
i 14 MO-Z coth (42) Hace 





P= + 

2(&/n) a 
As in the case of small surface recombination velocity, 
there is a monotonic increase in P from small to large a, 
but the magnitude of the photoresponse is also small 
and proportional to the sample thickness. 

For the general case, the equation for photoconduc- 
tivity response was evaluated numerically. For con- 
venience in computation, Eq. (5) may be modified to 
give 


N 2 
Pp=—= 

Ir [1+coth($Z) ][1+¢€ coth(4d) ] 
1 GLEN) coth 4A) — (42) coth(4Z)] 
(A) (42)? | 








The spectral response curves have been computed 
over a wide range of parameters. Specifically, the 
ranges considered are: 


Thickness of photoconductor: 

1=10~* cm to 107 cm. 
Diffusion constant: © D=10~' cm?/sec to 10 cm?*/sec. 
Volume recombination time: 

7=10-" sec to 10-5 sec. 
Surface recombination velocity: 

S= 10? cm/sec to 104 cm/sec. 


Corresponding to various possible combinations of 
these values, the dimensionless parameters have the 
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Fic. 6. Photoconductivity-absorption curve, 
§=0.1, A=0.1 to 10 000. 
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Fic. 7. Photoconductivity-absorption curve, 
£=10, A=0.1 to 100 000. 


following ranges: 


A=10~ to 10°, £=10~ to 10°. 


In order to exhibit the forms of the computed 
photoconductivity curves, each curve was normalized 
to a value of 1.000 at its peak. 

Figures 2 to 7 show the manner in which the photo- 
ductivity curves vary with recombination rate (£) for 
fixed sample thickness (A) and the variation with 
thickness for given recombination rate. The abscissas 
of the curves are Z={A=al and the curves, representing 
photoconductive response as a function of absorption 
coefficient, are equivalent to spectral curves of photo- 
conductivity. They differ in shape from such curves, 
as normally presented, with either wavelength or 
photon energy as abscissa, in being greatly stretched 
out beyond the absorption edge. This stretching in the 
horizontal direction occurs because after the absorption 
edge is reached, the absorption coefficient changes very 


PARAMETRIC REPRESENTATION OF 
CURVE SHAPE 


Pe, /P, 


Po, /p 


Pao /p +0.900 


Pen /p 90.990 


Poe/y. 20.999 


1o 0 100 1000 10,000 
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Fic. 8. Contour representation of ratio of asymptotic to peak 
values of photoconductivity as function of ¢ and X. 
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rapidly for small change in wavelength or photon 
energy. For convenient reference, the optical trans- 
mission is also plotted (T=¢~*"). 

Characteristically, each curve approaches an asymp- 
totic value of photoconductive response for large values 
of absorption coefficient, and perhaps the most con- 
spicuous distinguishing feature of a curve is the ratio of 
this asymptotic response to the peak response. Table I 
gives the values of these ratios for the ranges of \ and 
used herein. It is notable that, for small values of \ and 
& (small thickness, small surface recombination), this 
ratio is practically unity, and no peak exists. For large 
values of \ and/or large values of £, there is a peak, 
which becomes more pronounced very rapidly in the 
case of increasing — and more slowly for increasing }, 
with the peak shape becoming constant for large values 
of X. Figure 8 shows a contour map of the asymptote- 
to-peak ratio as a function of £ and A. 


COMPARISON WITH EXPERIMENTAL RESULTS 


Detailed comparison of the predictions of this theory 
with experiment is rather difficult, in view of the 
meager data on absorption on the short-wavelength 
side of the absorption edge. The general shapes of 
observed photoconductivity spectral distribution curves 
are in reasonable agreement with those predicted by 
this theory, when due account is taken of the non- 
uniform variation of absorption coefficient through the 
spectrum. 

One general observation that has been made is that 
photoconductivity curves obtained for thick specimens 
(of the order of magnitude of 1 mm or greater) invari- 
ably show a peaked form, with a tendency to approach 
an asymptotic value in the high-absorption region. On 
the other hand, thin films of the same materials (thick- 
ness in the micron range) show either no peak or a very 
broad peak with small drop in the high-absorption 
region. These characteristics are in good agreement 
with this theory. 

On the low-absorption (long-wavelength) side of the 
peak, experimental curves generally show less photo- 
conductive response, corresponding to a given absorp- 
tion coefficient, than would be expected from this 


PHOTOCONODUCTIVITY 


ABSORPTION COEFFICIENT 


Fic. 9. Photoconductivity-absorption curves for antimony sulfide. 
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theory. The situation is exemplified by the experimental 
curve for a crystal of antimony sulfide (Sb2S;),! shown 
in Fig. 9, together with the theoretical curve (for 
= 1000, £=1) which seemed most nearly to match the 
location of the peak and the ratio of peak height to 
asymptotic value at large a. The disparity apparently 
arises from the assumption that every photon absorbed 
creates a pair of charge carriers—i.e., the assumption 
that only band-to-band transitions occur. However, 
it is substantially never true that photoconductors are 
of such purity and perfection that no other type of 
transition can occur. Absorption in the long-wavelength 
tail may arise from a variety of electronic transitions, 
not all of which are of such nature that they give rise 
to photoconductivity. 

This divergence between experimental data and 
theoretical predictions may be utilized to obtain infor- 
mation concerning electronic transitions, occurring in 


hy 


Fic. 10. Low-energy tail of absorption curve for antimony 
sulfide. a—experimental absorption curve; Aa—difference between 
experimental and theoretical curves; A:—first absorption band; 
— ifference between Aa and A; curves; A2—second absorption 
band. 


the long-wavelength tail, which do not give rise to 
photoconductivity. Such an analysis was carried 
through for the Sb2S; data. By subtracting the absorp- 
tion values of the theoretical curves from the corre- 
sponding experimental values, a curve for “excess” 
absorption is obtained. Figure 10 shows the tail of the 
experimental absorption curve and the corresponding 
curve of excess absorption. This excess-absorption 
curve was then resolved into absorption bands, assumed 
to have Gaussian form, and these bands are also shown 
in Fig. 10. No great accuracy is claimed for the second 
absorption band, since the absorption data in the 
neighborhood of hy=1.6 ev, corresponding to very low 
light transmission by the samples available, have 
considerable uncertainty. 

Applying Smakula’s? formula to the absorption bands, 


! This crystal was prepared by E. L. Lind. 
2See F. Seitz, Modern Theory of Solids (McGraw Hill Book 
Company, New York, 1940), p. 664. 








SPECTRAL DISTRIBUTION 


we obtain values for densities of impurities responsible 
for these two bands. The calculated values are about 
8X10'* cm and 3X10'* cm™, respectively. These 
results are plausible values. 
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APPENDIX 


The technique of resolving the absorption curve into 
absorption bands having Gaussian form may be of 
interest. The absorption band has the equation a 
=A exp[—k(hy—hy)*]. For convenience of compu- 
tation, we use logarithms to the base 10: loga=logA 
~~ K (hv—hy)?. 

The problem is then that of determining the constants 
A, K, hyo, such that this curve will fit as well as possible 
to the experimental curve. A number of experimental 
points a,(hv,) are selected. The assumption is made 
that the first of these, a; (hv;), lies on the Gaussian, and 
the fit of the others is checked. Writing loga,=logA 
—K(hv,—hvo)® and loga:=logA—K(hv;—hy)’, and 
subtracting, we find 


logan— loge; = — K (hv,—hv;) (hv, +hvi—2hv). 
Define 


logan— loge 


= —K (hv, t+hv,—2hv). 


2n,1= 
hv,—hy, 


OF PHOTOCONDUCTIVITY 


Fic. 11. Plot of 7 
Z= (logan—loga:)/ 
(hyn— hv) 
vs (hyn t+hn). 
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If, now, 2, is plotted on a linear scale against (hy, +hy), 
a straight line should be obtained. Its zero intercept 
will be 2hv» and its slope will be — K. 

The computation of z, is repeated with each of the 
selected points in turn being assumed to lie on the 
curve and a plot will be obtained similar to that shown 
in Fig. 11. It is seen that a straight line can be found 
which fits well to most of the points. Those points 
departing widely from the line are associated with 
experimental points which do not fall on the curve 
sought. From the line so determined, mean values of K 
and hyo are found. These are then substituted in the 
equation logA =loga,+K(hv,—hvo)? for each of the 
experimental points and the mean of the values of 
logA is found. 

Having determined a first absorption band in this 
fashion, it is plotted together with the experimental 
absorption curve and subtracted, point-by-point, from 
the experimental curve to give a residual which may 
then be analyzed in the same manner for further 
absorption bands. 
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Susceptibility and Entropy of F-Centers in Alkali Halides below 1°K* 
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The entropy and the paramagnetic susceptibility of F-centers in alkali halides below 1°K for alkali 
nuclei with spin $ have been computed using the model of Kip et al. in which the predominant perturbation 
of the electron in the F-center is the magnetic interaction with the neighbor alkali nuclei. The lower limits 
of temperature possible by magnetic cooling of such systems are set forth and considerations are given as 
to the practical possibility of such cooling of F-center assemblies. 





1, INTRODUCTION 


HE experiments of Heer and Rauch! showed that 
the paramagnetic susceptibility of F-centers in 
additively colored KCl obeyed Curie’s law down to 1°K. 
In view of the fact that F-centers present a system the 
number density of which can be readily varied or 
selected in the range 10" centers/cm* and lower, it was 
considered that they might present an interesting 
substance for magnetic cooling in that the dipole- 
dipole interactions could be made arbitrarily small. 
We have calculated therefore some of the properties at 
very low temperatures of F-centers in alkali halides, 
e.g., the entropy and susceptibility, and have used the 
model proposed by Kip e¢ al.’ in which the predominant 
perturbation for the electron in the F-center is the 
magnetic interaction with the six neighboring alkali 
nuclei. It is shown that this hyperfine interaction 
imposes the lowest limit on the final temperatures 
possibly obtainable by adiabatic demagnetization of 
F-centers in alkali halides, and numerical evaluations 
are given for these limits. In making the computations 
we have limited ourselves to alkali nuclei with spin $ 
which is the value of J for the majority, and we have 
neglected for preliminary simplicity other hyperfine 
interactions, such as for example magnetic interaction 
of the F-center with neighboring halide nuclei and 
quadrupole interactions, which clearly must play some 
role, particularly for alkali halides containing Br or I. 
It is concluded that measurements of the thermal 
and paramagnetic properties below 1°K of these sys- 
tems would provide an additional method of assessing 
the validity of the theoretical model, complementary 
to the microwave magnetic resonance method already 
employed. 


2. COMPUTATION OF THE ENTROPY AND 
SUSCEPTIBILITY 


Following the suggestion of Kip ef al.,? the Hamil- 
tonian for the system consisting of an F-center electron 
and its six nearest neighboring alkali nuclei in an 
external magnetic field H along the z-axis will be 


* This research was partly supported by the U. S. Air Force 
through the Office of Scientific Research. 

1C. V. Heer and C. Rauch, Phys. Rev. 90, 530 (1953). 

* Kip, Kittel, Levy, and Portis, Phys. Rev. 91, 1066 (1953). 
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written as 


H= FAS: I—}guoHS,. (1) 


Here I=> I; is the sum of the angular momenta of 
the six alkali nuclei in units of #/2, S is the angular 
momentum of the electron in the same units, A is the 
constant of hyperfine structure coupling of a free alkali 
atom and 3%’ is the ratio of the probability density of 
the electron in an F-center to that of the valency 
electron in the free atom at an alkali nucleus; ¢’ is of 
the order of magnitude unity, as has been shown by 
Kip et al. g and yo are the electronic splitting factor 
and Bohr magneton, respectively. 
In terms of the sum over states, Z, 


Z=L,exp(—E,/kT), 
the entropy S and the susceptibility x are given by 
S(T,H)/k=\nZ+Toa 1nZ/dT, (3) 
x(T) =kT (0 InZ/dH") 10. (4) 


The coupling constant for the interaction between 
electron and the nuclei will be eliminated by defining 
a reduced temperature, 7*, and a reduced magnetic 
field, H*, as 


T*=T/T., 


(2) 


H* 5 suo /2kT.., (Sa) 


where the coupling is characterized by a temperature 
T, and an energy E, defined by 


E.=kT,=#A/3. 
Furthermore, we will write: 


y= H*/T*= guoH /2kT. 


(Sb) 


In the calculation of S(T, H=0) the second term in 
(1) is absent and in the calculation of x(7) it may be 
treated as a small perturbation of which only contri- 
butions up to the second order are of interest. The first 
term of (1) represents the cosine coupling between two 
vectors. Its eigenfunctions and eigenvalues can be 
expressed in terms of the nuclear states with well defined 
values of (I-I) and J,. Restricting ourselves to nuclei 
with spin $ (ie., Li’, Na¥, K®, K“, Rb®’), the eigen- 
values of these operators are #*®K(K+1) and 
hM (M=K, K-—1,---—K), respectively, where K takes 
the values 9, 8, 7---1, 0. Let the corresponding states 
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be ¢x,-“; r lables the mutually orthogonal sets with 
the same K which exist owing to permutations of the 
nuclei. The number g(K) of such sets for a given K is: 


Bee 8 .t...6.+5:..4 3 2H grag 
g(K)=1 5 15 35 64 96 120 120 90 34 


The normalized eigenfunctions of (1) for H=0, in which 
the electronic and resulting nuclear spins are parallel 
and antiparallel, respectively, are as follows: 


K+M+1\! 
i 
2K+1 
K-—M 
(4) pny 
2K+1 
eigenvalue Ex, .°= 
K-M\? 
ee 
2K+1 
K+M+1\! 
pas (——) ox, Hn, 
2K+1 
eigenvalue Ex °=—(K+1)E,. (6b) 


The nonvanishing matrix elements of the perturbation 
by the magnetic field are, for any values of r, 


Sey, MH= ( 


KE,, (6a) 


2M+1 
(—E.H*S:) x3, xayth MH +-——E.H*, 
2K+1 


(-— E.H*S,) K+4, xy M+ 

2[ (K+M+1)(K—M)}}! 

K \K-M} 
2K+1 


The first- and second-order perturbations of the energy 
are, therefore, 





2M+1 
Ex, ua =*E,H*—— 
2K+1° 
(8) 


Ex, u,4°=+E.H* (K+M+1)(K-—M). 


(2K+1)° 
With these results, valid for H*1, the sum over states 
takes the form, 


K 


—K 
Z(T*,H*)= Esk) e(— —) x 


M=—K-1 


2M+1 
exp| 
2K+1 


—_— (K+M-+1)(K- uyyt*| 


2) 5 


(K+M+)(K—MyyT*]. 


~ QK+1) 
2M+1 


5 aR | 


+ 2 8(K) exp( 2K+1 


+——-—-- ~ 
(2K+1)° 


For H*=0 we obtain 


3 g(K) 


K=1 


2K+1 2K+1 
)-simn(——)], (10) 
5 as 2T* 


from which the entropy can be calculated. The suscepti- 
bility is 


Z(T*,0) =2g(0)+2 on(— 


x| (2x-+1 cosh( 


9 g(K) 
kT.T* | 60)+ > 2K+1 


K+1)(2K+3 oa 
x| +1)( +3) e(—) 


+K(2K—1) = 7) 


16 


m()-oo =) 


Numerical evaluations of the entropy and the sus- 
ceptibility as a function of 7* are given in Table I and 
Figs. 1 and 2. 

It will be seen in Fig. 1 that the entropy, S, per unit 
F center asymptotically approaches 13k In2 for T>T.. 
This is because each of the six alkali ions surrounding 
the F center has spin entropy of & In(27+1) for com- 
pletely disordered spins and, having assumed above 
that J= $ throughout, we get for all ions an amount 
6Xk In4= 12k In2. The remaining & In2 gives the elec- 
tron contribution. 

It will also be noted, as would be expected, that S 
begins to decrease markedly from the value 13k In2 


TABLE I. Numerical values of the entropy S(7*,0)/k and the 
susceptibility x* as a function of the reduced temperature 7* for 
the F-center model as computed from Eqs. (3), (10), and (11). 








4kTe 


* wy (T*)- 
xeax(™) (Fs 


3.06 
1.56 
0.97 
0.67 
0.53 
0.39 
0.29 
0.27 
0.24 
0.21 
0.17 
0.10 
0.05 
0.01 


S(T*,0)/k 


2.89 
3.07 
3.81 
4.86 
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Fic. 1. be entropy 4 Me per F-center as a function of 
the reduced ture 7*. The maximum value is 13 In2, the 
minimum Int. The latter value corresponds to a total in=8} 
(#X6 for the six nearest neighbor alkali nuclei —4 for the elec- 
tronic spin). 


when T becomes approximately equal to T,. It must 
be clearly remembered that this entropy computation 
reflects only the effect of the magnetic hyperfine 
interaction between the F-center and its nearest 
neighboring alkali nuclei (provided only that these 
have J=$). No attempt has been made in this pre- 
liminary work to take account of other hyperfine inter- 
actions, which can occur, namely (a) the coupling 
between the F-center and the nearest neighboring halide 
nuclei, (b) the coupling between the F-center and next 
nearest neighbor alkali nuclei and (c) quadrupole inter- 
actions. The experiments of Kip ef a/.? on the para- 
magnetic resonance of F-centers in KCI crystals indicate 
that (a) and (b) are relatively small for this substance. 
For other alkali halides with Br and I the interactions 
(a) may become of considerable importance relative to 
that between F-center and its surrounding alkali nuclei; 
and it would be expected that, because of the large 
quadrupole moments in Br and I, interaction (c) would 
also be significant. Kip et al. had already made signifi- 
cant progress in the experimental evaluation of inter- 
action (a) from their F-center magnetic resonance 
measurements. 


3. APPROXIMATIONS FOR S, x(T), AND C, 


Approximate expressions for the entropy S, the 
susceptibility x(7), and the magnetic specific heat C,, 
valid for T*>>1 can be obtained by power series 
expansion. We find 

Z reo)=24|1 


a a 
+——+— +. | (12) 
27 


6T* 
and 





x(T*)= (13) 


RT, PL ore ore 
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where 
a=) g(K)K(K+1)(2K+1)/& g(K)(2K+1)=45/2. 
Therefore, for 7*>>1, 


4571 2 
S(T*,0)/k=13 In2——| —+ +] (14) 


47° 37° 


(3guo)* ': = 
$6 ret 


T*) = 
x(T*) ans pid 


kT.T* 
457 1 1 

situ 
2 


where the quantities are all per unit F-center. 
Unfortunately the foregoing series are not very 
rapidly convergent. The use of Eq. (16) is therefore 
limited to values of 7* greater then about 10. 
For 7*<0.5, x(7*) can be written with less than 


1% error as 
24 
(3guo)? 1 -(- 40, ur). 


x(T*)= 
sae 

4. PROPERTIES OF F-CENTERS FOR MAGNETIC 

COOLING 


. Jemu/ cm!, (15) 


(17) 


The maximum number of F-centers that can be 
conveniently produced in alkali-halides by additive 
coloration? is about 10” per cm*. Splitting of the 
magnetic sublevels due to dipole-dipole interaction 
between the F-centers themselves would be expected to 




















Fic. 2. The reciprocal of the reduced electronic paramagnetic 
susceptibility 1/x*=[1/x(7*)](g*uc?/4kT.) as a ey of the 
reduced temperature, 7*. The broken curve e Curie law 
valid for high temperatures, namely x(7*)= Est (4kT.T*). 


3 F. Seitz, Revs. Modern Phys. 18, 384 (1946); 26, 7 (1954). 
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occur at temperatures T4i, equal to or less than 
guc?/kr’~3X10-°°K where r is the average distance 
between F-centers. Such temperatures, Tip are much 
lower than those (7.) characterizing the hyperfine 
energy as can be seen in Table II. Table II specifies the 
known values of the nuclear spins, magnetic moments, 
and quadrupole moments of the alkali and halide nuclei 
together with the observed hfs coupling constant A for 
the free atom. The values of T./¢’ characterizing the 
hyperfine structure for F-centers due to coupling with 
the nearest neighbor alkali nuclei, as defined by Eq. 
(Sb), are computed from the free-atom values of A. 
The lowest temperatures, therefore, which could be 
reached by magnetic cooling techniques using F-centers 
as the paramagnetic working substance would be deter- 
mined by the hyperfine coupling rather than dipole- 
dipole interaction. If the major hyperfine coupling is 


TaBLe II. Pertinent data for nuclei of alkali-halides with 
evaluation of the characteristic hyperfine coupling temperature, 
T., in terms of the parameter ¢’.* 








T./¢’ 
milli- 
degrees 
absolute 


Natural 
abundance 
(percent) 


73 
nuclear Q A 
magnetons (1@-%4 cm?) em~! 





2.04 
6.36 
14.16 


1 7.52 0.0005 6.0038 
3/2 92.47 : (0.02) 0.0133 
3/2 100 3 0.0296 
3/2 93.08 0.0077 

4 0.012 0.0214 
3/2 6.91 0.0042 
5/2 72.15 0.0506 
3/2 27.85 0.114 
7/2 100 0.153 


1/2 100 
3/2 «75.4 
3/2 24.6 
3/2 50.52 
3/2 49.48 


5/2 100 +2.81 








* Data for this table have been taken from: Experimental Nuclear 
Physics, edited by E. Segré (John Wiley and Sons, New York, 1953), 
Vol. 1, p. 434 (part by N. F. Ramsey) and p. 682 (part by K. T. Bainbridge); 
also ? J. B. M. Kellogg and S. Millman, Revs. Modern Phys. 18, 323 
(1946). 


the magnetic interaction with the nearest neighbor 
alkali nuclei, then the entropy determinations of Sec. 2 
above may be used to estimate the lowest temperatures 
available by magnetic cooling, as follows: first the 
entropy changes that can be produced during the initial 
high temperature isothermal magnetizations in strong 
magnetic fields (7*>>1, H*>>1) can be calculated by 


considering the first term in (1) as a perturbation on 
the second term. The eigenfunctions of —}guoHS, 
which have at the same time a well-defined value of 
(I-T) and J, are 


Vx4,.%=oKn,-"§, Ve,“ = oR, 2". (18) 


The energy’ of the second order in the perturbation is 


1 
aa FF (eM ETM+ 1)/ 2". (19) 


Inserting this into (2) and expanding for T*>1, we 
obtain 


15 
Z(T*,y)= 24 (14+ tee ) coshy 
4T* 


15 
(St) sate} 0 
2yT* 
and from this we get 


S(T*,y)/k=13 In2+1n coshy—y tanhy 
15 
———(1+2/cosh*y)+:+-, (21) 
4T*® 


where the second and third terms on the righ-hand side 
represent the usual Brillouin function for the electronic 
entropy for spin } and the fourth term shows the effect 
of the hyperfine structure. 

Now if the initial temperature 7; of isothermal 
magnetization be taken as 1°K, terms in 1/7 in Eq. 
(21) can be neglected. (From Table II, 1/7”’=T?2/T? 
5X 10- even for Cs halides for T;~1°K.) At T;~1°K 
therefore, using readily available magnetic fields, only 
the electronic entropy can be removed by isothermal 
magnetization and that in general only partially. If, 
however, one assumes that at 7; the magnetization 
produces an entropy change per F-center of k In2 (this 
would require fields of about 40 to 50 kilogauss), then 
from our evaluations given in Table I and Fig. 1, it is 
found that subsequent adiabatic demagnetization would 
produce temperatures, 7;*, of about 3. 

At this value of T,*, the specific heat per mole of 
F-centers would be 1.6 cal/mole-deg. In order to reach 
the more favorable region of large specific heat, where 
T;*~1, initial temperatures 7,* about equal to 2 would 
be necessary. 
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Polarized Absorption and Fluorescence Spectra of Crystalline Anthracene at 4°K: 
Spectral Evidence for Trapped Excitons* 
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(Received December 14, 1955) 


The long-wavelength absorption and fluorescence spectra of anthracene crystal have been examined in 
the ab (cleavage) plane at 4°K. The spectra are compared with those reported previously, and are related 
to the spectra of the solid solution. The spectra of the crystal and the mechanism of the fluorescence process 
are interpreted in terms of Frenkel’s theory of free and trapped excitons. The relative shift of the electronic 
transition in the vapor, mixed crystal, and pure crystal is related to the possibility of detecting trapped ex- 


citon states in molecular crystals. 





I. INTRODUCTION 


HE absorption and fluorescence spectra of crys- 
talline anthracene have been extensively studied 
by many workers. Obreimov and Prikhotjko' have 
measured the absorption spectra of crystalline anthra- 
cene at 20°K, and Obreimov, Prikhotjko, and Sha- 
baldas*? have measured the fluorescence spectra of 
crystalline anthracene at 20°K. More recently, Pesteil 
and Barbaron® have measured the fluorescence of crys- 
talline anthracene at 14°K. In a series of papers, Craig 
and co-workers* have discussed the absorption spectra 
of anthracene crystals. 

In spite of the large number of investigations, the 
exact relation between the absorption and fluorescence 
spectra of crystalline anthracene has not been satis- 
factorily explained. Recently, Sidman’ has studied the 
absorption and fluorescence spectra of anthracene in 
mixed crystals in naphthalene and phenanthrene at 
20°K. In the present investigation, the spectra of the 
crystal are compared with the spectra of the mixed 
crystalline solid solution, and the electronic structure 
of the crystal is discussed in relation to the absorption 
and fluorescence spectra. 


II. EXPERIMENTAL 


The spectrograph was a 3-meter Hilger quartz prism 
instrument with a Littrow prism mounting. A Wollaston 
prism placed 18 cm behind the slit of the spectrograph 
gave two separate plane-polarized images of the slit in 
the focal plane. A Hartmann diaphragm and a movable 
curtain in front of the focal plane made it possible to 
record separate iron arc spectra for each polarization 
direction without moving the plate or Wollaston prism. 


*This work was supported by the Office of Naval Research 
under a contract with the University of California. 

¢ Present address: Department of Chemistry, University of 
Rochester, Rochester, New York. 

1T. W. Obreimov and A. F. Prikhotjko, Physik Z. Sowjetunion 


9, 48 (1936) (in English). 
*QObreimov, Prikhotjko, and Shabaldas, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 6, 1062 (1936) (in Russian). 
* P. Pesteil and M. Barbaron, ees. radium 15, 92 (1954). 
‘D. P. Craig, J. Chem. Soc. 1955, 539. 
5D. P. Craig, J. Chem. Soc. 1955, 2302. 
* D. P. Craig and P. C. Hobbins, J. Chem. Soc. 1955, 2309. 
7J. W. Sidman, J. Chem. Phys. (to be published). 


96 


This eliminated any possible shift of the calibration 
spectrum relative to the absorption or fluorescence 
spectrum of the crystal. Other details of the spectro- 
graph have been described in a previous communication.® 

In this work, a single glass Dewar vessel with plane 
windows was used to hold liquid helium. A 700-cc 
charge of liquid helium lasted approximately ten min- 
utes, which was sufficient time to photograph several 
absorption and fluorescence spectra. The vessel was 
refilled when necessary, and the sample was always 
immersed in the refrigerant during the measurements. 

In order to grow anthracene crystals which were thin 
enough to show structure in the absorption spectrum, 
a sample of Eastman Kodak anthracene of the blue- 
violet fluorescence grade was melted between optically 
flat fused quartz disks and was allowed to solidify under 
pressure. Oriented areas of the desired thickness could 
be obtained by this procedure. The best crystals for 
spectroscopic investigation showed a gray-black first- 
order interference color when examined with a quartz 
wedge in white light between crossed Nicol prisms in 
the polarizing microscope. Optical examination of the 
crystal in converging monochromatic light from a 
sodium vapor lamp enabled the a and 5 axes to be 
identified in the ab (cleavage) plane.® The b axis is the 
crystallographic axis of symmetry. An oriented area 
which did not show cracks was masked off and mounted 
for spectroscopic investigation. The crystal was cooled 
above liquid nitrogen and then immersed directly into 
liquid nitrogen. It was then magnified approximately 
three times in length and was rotated between crossed 
Polaroid disks until either the a or } axis of the crystal 
was parallel to the slit. The crystal acted as its own 
polarizer, and the Wollaston prism produced two spec- 
tra, corresponding to the a and b polarizations in the 
ab plane of the crystal. Rotation of the crystal by 90° 
led to a reversal of a and 6 polarizations on the plate 
but did not cause any detectable change in the observed 
polarization properties of the absorption or fluorescence 
spectra, proving that the spectrograph was not pro- 


*D. S. McClure, J. Chem. Phys. 22, 1668 (1954). 
( ® _ Robertson, and Mathieson, Acta Cryst. 3, 245, 251 
1950). 
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ducing any polarization effects on the oppositely po- 
larized beams. 

A Hanovia high-pressure xenon arc and a tungsten 
strip filament lamp were used as light sources for 
studying the absorption spectra, and a General Electric 
Company AH-6 high-pressure mercury arc was used to 
excite the fluorescence. The filter combination used to 
remove the visible light from the source consisted of a 
Corning 9863 filter and a 2-cm path of a saturated 
aqueous solution of NiSO,-6H,O. The glass of the 
Dewar absorbs source light of wavelengths less than 
3200 A, so that the intense group of lines at 3650- 
3660 A was effective in exciting fluorescence. The 
crystal was not moved between measurements of ab- 
sorption and fluorescence spectra. A 50-micron slit was 
used to photograph the spectra. Absorption spectra 
could be recorded in one-half to three minutes, and 
fluorescence spectra in one to five minutes. 

The fluorescence spectra and the sharp structure in 
the absorption spectra were measured with a compara- 
tor, and wavelengths were calculated from a Hartmann 
dispersion formula which reproduced the wavelengths 
of the lines in the iron arc spectrum to 0.1 A. The 
centers of the lines were measured in all cases. The 
wavelengths of the broad maxima in the absorption 
spectra were measured from recording microdensitom- 
eter tracings of the plates.” 

The accuracy of the measurements of the spectra is 
limited by the sharpness and background. Some of the 
lines are quite sharp, and are reproducible to 2 or 3 
cm~!. The accuracy of most of the fluorescence and ab- 
sorption lines is less than this, and the broad absorption 
maxima are considered uncertain to +20 cm™. Many 
absorption and fluorescence lines are partially obscured 
by the broad and continuous absorption and fluores- 
cence background which is seen on the plates and in the 
tracings. 


III. RESULTS AND DISCUSSION 
A. Absorption Spectra 
1. The Strong Absorption 


Several absorption spectra of crystals of different 
thickness were recorded. The absorption spectrum is 
The author is grateful to Professor John Phillips of the 


Astronomy Department for allowing him to use the recording 
microdensitometer in this and other investigations. 
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quite complicated, and consists of at least two regions. 
In the a-axis polarization, the first detectable absorp- 
tion begins with a strong, broad peak centered at 
25 400+20 cm. This peak coincides within limit of 
error with the first absorption maximum at 25 380 cm™ 
reported by the Russian workers.'! Craig and Hobbins*® 
report the first peak at 25 350 cm~. The spectra from 
25 400 to 30000 cm™ are very similar in both the a 
and b polarizations. The over-all absorption strength is 
somewhat greater in the } polarization. The energy of 
the absorption maxima is the same in both the a and 6 
polarizations, within the limit of error of approximately 
20 cm~'. The dichroic splittings reported by Craig and 
Hobbins* are too small to be detected with certainty. 
The polarized absorption spectrum of the anthracene 
crystal at 4°K is shown in a microphotometer tracing 
in Fig. 1. The energies and vibrational analysis of this 
absorption transition are given in Table I. The general 
agreement between these measurements and the meas- 
urements of the Russian workers! is fairly satisfactory. 
Although the Russian workers report some sharp lines 
in the b-polarized absorption above 25 300 cm™, these 
did not appear in the present work or in the work of 
Craig and Hobbins. The vibrational analysis indicates 
the prominence of vibrations of 350 and 1400 cm“. 
These are probably analogous to the prominent vibra- 
tions of 399 and 1401 cm which appear in the absorp- 
tion spectra of the anthracene in naphthalene or 


Tas1e I. Strong absorption spectrum of anthracene crystal, 
4°K. The frequencies are uncertain by 20 cm~, and are the same 
in both a and 6 polarizations. 





Mixed crystal with 
naphthalene 


0-0=25 856, 
1Bs, —1A, 


399, a, 


Intensity »y,cm=! »—25400 Assignment 


vvs 25 400 0 O-O, free 


exciton band 
s 25535 135 
25760 360 350, a, 
25930 430 
26100 700 2(350) 
26580 1180 1170, a, 
vvs 26790 1390 1400, a, 
vs 27140 1740 1400+350 
m, shoulder 27500 2100 1400+2(350) 
27930 2530 1400+1170 
28200 2800 2(1400) 
28650 3250 2(1400)+350 
3(1400) 


29650 4250 
30000 4600 3(1400)+350 





vs 
w, shoulder 
m 

s 


1164, a, 
1401, a, 








98 JEROME w. 


phenanthrene.’ The difference between 350 cm in 
the pure crystal and 399 cm~ in the mixed crystal may 
be partly due to the breadth of the absorption maxima 
in the pure crystal, but some of the difference may also 
be due to differences in the environment. A vibration 
of 1170 cm™ appears as a shoulder in the absorption 
spectrum of the crystal, corresponding to the 1164- 
cm™ vibration in the mixed crystal.’ 

The strong band at 25 400 cm™ is the origin of 
vibrational progressions in the broad absorption which 
appears in both the a and b polarizations. Above 25 400 
cm, the spectra are identical except for the greater 
intensity in the } polarization. Since there is no absorp- 
tion in the a polarization which does not also appear in 
the 6 polarization, the dichroic splitting is therefore 
0+20 cm“. 

It is now necessary to consider the nature of the 
excited molecular state which gives rise to the free 
exciton band in the molecular crystal. The studies of the 
spectra of mixed crystals of anthracene in naphthalene 
and in phenanthrene have shown that the \ 3800 A 
transition is 'B2, —'A,('L,.<'A), polarized along the 
short molecular axis.’ The transition is pure in the sense 
that the upper state is not perturbed by vibrational- 
electronic interaction in the mixed crystal, and all vibra- 
tions appearing in absorption and fluorescence are best 
assigned as a, vibrations. 

The small dichroic splitting of this transition in the 
crystal has been discussed by Craig,** who has shown 
it to be compatible with a short-axis molecular transi- 
tion. Craig has shown that the red shift of this 
transition from the vapor" (27 540+20 cm-) to the 
crystal (25 400+30 cm™) is also compatible with a 
short-axis molecular transition. The ratio of absorption 
strength of the 6 to the a polarizations is much less 
less than the value calculated for the oriented gas model 
or the rigid lattice exciton model. Craig has interpreted 
this an an effect of crystal-induced mixing of a 
1B;, <— 1A, transition with the 'B:,,<— 'A, transition in 
the crystal.® Crystal-induced mixing of molecular states 
in naphthalene has been discussed by McClure and 
Schnepp.” It is significant that electronic mixing does 
not occur in the mixed crystal of anthracene in naph- 
thalene,’ even though the site symmetry (C;) is low 
enough to permit such mixing. Crystal-induced mixing 
of molecular states may cause considerable difficulty if 
one attempts to deduce the symmetry of the upper elec- 
tronic state from the polarization properties of the 
absorption spectrum of the crystal.” 

To summarize, the strong, broad absorption bands 
which appear from 25 400 to 30 000 cm™ in both a and 
b polarizations in crystalline anthracene at 4°K are 
interpreted as electronic-vibrational transitions to the 
two translationally allowed levels of the free-exciton 
band derived principally from the 'Zo,'B2, state of 

" P. K. Seshan, Proc. Indian Acad. Sci. 3A, 148 (1936). 


as: > S. McClure and O. Schnepp, J. Chem. Phys. 23, 1575 
55). 
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anthracene. The two translationally allowed levels of 
the free-exciton band are accidentally degenerate, or 
nearly so, since the dichroic splitting” is undetectably 
small. 


2. The Weak, b-Polarized Absorption 


In addition to the strong, broad bands which appear 
in both a and 6 polarizations, there are many bands and 
“lines” which appear in this work in the 6 polarization 
but which are entirely absent from the a polarization. 
Even in crystals which are so thick that there is com- 
plete absorption in the 6} polarization above 25 400 
cm™', absorption in the a polarization is undetectable 
at energies lower than the beginning of the 25 400 cm 
absorption band. The structure of the } polarized ab- 
sorption below 25 400 cm™ is quite complex, due to the 
presence of both sharp “lines” (~20 cm™ wide) and 
continuous absorption in the same region. From 25 060 
to 25 400 cm-, a region of fairly strong absorption is 
seen in the } polarization in Fig. 1. A region of medium 
absorption intensity begins abruptly at 24926 cm™ in 
the 6 polarization and extends to the beginning of the 
strong b absorption at 25 060. Below 24 926 cm~, the 
absorption is very weak. A weak, sharp line appears at 
24 809 cm™, followed by both continuous and discrete 
absorption in the same region. Weak absorption lines 
can be detected at 24 989 and 24 836 cm“, although the 
latter is so weak that it must be considered uncertain. 

The 5-polarized absorption of crystalline anthracene 
at 4°K is listed in Table II, and is seen in Fig. 1. 
Obreimov and Prikhotjko! report b-polarized absorp- 
tion below the main absorption, but they report a 
weak, broad band at 24 760 cm~ which has not been 
found in this work. They report a narrow band at 24 961 
cm, which may correspond to the line at 24 926 cm™ 
found in this work, although the difference appears too 
great for the experimental error inherent in the measure- 
ments. The narrow band reported by them at 25 046 
cm is in fair agreement with the absorption at 25 060 
cm in this work. The Russian workers do not report 
the narrow bands between 24 809 and 24926 cm” 
which have been found in this work. Craig and Hobbins® 
report the band at 25060 cm™ in both the a and b 
polarizations, and also report in both a and 4 polariza- 


TaBLe II. Weak absorption spectrum of anthracene crystal, 4°K. 
The absorption appears in the b polarization only. 
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tions other bands which have not been found in this 
work or in the work of Obreimov and Prikhotjko.! 
Although all workers agree that there is weak absorption 
to the red of the main absorption, the agreement about 
energies and polarization properties must be considered 
poor. These discrepancies will be discussed in the next 
section in reference to the fluorescence spectrum. 


B. The Fluorescence Spectrum 


The fluorescence spectrum is perhaps even more 
complex than the absorption spectrum. At 4°K, the 
fluorescence spectrum consists of broad bands with 
superimposed sharp structure. In agreement with the 
work of Pesteil and Barbaron® at 14°K and Obreimov, 
Prikhotjko, and Shabaldas* at 20°K, the fluorescence 
spectrum is polarized predominantly along the b axis. 
Craig’ has concluded that the fluorescence and ab- 
sorption spectra correspond to the same electronic 
transition, since both the absorption and fluorescence 
spectra are 1.5 to 2 times as intense in the b polarization 
as in the a polarization. His conclusions are based on 
observations of the spectra at room temperature. How- 
ever, at 4°K, the spectra are much better resolved than 
at room temperature, and it is seen that the origin of 
the strong absorption at 25 400 cm™ does not coincide 
with the origin of the fluorescence, which beings prin- 
cipally below 24975 cm. The fluorescence spectrum 
has several origins. Very weak continuous fluorescence 
which appears to be polarized completely along the b 
axis appears at 25 110+30 cm™. Prominent fluores- 
cence appears at 24975+20 cm™ in both the a and } 
polarizations, and a broad, stronger origin appears at 
24946+10 cm™ in both polarizations. The most 
prominent origins of the fluorescence are two narrow 
bands, one at 24 929-+5 cm™ and a very sharp band at 
24 90843 cm™. The fluorescence origins and the entire 
fluorescence spectra are more intense in the b polariza- 
tion than in the a polarization, but the fluorescence is 
not completely polarized, except possibly for the very 
weak fluorescence at 25110 cm~. As has been dis- 
cussed in Sec. III A, the absorption spectrum shows 
completely polarized absorption along the 6 axis in the 
region of the origins of the fluorescence. Consequently, 
the fluorescence spectrum of the anthracene crystal at 
4°K must be considered to be partially depolarized. 
The depolarization of the fluorescence relative to the 
corresponding absorption has been noted in the spectra 
of mixed crystals at low temperatures.’ In the mixed 
crystal spectra, the fluorescence always originates from 
the 0—0 line of the absorption. The mixed crystal ab- 
sorption spectra are polarized at all temperatures, but 
the polarization of the fluorescence of the mixed crystal 
depends on temperature. The polarization of the fluores- 
cence of anthracene crystal at room temperature has 
been studied by Ganguly and Chaudhuri,!* who find 

4D. P. Craig, Rev. Pure Appl. Chem. (Australia) 3, 207 (1953). 


18S. C. Ganguly and N. K. Chaudhuri, J. Chem. Phys. 19, 617 
(1951). 
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that the intensity is 1.54 times greater along the } axis 
than along the a axis. Although quantitative measure- 
ments were not carried out in this investigation at 4°K, 
visual observation of the tracings indicates that the 
ratio at 4°K is at least as great, and possibly greater. 
The fluorescence of crystalline anthracene at 4°K is 
partially polarized, whereas the fluorescence of anthra- 
cene in mixed crystals (solid solutions) with phen- 
anthrene and naphthalene is depolarized at 20°K. 

The vibrational analysis of the crystal fluorescence 
was carried out with the aid of the results of the solid 
solution fluorescence.’ The analysis proves that the 
fluorescence is due to anthracene, and not to an im- 
purity. Both the French* and Russian? workers agree 
that the prominent line at 24 908 cm™ is the origin of 
the fluorescence analysis. This line was observed on one 
plate, but another plate showed strong fluorescence 
arising from a broader line at 24 929 cm™, correspond- 
ing to a prominent absorption line in the b polarization. 
However, the prominent origin at 24 929 cm™ and other 
weaker fluorescence bands to the violet of 24 908 cm™ 
have not been reported before. Fluorescence spectra of 
other molecular crystals which have been recorded by 
the author (i.e., biacetyl) occasionally showed slight but 
detectable differences. These observations suggest that 
the observed spectral variations may be due to disloca- 
tions in the different crystals, rather than to impurities. 

The vibrational analyses of two fluorescence plates 
are given in Table III. The vibrational structure of the 
fluorescence of the crystal differs from that of the mixed 
crystal in several details. The crystal fluorescence 
shows prominent vibrational frequencies of 371 and 
497 cm which do not appear in the mixed crystal 
fluorescence, whereas the mixed crystal fluorescence 
shows a vibrational frequency of 1645 cm™ which is 
not prominent in the crystal fluorescence. These 
differences are attributed to differences in the environ- 
ment. Most of the vibrations which appear in the 
mixed crystal fluorescence also appear in the crystal 
fluorescence, as can be seen in Table III. Differences in 
the vibrational structure of the fluorescence in naph- 
thalene crystal and in mixed crystals of naphthalene 
durene have been noted and discussed by McClure 
and Schnepp.” 

A microphotometer tracing of the fluorescence of 
the crystal is shown in Fig. 2. The sharp structure is 
more prominent on the plate than on the tracing, and 
measurements were made from the plate. The spectra 
show no trace of tetracene impurity fluorescence.’* 


IV. INTERPRETATIONS—EVIDENCE FOR 
TRAPPED EXCITONS 


It is possible to account for the gap between fluores- 
cence and strong absorption, the appearance of several 
origins of fluorescence, and the appearance of the weak 
absorption on the basis of the trapped exciton theory 


16 J, W. Sidman, J. Chem. Phys. (to be published). 
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TaBLe III. Fluorescence spectrum of anthracene crystal, 4°K. 
The frequencies are uncertain by approximately 5 cm™, and are 
the same in both a and 6 polarizations. 
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of Frenkel!’ and Davydov.'* According to Frenkel’s 
original theory of the free exciton,” absorption of light 
by a molecular crystal can lead to an excited electronic 
state in which the excitation may move through the 
crystal in a manner which is formally equivalent to the 
motion of a particle (exciton). Frenkel’s exciton theory 
was applied by Davydov to the ultraviolet spectra of 
molecular crystals," and Davydov was able to account 
for the dichroic splittings observed in the spectra of 
many crystals on the basis of the free exciton theory. 
Frenkel has also considered the case in which the crystal 
lattice may become distorted in the vicinity of the 
exciton.” In such a case, the local distortion produced 


17 J. Frenkel, Physik Z. Sowjetunion 9, 158 (1936) (in English). 

18 A. S. Davydov, Izvest. Akad. Nauk S.S.S.R., Ser. Fiz. 12, 
608 (1948) (in Russian). 

# J. Frenkel, Phys. Rev. 37, 17, 1276 (1931). 
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by the exciton can lead to its trapping at the site of 
the lattice distortion if the energy of the trapped 
exciton is less than the energy of the free exciton. 
Frenkel has discussed the necessary conditions for 
observing trapped excitons, and has predicted that they 
should be capable of existence in most molecular 
crystals. No experimental verification of Frenkel’s 
predictions has been previously proposed. 

The strong absorption band observed in both a and 
b polarizations at 25 400 cm has been assigned to a 
transition from the ground electronic state to the two 
translationally-allowed levels of the free-exciton band 
of the molecular crystal. The weak absorption bands 
observed in the } polarization from 24 809 to 25 400 
cm are now assigned to transitions to trapped exciton 
levels of the molecular crystal. These transitions are 
weak in absorption because they correspond to non- 
vertical Franck-Condon transitions of the lattice, since 
the orientation of the molecule in the lattice is different 
in the upper and lower electronic states. Fluorescence 
from the free exciton level at 25 400 cm™ is totally 
absent, indicating that radiationless conversion to the 
trapped exciton levels is very rapid. In this sense, the 
trapped exciton levels of the crystal are similar to 
levels of an added impurity, such as tetracene,!® since 
they quench the fluorescence from the free exciton level 
by trapping the excitation. The trapped exciton levels 
at 24.929 and 24 908 cm~ are particularly effective in 
trapping the excitation and emitting it as fluorescence. 
The probabilities of both radiative transitions from and 
nonradiative transitions to these trapped exciton states 
should be markedly affected by other crystal imperfec- 
tions, such as dislocations. This could conceivably ac- 
count for the differences in the weak absorption spectra 
and the fluorescence spectra reported by different 
workers. However, the significant fact that the origin of 
fluorescence is several hundred cm below the origin of 
the strong absorption has been verified by all workers, 
and it is felt that this gap is not due to any spurious 
effects. In this connection, it should be noted that a 
similar gap between the origins of the absorption and 
the several origins of the fluorescence occurs in crystal- 
line naphthalene” and in crystalline phenanthrene.” 
The trapped exciton theory of Frenkel is capable of 
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accounting for this important phenomenon which is 
observed in the spectra of many molecular crystals. 


V. FURTHER INTERPRETATIONS—A 
SEMIQUANTITATIVE VERIFICATION 
OF FRENKEL’S PREDICTIONS 


The calculations by Craig give some quantitative 
support to Frenkel’s trapped exciton theory. Craig has 
calculated the excitation exchange integrals for the 
k=0 levels of the anthracene crystal in the approxima- 
tion which neglects electron exchange between different 
molecules and which also neglects all terms higher than 
dipole-dipole interaction terms in the expansion of the 
intermolecular potential of the crystal. In another 
paper,’ Craig has calculated the second-order effects 
due to crystal-induced mixing of the crystal states de- 
rived from different molecular states. 

It is instructive to apply the calculations of Craig 
to Frenkel’s predictions. The transition to the k=0 
levels of the free exciton band is 2140 cm~ lower than 
the 0O—0 band of the 'B,,, «- 'A, transition in the vapor.” 
The —2140 cm~ shift is composed of two terms. One 
term, called D in Frenkel’s and Craig’s notation, is an 
exciton “Coulomb” energy term. This term is a meas- 
ure of the change of the potential energy of interaction 
between a molecule and the surrounding molecules if 
this molecule is raised to an excited electronic state. 
Terms analogous to D are important even if the sur- 
rounding molecules are not identical with the molecule 
under consideration, as is the case in a solution or in a 
mixed crystal. The other term which contributes to the 
shift of the transition energy is an exciton “exchange” 
energy term, which determines the probability of ex- 
citon migration and the width of the free exciton band. 
This term is called J in Frenkel’s notation and 
(XplipDinl im) in Craig’s notation. Frenkel states 
that a necessary condition for trapping the exciton is 
that | Dnz|>>|Jms|. Since Craig has calculated the Jinx 
term, it is possible to evaluate D,,. from the difference 
between the vapor spectrum and crystal spectrum. 
Using Table III of reference 4, and setting M=0.61 A 
(f=0.1), the value of >>,/:, is —450 cm™, whereas 
Doml im is negligible for the ‘Bz, <— 1A, transition. The 
experimental spectral shift is —2140 cm™ from vapor 
to crystal, and D is therefore calculated to be — 1690 
cm~, If second-order effects are considered (reference 5, 
Table III), the value of >°,/1 is approximately —650 
cm~!, which changes D to —1490 cm~. In either case, 
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|D| is seen to be considerably greater than |J|, in 
agreement with Frenkel’s condition for trapping the 
exciton. 

The above calculation has considered only the k=0 
levels of the free exciton band, since these are the only 
levels which can be observed in the spectrum. The 
results should not be drastically different for the other 
levels in the band. 

The value of D calculated from the crystal spectrum 
should be similar to the shift of the spectrum from 
vapor to mixed crystal, since the environment due to 
the neighboring molecules in the mixed crystal is not 
greatly different from the environment in the pure 
crystal. The principal difference is the inability to 
exchange excitation with the surrounding molecules in 
the mixed crystals, so that the only exciton state of the 
impurity molecule in the mixed crystal is necessarily 
a trapped exciton state. The spectral shift from vapor to 
mixed crystal is — 1460 cm™ in the mixed crystal of 
anthracene in phenanthrene and —1680 cm in the 
mixed crystal of anthracene in naphthalene. These 
values agree well with the D values of — 1490 to — 1690 
cm calculated from the spectrum of anthracene 
crystal. Although this approximate calculation has 
neglected many terms which may be important in a 
more refined treatment, the results appear to indicate 
that Frenkel’s condition for trapping an exciton is 
fulfilled in the anthracene crystal. 

In a future paper, it will be shown that the spectra 
of other molecular crystals lend considerable support 
to Frenkel’s theory of the trapped exciton.”! 


VI. CONCLUSIONS 


The theory of free and trapped excitons appears to 
give a qualitative and semiquantitative interpretation 
of the observed gap between the origins of the absorp- 
tion and fluorescence spectra of crystalline anthracene. 
Further experimental and theoretical work will be 
necessary before the electronic structure of molecular 
crystals and mixed crystals can be understood in all 
details. 
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The theory for intermediate coupling has been studied in the pair-coupling approximation, and is shown 
to give an accurate description of the observed structure in N u 2s? 2p nf and N 11 2s? 2p Sg. 





INTRODUCTION 


HERE is a tendency towards pairing of the energy 
levels when the outer electron assumes high /- 
quantum numbers, revealing that the spin coupling of 
this electron has lost most of its significance. Shortley 
and Fried' and Racah? have studied this pair coupling 
in the special case when the electrostatic interaction is 
small compared to the spin-orbit interaction of the 
parent ion. This condition is realized in configurations 
containing almost closed shells, viz.,? p*/ and dl. 

The analogous two-electron configurations may illus- 
trate the properties of the pair coupling when there is a 
considerable electrostatic interaction between levels of 
different parentage. A good example is furnished by the 
configurations 2s* 2p nf, n=4,5,6, and 2s*2p5g in 
singly ionized nitrogen, which have recently been ob- 
served and analyzed in this Laboratory.‘ The observed 
term structure is shown in Tables III and V. 


CONFIGURATION pf 
Coupling Integrals 


The relative magnitudes of the coupling parameters® 
can be estimated from the spurs of the energy matrices. 
Since the spurs are independent of the coupling they 
can be written down directly from the known values of 
the spin-orbit interaction in 7j-coupling® and the electro- 


TABLE I. N 11 2s* 2p nf parameter values (cm). 








4 5 6 


211 271.55 221 214.51 226 615.69 
116.24 116.24 116.24 
13.493 6.927 3.97 
0.262 0.212 0.147 
0.034 0.035 0.029 
2.18 1.61 0.95 











1G. H. Shortley and B. Fried, Phys. Rev. 54, 749 (1938). 

* G. Racah, Phys. Rev. 61, 537 (1942); 62, 438 (1942). 

3See Ch. E. Moore, Atomic Energy Levels, National Bureau of 
Standards Circular 467 (U. S. Government Printing Office, 
Washington, D. C., 1949, 1952), for empirical data and references 

* The experimental details will be published later. 4f and part- 
of 5f were previously known.’ 

5 For definitions and notations see E. U. Condon and G. H. 
Shortley, Theory of Atomic Spectra (Cambridge University Press, 
Cambridge, 1935). 

® Reference 5, p. 257. 


static interaction in LS-coupling.’ The following ex- 
pressions for the energy levels, Ey—ZE, relative to the 
center of gravity of the configuration, EF, are obtained: 


Es—E = 3g p+ SF.—(75/2)G2t+ SGe+3f,, 
Y(Ei—B)= 9 — 5Fot(75/2)Grt Get fy, 
Ea 


Y(E;—E)=—{,-13F:— 18G2—13G,— fy, 
Es 


5 
a 9F.+ (75/2)Ge+ ste i 


LX (E:—£)= 
£2 

E,—B = 3{,+12F:t (9/2)G:—306,— 2. 

Accepting the value for {2, obtained from the con- 
figuration N 1 2s 2p 5g (see Table V), the other pa- 
rameters for the observed N 11 2s* 2 nf configurations 
are uniquely determined by this set of equations. The 
results are given in Table I. The contributions of G, and 
tas are not thought to exceed the errors inherent in 
the theory. 


Energy Levels 


It is of interest to study the theoretical structure in 
the approximation where only the p-electron spin-orbit 
integral, ¢,, and the largest electrostatic integral, Fs, 
are retained. The matrices of electrostatic energy in 
the LS-scheme’ can be transformed to the jj-scheme by 
using the transformation matrices given by Shortley 
and Fried.* After addition of the diagonal spin-orbit 
interactions® one obtains the solution of the secular 
equation shown in Table II. These formulas represent 
the pair-coupling approximation in intermediate coup- 
ling. The quantum numbers J, and L have been derived 
from the limiting cases F:/f,—>0 and F2/f,— ~. 


TABLE II. The energy levels of pf in the 
pair-coupling approximation. 








E-E 





+p +5F2 
—ip —(10/2)F 2+ (itp — (10/2) F2}2+5 X15F22}$ 
—ip —BF 2 (Hp —2F 2)2412 X15F 2}? 

+f pt+12F: 


SoBsnQ!] & 








7 Reference 5, p. 201. 
® G. H. Shortley and B. Fried, Phys. Rev. 54, 739 (1938). 
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TABLE III. N u 2s? 2p nf. Observed levels, and differences between observed and calculated centers of gravity of the pairs. 








Designation 4f 
& Obs (cm=) 


ws 


[kK] 


(Obs) ay-cale 


Sf 


of 
Obs (cm=') (Obs )ay-cale Obs (cm~') (Obs )ay-cale 





211 390.75 
211 402.83 
211 295.65 
211 288.03 
211 061.04 
211 057.06 
211 030.87 
211 033.73 
211 411.27 
211 415.96 
211 491.10 
211 487.38 


211 271.55 
116.24 
13.30 


35.0 


[44] 
[34] 
[34] 
[24] 
[24] 
[13] 
E (cm) 
am) 


22(—1)/E, (cm) 


KF NNONHWWLWE PUN 


+0.0 
—0.7 
+0.3 
+0.2 
+0.0 
+0.4 


226 689.74 
226 697.00 
226 644.05 
226 641.02 
226 492.89 
226.489.59 
226 483.48 
226 485.44 
226 676.79 
226.679.20 
226 721.60 
226 719.39 


226 615.69 
116.24 
3.90 


20.2 


221 301.90 
221 311.91 
221 232.72 
221 227.45 
221 074.15 
221 070.02 
221 055.30 
221 057.81 
221 293.11 
221 297.04 
221 355.27 
221 352.43 


221 214.51 
116.24 
6.78 


28.7 


—0.1 
—0.4 
+0.1 
+0.2 
+0.3 
+0.2 


—0.3 
+0.0 
+0.0 
+0.2 
+0.3 
+0.2 








Racah’s notation [K ] for a pair with J/= K+} is ade- 
quate. The interactions between levels of the same 
quantum number K are represented by the last term, 
5X15F? and 12X15F;?, respectively, of the radical 
quantities. 

The formulas in Table II have been fitted to the 
centers of gravity of the observed pairs in N 1 2s? 2p nf 
by taking £2, from the analysis of N m 2s? 2p 5g (see 
below) and merely varying F»2. The residuals, given in 
Table III, are surprisingly small. 

The sum of the observed pair splittings may be taken 
as a kind of measure of the deviation from ideal pair- 
coupling. In the case of N 11 2s? 2p nf the observations 
show that in each pair the level with odd J-value has 
the lowest energy. Consequently, the sum of the pair 
splittings can be written }>2(—1)’E,, or, according 
to (1), 

(2) 


This indicates that the deviation from ideal pair- 
coupling is mainly due to Gs». 

The relative arrangement of the energy levels of pf 
in the pair-coupling approximation is plotted in Fig. 1 
as a function of F,/f,. Superimposed are experimental 
data for N 11 2s? 2p nf, n=4, 5, 6, and® Ne 1 2s? 29° 4f. 
In this approximation the structure of pf is identical 


Le(- 1)4E;= 126G2+ 56G.. 


TABLE IV. The energy levels of pg in the 
pair-coupling approximation. 








al 


E-E Jp 
+45 p+28F 2 1 
2p — (49/2) Fo (City — (49/2)F 22428 X77F 29 {! 


— Hr —(22/2)F2¥ (Cite — (22/2)F2P+55X77F 2h 4, 
+H t+55Fs 1 





~wOOM | 6 








®C. J. Humphreys and H. J. Kostkowski, J. Research Natl. 
Bur. Standards 49, 73 (1952). 


with that of pf except for the sign of the coefficients of 
fp and F,,° 
CONFIGURATION pg 
The energy matrix has been calculated in the #j- 
scheme by using the data given by Shortley and Fried,*® 
and the secular equation has been solved in the pair- 


es NeI4t ; 





NIG! —NISt No4t 


24 ‘ t +7 (1) 


} (39) 
A. 4 ‘ (2%) 
0.10 
% 
Fic. 1. The structure of pf in pair coupling. (The dashed, 
straight lines correspond to the approximation obtained by 


Shortley and Fried by neglecting the interaction between levels of 
different parentage. ) 


” Reference 5, p. 295. 
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TaBLe V. N nu 2s? 2 Sg. Observed and calculated levels. 





Level (cm=') 
Obs (Obs) Calc 


0.80 
0.78 
0.66 
0.56 
0.37 
0.18 
0.51 
0.51 
0.80 
0.61 


Designation 
(K] 


(S4] 
[44] 
[44] 
[34] 


a 


Limit 
CP) 
CP) 
@P,) 
Py) 
CP) [34] 
CPy) F [2] 
E=221 289.792 cm, f{2»=116.237 cm, F2=0.6030 cm™ 





0.79 
0.61 
0.29 
0.51 
0.72 


0.79 
0.59 
0.33 
0.51 
0.70 
0.08 


221 364 
221 323 
221 168 
221 164 
221 343 
221 381 


NWOW PW PEO ROO 








coupling approximation with the result shown in 
Table IV. 
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The observed N 1 2s? 2p 5g levels, given in Table V, 
occur in close pairs with a splitting of less than 0.20 
cm~'. The arrangement of the pairs is exactly de- 
scribed by the theoretical formulas. The value $f2, 
= 174.36 cm™, derived from this calculation, agrees 
within experimental errors w tithhe splitting of the 
ground term 2s? 2p?P of N m, which is 174.5 cm as 
determined from observations in the extreme ultra- 
violet. 
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This paper represents the generalization of an earlier theory by 
Wangsness and the author in which the phenomena of relaxation 
were treated by considering the interaction of individual nuclear 
moments with the molecular system and assuming that the latter 
remains always in thermal equilibrium. Instead of a single nuclear 
moment, the representative spin system is here allowed to consist 
of several moments, interacting with each other, and the corre- 
sponding general Boltzmann equation for the distribution matrix 
is developed. A first application is given by investigating the 
effect of a weak alternating field in the vicinity of resonance 
conditions. It is seen that the phenomenon of saturation is closely 
related to the change of populations in states, other than the two 
between which the resonance transitions occur. This general type 
of Overhauser effect is shown to be equivalent to that of a dc 
circuit and it is illustrated by a special example. The general 
formalism is adapted to the treatment of a nuclear spin sys- 
tem in a strong constant field with particular attention to the 
structure of resonance spectra in liquids, due to chemical shift 
and spin coupling. A special case is that where the spin coupling 
causes a splitting of the lines, large compared to their natural 
width and their broadening due to the alternating field. An 


1, INTRODUCTION 


HE phenomena of nuclear magnetism require the 
general consideration of a system of nuclear spins, 
interacting with external fields and with each other. The 
behavior of the system is further determined by relax- 
ation processes which are due to its interaction with the 
molecular surroundings. In an earlier paper, referred to 


* Written at CERN, Geneva, during a leave of absence of the 
author from Stanford University for the academic year 1954-1955. 


expression for the signal, obtained in this case, is developed and 
the effect of the spin coupling upon the effective longitudinal and 
transverse relaxation time is illustrated by the particular example 
of the two coupled nuclei of spin 1/2 and with independent 
dipole relaxation. New phenomena appear if the rate of re- 
laxation-transitions is comparable or large compared to the fre- 
quency separation of resonance lines, due to spin coupling. The 
effect of such transitions by some nuclei upon the line width and 
structure of the resonance of others is investigated, assuming 
the spin coupling to be small compared to the chemical shift. 
Similar effects occur to the resonances of a nucleus in a weak 
alternating field, if other nuclei are at the same time irradiated by 
an alternating field of different frequency and sufficiently strong 
so that its effect is comparable or large compared to that of the 
spin coupling. It is shown that, even for the case of a single kind 
of nucleus, the presence of the strong field causes a doubling of 
the resonance with the weak field which can be used to calibrate 
the strength of the former by a frequency measurement. Another 
illustration is given in the case of two nuclei and explicit expres- 
sions for line width and intensity are given for the example of 
two nuclei with spin 1/2 and independent dipole relaxation. 


below as I, Wangsness and the author! have presented 
a new approach to the problem of relaxation by treating 
the molecular surroundings as a quantum-mechanical 
system in thermal equilibrium. Through statistical and 
perturbation methods they were led to the Boltzmann 
equation for the distribution matrix which is analogous 
to the classical distribution function and contains all 
the information necessary for the description of the spin 
system. 


'R. K. Wangsness and F. Bloch, Phys. Rev. 89, 728 (1953). 
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An essential restriction in I was made by assuming 
that each nuclear spin under consideration reacts inde- 
pendently of the other nuclei in the sample to the 
external fields and to the molecular surroundings. It 
excluded therefore a rigorous account for those relax- 
ation processes which originate from the interaction of 
nuclear moments as well as the consideration of systems 
where the coupling between neighboring nuclear spins 
causes a structure of the resonance lines. Such struc- 
tures have been known for a considerable time to occur 
in crystals? ; more recently, a considerably finer structure 
has also been observed in liquids* and gases.‘ It is the 
purpose of this paper to generalize the methods, 
employed in I, in order to allow the treatment of 
features which arise from a mutal interaction between 
nuclear spins. While it was sufficient, in I, to consider 
a single representative nucleus, it is here necessary to 
deal with more general spin systems. This leads to an 
extended theory which contains the earlier results as 
the simplest special case. 

A more complicated case is that in which the repre- 
sentative spin system consists of several nuclei, con- 
tained in a molecule and with a coupling of their spins, 
characteristic for liquids and gases. 

In the following papers by Arnold and Anderson, 
observations under high resolution are presented which 
reveal a very fine structure of proton resonance spectra 
in liquids. It was in fact the attempt to establish a 
quantitative basis for the discussion of the relative 
intensities and widths of lines, appearing in such spectra, 
which has led the author to the theory presented here. 
The case of spin coupling in crystals is likewise con- 
tained in the general formalism but it is of considerably 
greater complexity since it demands in principle that 
one considers all the nuclei in the crystal together as 
the spin system. While it is often sufficient to regard 
merely the interaction of nearest neighbors, there exists 
also the possibility of spin waves propagating through 
larger regions. The mechanism of relaxation is thereby 
greatly complicated and no attempt shall be made here 
beyond outlining its treatment. Finally it is not neces- 
sary to include only nuclei in the spin system. Although 
the individual carrier of spin and magnetic moment 
shall be here for brevity called the “nucleus,” it is 
equally possible for the spin system to contain also 
electrons. As was pointed out by Overhauser, it is in 
fact of special interest to consider relaxation processes 
which originate from the coupling between nuclei and 
electrons. A similar situation arises in cases where the 
coupling leads to a hyperfine structure with relaxation 
transitions between the levels of the nucleus-electron 
system. The bearing of the general theory on this type 
of “Overhauser effect” will be discussed below. 

2G. E. Pake, J. Chem. Phys. 16, 327 (1948). 

3 Gutowski, McCall, and Slichter, Phys. Rev. 84, 589 (1951); 
E. L. Hahn and D. E. Maxwell, Phys. Rev. 84, 1246 (1951). 

‘Smaller, Yasaitis, Avery, and Hutchison, Phys. Rev. 88, 414 


(1952); H. Y. Carr and E. M. Purcell, Phys. Rev. 88, 415 (1952). 
5 Albert W. Overhauser, Phys. Rev. 92, 411 (1953). 
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The formalism will be first developed without speci- 
fying the nature of the spin system and it will be used 
to draw some general conclusions. It is later particu- 
larly applied to the case of structures in liquids; special 
assumptions will be freely introduced in this application 
with the view to illustrate in a relatively simple manner 
certain characteristic phenomena rather than to adhere 
strictly to various actual conditions. Depending upon 
the latter, one may be faced with problems which 
require greater computational efforts for their solution. 
One of the complications may arise from the time- 
dependence of the applied radio-frequency field; we 
shall restrict our considerations to a purely mono- 
chromatic field and to the superposition of a strong and 
a weak field with different frequencies. It should be 
noted, however, that other cases such as transient 
phenomena and the application of pulsed fields, leading 
to spin echoes, could equally well be treated from the 
general equations. 


2. THE GENERAL BOLTZMANN EQUATION 
FOR THE DISTRIBUTION MATRIX 


Proceeding in this section in a manner, analogous to 
that in I, we shall first define the Hamiltonian of the 
total system in the form 


KR=hE+hF+hG, (2.1) 


where the first part represents the energy of the spin 
system and depends only upon the spin operators and 
certain fixed parameters. The second part, representing 
the energy of the molecular surroundings, is an operator 
which pertains to all other degrees of freedom of the 
total system, in particular to those of thermal motion 
of the molecules. The third part represents a coupling 
energy between the spin system and the molecular sur- 
roundings and it is not subject to any restriction except 
that it can be treated as a small perturbation. 
Let further 


E=Eot+ Ei, (2.2) 


where hEp shall be a large, HE, a relatively small part 
of the spin energy. This separation is to some extent 
arbitrary and a matter of convenience. In analogy to 
the procedure followed in I, it is possible, for example, 
to include in AE, merely the contribution to the spin 
energy, arising from the applied rf field Hi(/). AE 
contains in this case the spin energy, due to a strong 
constant field Ho, the coupling energy between dif- 
ferent nuclear spins, the quadrupole interaction with 
fixed electric field gradients, etc., in short all those parts 
of the spin energy which, irrespective of their relative 
magnitude, do not explicitly depend upon the time. It 
may be indicated, on the other hand, to separate certain 
relatively small parts from hE» and have them con- 
tained in hE. This type of separation will be later 
applied to the spin coupling in order to treat cases 
where the coupling gives rise to effects which are com- 
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parable or small compared to those caused by the rf 
field or by relaxation processes. 

The quantum-mechanical problem, presented by the 
Hamiltonian (2.1), will now be solved in a representa- 
tion in which EZ» and F are both diagonal. The eigen- 
values of Ep» will be denoted by g, those of F by f. As 
in I, it must be noted that the molecular system has 
very many degrees of freedom so that the values of f 
must be considered to be practically continuous. 
Besides, it will be generally highly degenerate so that a 
stationary state of this system must be characterized 
by the double system (f,«), where « specifies one of 
many states with the same energy ff: Although it is 
not essential for many purposes, one may admit that 
the spin system is likewise degenerate and, in this case, 
characterize one of its states by the double symbol (g,v), 
where » specifies states with the same value g. In the 
absence of degeneracy, a state of the spin system is 
uniquely determined by g so that the symbol » can be 
omitted. 

The following procedure is closely analogous to that 
followed in I; it is sufficient, therefore, to present merely 
a brief outline with special mention, however, of those 
points which do not enter in the earlier treatment. 

The density matrix p(?), satisfying the equation 


dp/dt= —iLEot+ F+E:+6, p], 
has in our representation the matrix elements 
(gv ful p| gv’ f’u’). 


The expectation value (Q) of a spin function Q, defined 
by having matrix elements of the form 


(gufu| Q| g’v'f’u’) = (gv| | g’v’)byyBuw 
requires the knowledge of the distribution matrix 
(gv| o(4) | g’0’)= 2 (gefu |p(4)| g’v’ fu), 
and is given by 
(QM)=2 Pe (g'v’|Q| gv) (go| a(t) | g’v’)=Tr[Qo(t)]. 
(2.6) 


(2.3) 


(2.4) 


(2.5) 


p will satisfy the normalization condition 


LD (gv ful p| gvfu)=1, 


gvfu 
which, for ¢, demands therefore 


X (gv|o| gv) =1. 


Defining further the transformed matrices 
(guft| p* (2) | g’v'f'u’) 
=expli(g—g’+f—f erful o() | g'v'f'w’), 
(gufu|G*| g’v'f’u’) 
=expli(g—g’+f—f’)!](gufu|G| ¢’v'f'u’), 
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and 


(gufu| E,*(0)| g’v'f'u') 
=expli(g—g’+f—f')tgfu| Ei(t)|g’v'f'u’), (2.9) 


one obtains from (2.3) 
dp*/di= —iLE,* (t)+G*, p*]. (2.10) 


Because of the fact that EZ; is a spin function, Eq. (2.9) 
can also be written in the form 


(go| E,*(¢) | g’v’)=exp[i(g—g’)t)(gv| Ex(0)|g’v’), (2.11) 
with 
(goft| E:* (t) | g’v'f’u!)=(go| Ex* (2) | g’0’)8yy5uw. 


Starting with the initial value p*(0)= (0) for t=0, the 
Eq. (2.10) can be solved by forward integration during 
a sufficiently short time interval ¢, keeping only the 
terms which are linear in E,* as well as those, linear and 
quadratic in G*. The assumption that the molecular 
system is in thermal equilibrium at the absolute tem- 
perature 7 is formulated through the replacement of 
p(0) by its statistical average 


(gufu| 5 (0)| g’v’f’u!)=(go|o(0) | g’o’)P(f)8jpbuw, (2.12) 


with the Boltzmann factor 


P(f)=exp(—hf/kT)/Z exp(—hf'/kT), (2.13) 
f'u’ 


and with the understanding that all further equations 
are meant as statistical averages over the molecular 
system. It is further assumed that the molecular system 
shall act as a heat reservoir, i.e., that it shall always 
remain in thermal equilibrium in spite of its coupling 
to the spin system and the fact that the latter can be 
made to deviate from the equilibrium through the 
action of the applied rf field.® 

By a generalized but otherwise analogous procedure 
to that leading to Eq. (3.22) of I, the forward integra- 
tion of (2.10) leads to the transformed distribution 


matrix 
(gv| o*(t)| g’v")= 2 (gofu | p*(t)| g’v’ fur) 


at the time ¢. Through (2.5) and (2.8) it can also be 
written in the form 


(go| o* (1) |g’0’) = expLi(g—g’)éH(go| o(t)|g’v’), (2.14) 


and is found to depend upon ¢ in a manner which can 
be expressed by the Boltzmann equation 


d 
9 ole lev) + Hel LEs*,0*]|6'0') 


= (go| T\(o*) | g’v’). 
*V. Fano, Phys. Rev. 96, 869 (1954). 


(2.15) 
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The abbreviation 
(gv| I (o*) | g’v’) 
=D L {2exp(hp/kT) 


Pp v’’y’’’ 
XT 99°? (v0'0""0""") (g+?, vy” | a*|g’+?, vy”) 
2 Tyg? (v0'0"’y"") (go’” | o* | g’v’) 
7 se) Tyg? (v"""0'v"’0"") (gv | o* | g’v””)} 


has here been introduced with the symbols 


(2.16) 


Too’? (v0'0!’0"”") 


=a | mul fm (f—p)P(/) 
X (gvfu|G| g+p, vo”, f—p, u’) 


x (g’+p, 0", f—p, u'|G|g’v'fu)df, (2.17) 


satisfying the relation 


P99? (vv'v"’0"”’) 
=exp(—hip/kT)Vy+p,040 ?(0"'v"0'v). (2.18) 

In the derivation of these formulas it is assumed that 
nu(f)df represents the number of states of the molecular 
system, characterized by u and with an energy between 
hf and h(f+df). 

It is necessary, by the definition of the quantities 
(2.17), that p assumes either the value zero or such 
values which, added to the eigenvalues g as well as g’ 
lead to other eigenvalues of Eo. The summation over p 
on the right side of (2.16) extends therefore for the 
second and third term in the curly bracket over all 
energy levels of the system with Ap representing the 
difference between one of these levels and the levels hg, 
hg’, respectively, and the same holds for the first term 
if g=g’. For g¥g’, this term demands, however, the 
more stringent condition that both g’=g+p and 
g’’=g'+>p are eigenvalues of Ey so that the summation 
over p is here restricted to those pairs of levels hg” and 
hg’ which differ from hg and hg’ respectively by the 
common value hp. While the first term in the curly 
bracket of (2.16) is thus always to be retained for p=0, 
it requires in the case g~g’ exceptional conditions for 
the eigenvalues of Ey in order to contribute terms to the 
summation over p for which p~0. 

A noteworthy exception of this kind is that, con- 
sidered in I, which occurs more generally if it is assumed 
that Ey contains only the spin energy, due to a constant 
external field. An eigenvalue of Ey has in this case the 
form 


g=—L, wm, (2.19) 


where w, and m, represent a set of Larmor frequencies 
and magnetic quantum numbers, respectively, referring 
to different nuclei r of the spin system; another set of 
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quantum numbers will lead to the eigenvalue 
= — Lr wm’. (2.20) 


By replacing m, by m,+r, in (2.19) and m,’ by 
m,'+7, in (2.20), one is led in both cases to another 
eigenvalue of Eo, provided r, is an integer such that not 
only m,, m,’ but also m,+r7,, m,’+7, are contained 
within the limits —/, and +/,, given by the spin /,. 
Unrestricted by the aforementioned conditions, the 
quantity p in the summation of (2.16) assumes thus in 
this case all values 


p=—-Le wt, (2.21) 


which one obtains from a permissible set of integers r,. 
A state of the spin system can here be characterized by 
the set of quantum numbers m, and one can omit the 
index v if all frequencies w, are different and incom- 
mensurable so that there is no degeneracy. If one further 
specializes to the case of a single spin, thus using the 
symbols m, m’, r instead of g, g’, p, one obtains from 
(2.15) and (2.16) the Eq. (3.22) of I as a special case. 

The assumptions, made in the derivation of (2.15) 
are very similar to those of the special case, treated in I. 
In the first place, the coupling between spin and mo- 
lecular system appears only through the quantities T 
of Eq. (2.17) which are quadratic in G while terms, 
linear in G have been omitted. In analogy to (3.6) in I, 
the linear terms actually lead to a contribution in the 
spin energy, divided by /, which in our representation 
has the form 


(gv| AE| g’v’) 
= bo Pe 


u 


frcnrn (gvfu|G| go’ fu)df. (2.22) 


Since this term represents a weighted average over the 
quantities /, w of the molecular system, it can be omitted 
if the interaction with the spin system consists entirely 
of fluctuating terms so that G has only matrix elements 
which are nondiagonal in f. In the general theory, 
presented here, there exist, however, rather important 
contributions to the spin energy which enter strictly 
speaking in the form of (2.22) and have to be retained. 
The omission of this expression in the derivation of 
(2.15) demands in this case that the quantity E, intro- 
duced in (2.1), is redefined by the inclusion of AE. 

To exemplify this procedure, we consider the dipole 
interaction of nuclear moments in a crystal. It depends 
both on the spin operators and, through the relative 
positions of the nuclei, on variables of the molecular 
system, and contributes therefore to the part #G of the 
total energy (2.1). Unless one includes it from the start 
in the spin energy HE, the static part of the dipole 
interaction appears thus in the form (2.22) and it re- 
moves a high degeneracy, to be further discussed in Sec. 
4, through its nondiagonal matrix elements »¥v’. Be- 
sides the static part, an expansion of the dipole inter- 
action around the equilibrium position yields further 
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contributions in ascending powers of the displacements. 
The linear terms in this expansion give no contribution 
to (2.22) since their average value vanishes, but they 
have to be retained in the quantities (2.17) where they 
appear quadratically, thus contributing to relaxation 
processes. 

Another example, which is of particular interest for 
the later purposes of this paper, arises in the case of 
molecules in liquids and gases through the modification 
of the spin energy by the electrons. Since their spin is 
not essential in this respect, the electrons are here to 
be regarded as part of the molecular system and effects 
of their interaction with the nuclear spins are likewise 
to be contained in AG. As a result, there arises through 
(2.22) small but important contributions to the spin 
energy; one of these contributions represents the 
chemical shift of the effective field, acting upon a 
nucleus, the other consists of a small rotational in- 
variant interaction between two nuclear spins and both 
will be further discussed in Sec. 4. In contrast to the 
case of crystals, the direct dipole interaction is here 
averaged out as a consequence of the rotation of the 
molecules, but it enters in relaxation processes through 
the quantities [ of (2.17) which are quadratic in G. 

In analogy to the condition (3.4) of I, the derivation 
of (2.22) demands that the forward integration of (2.10) 
is extended over a time interval ¢ which has to be long 
enough to satisfy the condition 


le—g'|&>1 (2.23) 
for any two eigenvalues g and g’ of Eo, provided that 
g—g' +0. (2.24) 


The same condition must be satisfied for the validity 
of (2.15) in order to justify the appearance of the second 
and third term in the curly bracket of (2.16). For the 
justification of the first term in this bracket, it is 
necessary, on the other hand, that 


|g—g’—g"/ +2" |>1 (2.25) 


for any four eigenvalues g, g’, g’’, g’”, provided that 


g— 8-8" +8" 0. (2.26) 


The aforementioned restrictions upon the permissible 
values of , to be contained in the summation of (2.16), 
are in fact closely related to the conditions (2.23) to 
(2.26). In the special case of I, the relevant quantities 
(2.24) and (2.26) are all of the same order of magnitude, 
so that they could be replaced by a single condition. 
In the more general case, considered here, one may 
frequently deal with different orders of magnitude; 
nevertheless, the foregoing conditions upon the duration 
¢ shall be symbolized by the single condition 


| Zo| &>1. (2.27) 


It has to be kept in mind, however, that | Z| repre- 
sents here the various absolute magnitudes of the dif- 
ferences (2.24) and of the double differences (2.26). 
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It is further necessary, in analogy to (3.20) of I, that 
w*>1, (2.28) 


where w* is a characteristic frequency of the molecular 
system, indicating the effective scale in which the 
spread of the frequencies f has to be measured.’ This 
condition is necessary in order that the matrix elements 
of G can be considered as sufficiently slowly varying 
function of f in the integrals over this variable which 
lead to (2.15). The Boltzmann factor P(f) of Eq. (2.13) 
enters in the same integrals and its variation must 
likewise be sufficiently slow. It requires the fulfillment 
of the additional condition 


(kT /h)O>1, (2.29) 


which, actually, was already assumed in I without 
being explicitly mentioned. 

On the other hand, ¢ must be short enough to justify 
the neglect of terms, higher than those which are linear 
in E; and quadratic in G. This leads to the further con- 
ditions 

| Ey |t<«1 (2.30) 
and 


|T' |<, (2.31) 


where | E;| indicates the effective magnitude of E,, and 
|T'| that of the quantities, defined in (2.17). One 
obtains in this manner an equation for the increment of 
o* which is linear in ¢; in order to replace it by the 
differential equation (2.15) it is necessary to assume that 
o* contains only frequencies of order of magnitude y, 
satisfying 


WAKA. (2.32) 


Actually this relation, which was likewise implied in I, 
does not represent an independent condition. It is seen 
from (2.15) that the order of magnitude of v is measured 
by the quantities | Z,| and |I'| themselves so that (2.32) 
can be considered as a consequence of (2.30) and (2.31). 

Analogous to the Eq. (3.21) of I, one can combine 
the conditions (2.27) to (2.31) in the single condition 
of validity for (2.15): 


(IP, |Zi|)<«K(| Zo], w*, T/A), (2.33) 


in the sense that each quantity on the left side of this 
relation must be small to each quantity on the right 
side. Except for omitting the condition on the variation 
of P(f), measured by kT/h, Eq. (3.21) of I is indeed a 
special case of the more general condition (2.33). 
Under the assumptions of I, | Zo| is of the order of the 
resonance frequency w=yHp and |T'| is of the order of 
the inverse relaxation times (1/71), (1/72) which were 
indeed the quantities used to formulate the condition of 
validity of the Boltzmann equation. 

The differential equation (2.15) for the transformed 
distribution matrix results, in analogy to (3.25) of I, in 


7 In the customary terminology, the quantity 1/w* corresponds 
to an effective correlation time of the molecular system. 
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an equation for the distribution matrix defined by (2.5). 
Using Eqs. (2.2), (2.14), and the identities 


(go| E,| gv’) = £8 oq'Dv0" 


(g0|[Eo,0]| gv’) = (g—g’) (gv| o| g’v’), 


one obtains 


and 


P(o)|g/0"), (2.34) 


d 
5 o| g’v’)+i(gr| [Eo }| g’0") = (ge 


where the symbol on the right side is obtained by 
replacing in (2.16) the matrix elements of o* by the 
corresponding ones of c. 

As in I, it can be seen from (2.15) or (2.34) that these 
equations are compatible with the condition of nor- 
malization (2.7) since they lead through (2.18) to the 
identities 


d ‘ d , 
a ele |ge)=— 2 (gv|o|g0)= 


Another obvious and general feature appears in the 
absence of the term £; of E, i.e., by replacing E by Eo 
in (2.34) or by letting Z,*=0 in (2.16). Both equations 
have in this case a stationary solution 


(gv| oo] g’0’) = (gv| oo*| g’v’) 
=f exp(—hig/kT)5g9'5 yw’; 


where normalization demands 


LX (g0| o0| gv) =X (gv| oo*| gv) =1, 


and hence 


(2.35) 


(2.36) 


¢=1/> exp(—fg/kT). (2.37) 


Equation (2.35) expresses the fact that, in the absence 
of external actions, the spin system is stationary if it is 
in thermal equilibrium with the molecular surroundings. 
The diagonal elements of o and o*, i.e., the probabilities 
to find the spin system in certain states, follow thus the 
Boltzmann distribution at the temperature T of the 
molecular surroundings and their off-diagonal elements 
vanish because of the absence of phase relations between 
different states. It is convenient, for later purposes, to 
introduce instead of and o* the deviations x and x* 
from the equilibrium solution by writing 


(2.38) 
(2.39) 


g=00tx, 


ot =aot+x*, 


X (gr| x| gv) =D (go| x*| gv) =0, 


with 
(2.40) 


as a consequence of (2.36) and the normalization 
requirement 


X (gv|o| gv) =X (gv| o*| gv) =1. (2.41) 
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With the same notation for x* and x as that, used on 
the right side of (2.15) and (2.34) for o* and o, one 


obtains from these equations 


d 
PAG x|g’0")+i(go| LE,x]| g’0’) 
— (gv| T(x) | g’0’)= it Lexp(—hg/kT) 
—exp(—hg’/kT) ](go| E:|g’v") (2.42) 


and 


d 
5 el x*| gv") +i(go| [Es*,x*]| ¢’0’) 
— (go|T'(x*) | g’v’)=itLexp(—hg/kT) 
—exp(—hg'/kT) }(gv| E:*| g’v’). 


An important general conclusion can be drawn from 
Eq. (2.42): The right side of this equation vanishes 
in the limit #(g—g’)/kT—>0 so that, if x=0 at any 
time, it remains always zero. Once in thermal equi- 
librium, an arbitrary spin system, subjected to arbi- 
trary external fields (contained in E,), will therefore 
remain in thermal equilibrium provided that the sepa- 
ration of its energy levels is negligible in comparison to 
kT. Correspondingly, a deviation from the equilibrium 
population of the spin states under the influence of 
external fields can only be expected to occur to the 
extent to which the finiteness of the temperature is 
considered.® 

The special form of the Boltzmann equation, obtained 
in I, was used to investigate the validity of the phe- 
nomenological equations for the macroscopic nuclear 
polarization. While a rather wide range of validity could 
be established, it was found that even under the rela- 
tively simple earlier assumptions there were cases where 
the phenomenological equations were not valid. In 
these cases one can obtain the desired answers by first 
solving the Boltzmann equation; the resulting form of 
the distribution matrix leads then through (2.6) to 
expectation values such as those of the components of 
the polarization which directly determine the observed 
nuclear induction signals. 

This last procedure will throughout be used in this 
paper since one cannot expect, under far more general 
conditions than in I, to arrive at a complete macroscopic 


(2.43) 


§ This observation is not in contradiction with the Overhauser 
effect, where one obtains a nuclear polarization, far in excess to 
that of the equilibrium distribution. It is essential that the spin 
system contain here also electronic spins: While energy differences, 
due to a change of orientation of the nuclear spin in the external 
constant magnetic field, can be indeed neglected in comparison 
to kT, this is not the case for the other and far greater energy 
differences of the spin system which occur in a change of the elec- 
tronic spin. Indeed it is the ratio of these latter energy differences 
to kT, which measures the magnitude of the observed effect. A 
recent theory of J. I. Kaplan [Phys. Rev. 96, 238 (1954) ] is, on 
the other hand, invalidated by the foregoing observation since it 
claims a strong nuclear polarization even if one disregards the 
separation of the electronic levels with respect to kT. For a further 
discussion of the observations of A. Honig [Phys. Rev. 96, 234 
ee to which the theory of Kaplan refers, compare A. Abragam 

Phys. Rev. 98, 1729 (1955) J. 
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description by means of phenomenological equations. 
There may be special situations where this is possible 
without making the same initial assumptions as in I, 
but they shall here not be investigated. Instead, solu- 
tions of the Boltzmann equation will be found for 
particular external fields and particular spin systems 
which are of interest; the resulting expressions for the 
distribution matrix will then be inserted in (2.6) to 
obtain the expectation values of the relevant spin 
functions Q which deal with the macroscopic polariza- 
tion. 

It is permissible, for most of the later purposes of this 
paper, to exclude a degeneracy of the unperturbed spin 
system. A state of this system is then uniquely charac- 
terized by the eigenvalues g of E» and the preceding 
equations of this section are greatly simplified by the 
omission of the index ». In particular, one obtains in 
this case from (2.42) and from the expression (2.16), 
obtained through the replacement of o* by x and the 
omission of 2, 


d 
5! x|g’)+i(g|CE,x] | 2’) 


+X vf Toe? +1 yo”) (g| x | g) 
—2exp(hp/kT)T og? (g+p|x\e'+P)} 


=it(exp(—hg/kT)—exp(—hg’/kT) }(g| E:\g’), 
(2.44) 
with the simplified forms 


Poo? =" > nu( f mw (ff p) 


XP(f)(gfulG|gt+p, f—p, v’) 
X(g'+2, f-?, u'|G| g' fu)d f (2.45) 


and 


Too"? = exp(— hp/kT)V y+, otp > (2.46) 


of Eqs. (2.17) and (2.18), respectively. 
The distribution matrix is here further given by 


(g\o|g’)=¢ exp(—hg/kT)byo+(g|x\ 8’), (2.47) 
as a consequence of (2.35) and (2.38), with the 
equalities 

f=1/L, exp(—hg/kT), 
DXo(glolg)=1, 


Lo(g|x|g)=0 


following from (2.37), (2.41), and (2.40), respectively. 
It shall finally be noted that 


(g|x\e’)= (e'lx\8)*, 
as a consequence of (2.47) and the relation 


(g|o|g’)=(¢'|o|g)*, 


(2.48) 


(2.49) 


and 
(2.50) 


(2.51) 


(2.52) 
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which follows from the fact that the density matrix p 
is by definition Hermitian, so that the same holds in 
view of (2.5) for the distribution matrix c. 


3. EFFECT OF A WEAK EXTERNAL FIELD 
WITH A SINGLE FREQUENCY 


It shall be assumed in this section that the principal 
part AE» of the spin energy includes all terms which do 
not explicitly depend upon the time. The additional 
small part #E£, consists then only of the contribution by 
an external time-dependent field, to be indicated by the 
notation E,=D. In particular this field shall here be 
chosen to be monochromatic with a circular frequency 
w, so that one has 


E,\= D= Dte*'+ D-e*t, (3.1) 


The eigenvalues g of Eo shall not be degenerate and 
no common difference shall exist between any two of 
them. It is then implied by the conditions, symbolized 
in (2.33), that all the finite differences and double dif- 
ferences, given by (2.24) and (2.26) respectively, shall 
be large compared to the relaxation coefficients I’ of 
Eq. (2.45) as well as to the effective magnitude | E,|, 
given by that of the terms D* and D~ in (3.1). In fact, 
the reference to a “weak” field in the title of this section 
is made in the sense of this relation of orders of magni- 
tude and it can equally well be considered as a condition 
upon the particular choice of Eo. The treatment of 
“strong” fields, to be presented later, will be essentially 
based upon a different separation of the spm energy. 

Inserting (3.1) and using the identity 


(g| Zo] 8’) = g800’, 
one obtains from Eq. (2.44) 


d 
rAd x|g’)+i(g—g’)(g| x1 ge’) +f (g| [D*,x]| 2’)ei* 


+ (g| [D-x] | g e-*#} +d >{ (P99? +1 gg"”) (g| x | g’) 
—2 exp(hp/kT)T g9-”(g+p|x| g’+p)} 
= i¢Lexp(—hg/kT)—exp(—hg’/kT)] 


X{(g|D*| g’e'*'+(g|D-|g’)e-i*}. (3.2) 
The fact that EZ; shall be a Hermitian operator requires, 
according to (3.1), that the matrix elements of D+ and 
D-, appearing in (3.2), satisfy the relation 


(g| D*|g’)= (¢’| D*|g)*. (3.3) 


The general solution of (3.2) contains terms in x 
which satisfy the homogeneous equation and decrease 
exponentially with time constants of the order 1/|T'}. 
These transient terms shall be omitted in order to obtain 
the particular solution of (3.2), pertaining to stationary 
conditions. The corresponding matrix x has diagonal 
elements, independent of the time and nondiagonal 
elements which alternate with the frequency w. With 
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|I'| and | D+| small compared to | g—g’| for g¥g’, this 
solution can be seen to differ appreciably from zero only 
if w lies close to one of the different resonance values 
|g—g’|. Selecting a particular resonance frequency 
was=a—b by specifying g=a, g’=b and a>b, the 
deviation of w from this resonance frequency is given by 


Aw=w+b—a (3.4) 


and is assumed to be small compared to the difference 
between the specific resonance frequency wa, and any 
other resonance frequency w,,. All the nondiagonal 
elements of x except those between the states a and b 
are then negligible; in view of (2.51), the latter can be 
written in the form 


(b|x| a) =ze™*, (3.5) 


with the asterisk, as in (2.51), (2.52), and (3.3), indi- 
cating the conjugate complex. Using further for the 
diagonal elements the abbreviation 


(a|x|b)=2*e-‘**, 


(g| x|g)=xe (3.6) 


the stationary solution of (3.2) is then characterized 
by the complex number z and the set of real numbers x, 
which are all independent of time. 

The relations between these constants result from the 
the various values of g and ¢’ in (3.2), yielding in par- 
ticular for g=), g’=a 
(Aw— iT'as)8+ (b| Dt | a) (xa—x») 

={Lexp(—hb/kT) —exp(—ha/kT) }(b| D*|a) 
with the abbreviation 
Tao= D(V aa? +l so”) — ye 


For g=a, g’=b, there results the conjugate complex 
equation to (3.7) in view of the relation (3.3), yielding 


(a| D-|b) = (b| Dt | a)*, (3.9) 
and in view of the equality 


la= | a 


(3.7) 


(3.8) 


(3.10) 


This equality follows from the definition (3.8), together 
with the fact I'a,°=T' 2° which can be verified by (2.45) 
for p=0. 

One obtains further for g=g’ =a, 


Lp Voa?Lexp(hip/kT)xXa1n— Xa] 
=—Im{(a|D-|b)z}; (3.11) 
for g=g' =), 
Dp Voo?Lexp(hp/kT)xv+»— xo ]=Imf{ (a| D~| b)2} ; (3.12) 
and finally, for g= g’ a,b, 
° me Ty"Lexp(hp/kT) xXo4+—Xo]=9. (3.13) 


It shall be noted that the quantities T',,”, obtained from 
(2.45) with g=g’ for all values of g, including a and 8, 
are real and positive in view of the Hermitian character 
of G. They represent in fact the probability per unit 
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time of a transition of the spin system from g to g+p 
through its interaction with the molecular surroundings 
so that the necessary energy ip must be furnished by 
the latter. The probability per unit time Ty; 5,.4»~” for 
the inverse transition differs in view of Eq. (2.46) by 
the factor exp(4p/kT) which is indeed the relative 
probability that the molecular surroundings are ready 
to absorb rather than to emit the energy hp. The con- 
tributions }>p0 Ts”? and }-y<0T'ss” to the first term 
of Eq. (3.8) represent therefore the inverse life time of 
the states a and b, respectively, and are real and positive. 
The same holds for the remaining term, dealing with 
relaxation processes without exchange of energy between 
the spin system and the molecular system, since it can 


be written in the form 


Too +l 5e°— 20 a= au fr(me(N | (afu|G| afu’) 
— (bfu|G|b fu’)|*df, 


using again the fact that the elements of G in (2.45) 
are those of a Hermitian matrix. It follows therefore 
that the expression (3.8) is likewise real and positive. 

In the derivation of (3.7), (3.11), and (3.12) there 
appear actually also terms with time-dependent factors 
etiwt, et2ivt in consistency with the assumptions made 
here, their rapid variation permits, however, the neglect 
of these terms. Besides, they are rigorously absent if 
among the matrix elements of D+, involving the states 
a and 6, only (b|D+|a) and its conjugate complex 
(a| D-|b) are different from zero. This is analogous to 
the well-known special case of a nucleus in a strong 
homogeneous field, where one can easily obtain a rigor- 
ous solution if one has a rotating rf field and where an 
oscillating field gives raise to additional rapidly varying 
terms. These terms cause merely a very slight modi- 
fication of the solution, obtained by retaining only the 
component which rotates in the sense of the nuclear 
precession.? 

Equations (3.11), (3.12), and (3.13) represent a set 
of linear inhomogeneous equations for the determination 
of the constants x, in terms of z and 2*. The deter- 
minant of these equations vanishes since the corre- 
sponding homogeneous equations have evidently a 
finite solution with x, proportional to exp(—fg/kT). 
Nevertheless, the inhomogeneous equations have 
likewise finite solutions since they do not form an inde- 
pendent set. Indeed, the sum of their left sides vanishes 
identically since it can be verified with the use of (2.46) 
that 


L P99” exp(hp/kT)xo49= ) D'99?Xo 
P.a Pg 


for any set of values x,. The indeterminacy, caused by 
this identity, is removed by the additional condition 


Le Xo=9, (3.14) 
®F. Bloch and A. Siegert, Phys. Rev. 57, 522 (1940). 
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which follows from (2.50) and (3.6). There exists thus 
a solution of the Eq. (3.11) to (3.14) for the quantities 
Xq in the form 


xo=T,I, (3.15) 


where the abbreviation 
I=Im{ (a| D-|6)s} 


has been introduced and where each of the values 7, 
is determined by those of the different quantities T’,,” 
and has the dimension of a time. Let further 


Tw=T.—T>, 


(3.16) 


(3.17) 


so that 

Xe— x= Tarl. (3.18) 
Expressing J through (3.16) in terms of z and s* and 
inserting (3.18), the Eq. (3.7) and its conjugate complex 
represent two simultaneous linear equations for these 
two conjugate complex quantities. Solving them and 
inserting the result in (3.5), one obtains 


(b|x|@)=(a|x|b)* 
={Lexp(—hb/kT)—exp(—ha/kT) ] 
(b| D+ | a) (Aw+iT' a0) 


eet, (3,19 
(Aw)?+ (T'as)?+T'asTas| DI? an 





where (3.9) and the notation 
| D|?= (b| D+|a)(a| D~|b)=| (6|D*|a)|* (3.20) 


have been used. 

The matrix element (6|x|@) of (3.19) has the same 
form as the expression M,+iM,, obtained by solving 
the phenomenological equations” for the transverse 
components M, and M, of the macroscopic polarization 
under the influence of a rotating rf field with circular 
frequency w. The determination of the two expressions 
leads in fact to the identical problem in the very special 
case, where the spin system consists of a single repre- 
sentative nucleus with spin 1/2 and where it was shown 
in I that the Boltzmann equation is equivalent to the 
phenomenological equation. By comparison with the 
very much more general result (3.19), it is seen that 
T.» and 1/T, are related to the effective longitudinal 
relaxation time 7, and to the effective transverse 
relaxation time 7», respectively, for the resonance 
between the two levels a and d of the spin system. They 
are both real and positive; this was already shown for 
Tp and will be seen below to hold equally for 74. 

Inserting further the value z from (3.5) and (3.19) in 
(3.16), and using (3.20), one obtains from (3.18) 


Xa—xo= Tal . 
={Lexp(—hb/kT)—exp(— > (3.21) 
Ss 


%” F, Bloch, Phys. Rev. 70, 460 (1946). 
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and from (3.15) 
s 


T, 
x= tLexp(—Ri/RT)—exp(—ha/kT)}—* — 
ab 


(3.22) 
1+s 


where the positive quantity 
TavT ab! D | ? 


OR asc 
(Aw)*+ (Tas)? 
has been introduced. 

Instead of the diagonal elements x, of x, introduced 
in (3.6), one can also use those of the distribution 
matrix ¢. Denoting them correspondingly by o,, one 
has from (2.47) 


= (g|o|g)=£ exp(—hg/kT)+xp. 


o, represents the “population” of the state g, i.e., the 
probability to find the spin system in that state. 
(3.21) and (3.22) can then also be written in the form 


(3.23) 


(3.24) 


1 
oa—o5=fLexp(—ha/kT)—exp(—hb/kT)}—, (3.25) 
i+s 


and 


og= exp(—fhg/kT)—{[exp(—ha/kT) 


T, 
—exp(— mae) — (3.26) 


+s 
The normalization condition >>, ¢,=1 is satisfied in 
view of (2.48) and the relation 


Le T,=0 


which follows from (3.14) and (3.15). The phenomenon 
of “saturation” is exhibited by Eq. (3.25) in the sense 
that the populations ¢, and o» approach equality with 
increasing values of s; it is for this reason that the 
quantity (3.23) is properly referred to as the saturation 
parameter. 

The Eq. (3.26) represents the quantitative formu- 
lation of the “general Overhauser effect.” It states that 
even for states g~a,b which are not directly affected by 
the alternating field, one is lead in general to a deviation 
of the population ¢, from the value, corresponding to 
thermal equilibrium and attained in the absence of the 
alternating field, i.e., for s=0. This deviation is caused 
by transitions, due to relaxation processes, and reflects 
the readjustment of the stationary populations, neces- 
sitated by the direct effect of the alternating field upon 
those of the two particular states a and b. The possi- 
bility of an enhanced nuclear polarization, pointed out 
by Overhauser,' is directly based upon this mechanism 
and shall be illustrated below in a particular case. 

The problem to solve the Eqs. (3.11), (3.12), (3.13) 
and hence, with the additional condition (3.14), to 
obtain the quantities 7, of Eq. (3.15), can be rewritten 
by introducing, besides the abbreviation (3.16), the 
notations 


(3.27) 


V,=exp(hg/kT)xe, (3.28) 
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and 
Ry, o+p= exp (hig/kT)/T gq”, (3.29) 


so that one obtains from (2.46) for g=g’ the relation 
Ry, ot p= Ron, 0- (3.30) 


Equations (3.11), (3.12), and (3.13) take then the 
form of the Kirchoff laws: 


Lo (Ver— Va)/Rag:= —I, 
Le (Ver— Vs)/Rog =I, 
Le (Vy— V_)/Roo =(0, 


of a dec circuit with various junctions g, including a 
and 8, in which V, represents the voltage at the junction 
g, Rog the resistance between two junctions g and g’ 
and J the stationary current, entering at the junction 
a and leaving at the junction b. To complete the analogy 
with an ordinary dc circuit, it is seen from the definition 
(3.29) that, just as every quantity I',,”, every resistance 
Ryo’ is real and positive and from (3.30), that it is equal 
to R,,. Given the resistances and the current J, the 
voltages V, at all the junctions are determined except 
for a single additive constant."' This constant is, how- 
ever, necessary for the determination of the quantities 
x, through (3.28) and it is actually to be obtained from 
the condition (3.14) which takes here the following form: 


>. V, exp(—hg/kT)=0. (3.34) 


The equivalence with the circuit problem will first be 
used to show that the quantity 7., of Eq. (3.17) is 
always positive. Indeed, assuming the current J to be 
positive, none of the voltages V, for g¥a,b can be 
higher than that at the junction a where the current 
enters nor lower than that at the junction } where it 
leaves. It follows on the other hand from (3.34) that 
some of the voltages V,, including V, and V3, must be 
positive and some others negative so that, necessarily, 
V, is positive, and V, negative. Since, in virtue of 
(3.28), xa and x» have the same sign as V, and V, 
respectively, it follows that their difference (3.18), and, 
hence, 7,» is indeed positive. The same conclusion is 
reached if J is assumed to be negative since the inversion 
- of the sign of the current is accompanied by that of all 
voltages and hence also by that of x, and xp». 

A particularly simple interpretation of T,, is obtained 
from the equivalent circuit problem if one makes the 
assumption |hg|<kT which is usually satisfied for a 
nuclear spin system. One has then, from (3.28), 

=V,; and hence, from (3.18), Va—Vs==T.sJ. This 
last equation states that the time 7, is in this case to 
be obtained as the effective resistance, measured 


(3.31) 
(3.32) 
(3.33) 


4 This statement excludes, of course, cases where certain groups 
of junctions are completely isolated from the remaining circuit. 
Such junctions can be at an arbitrary common voltage, but this 
indeterminacy can be avoided by treating an insulation as the 
limiting case of a very high resistance; the procedure is equivalent 
to the treatment of a forbidden relaxation transition of the spi 
system as the limiting case of a very small transition probability. 
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between the terminals a and b of the equivalent circuit. 

Equations (3.31), (3.32), (3.33) are equally valid if 
the voltages are related to the quantities a, instead of 
Xo, i.e., if one replaces (3.28) by 


V,=exp(hg/kT)o,. (3.28a) 


Indeed, in view of (3.24), this definition of V, differs 
from that of (3.28) merely by the additive constant ¢. 
One has then 

Lia V, exp(—hg/kT)=1, 


which takes the place of the condition (3.34) and repre- 
sents, through (3.24), the normalization condition 
(2.49). 

To illustrate how the consideration of the equivalent 
circuit can be used to discuss the enhancement of the 
nuclear polarization, we consider a representative spin 
system which consists of an atom with atomic spin J 
and nuclear spin J, coupled by hyperfine structure ; this 
represents a slight modification of Overhauser’s case® 
where the electronic part of the spin system was repre- 
sented by the conduction electrons in an alkali. In 
analogy to this case it will be assumed that one deals 
with a single valency electron in an s-state and, for 
simplicity, with a nucleus of spin 1/2. The external 
magnetic field Ho shall be strong enough to cause 
Paschen-Back effect in the sense that its energy of 
interaction with the electron moment shall be large 
compared to the hyperfine structure splitting while its 
interaction with the nuclear moment shall be considered 
as negligible. 

The energy values of the spin system, divided by h, 
have in this case the form 


(3.34a) 


g(myz,m1)=womys+Wmymy, (3.35) 
with 


wo= 2H u./h, (3.36) 


where pu, is the magnetic moment of the electron and W 
the hyperfine structure frequency. We shall further 
choose the notation 


a= (3,3); b=g(—}, 4); c=g(}, —}); 


and choose the frequency of the applied rf field, in 
accordance with (3.4) to be 


w=wotW/2+ do, 


(3.37) 


(3.38) 


i.e., in the neighborhood of the resonance frequency for 
a transition between the states a and 6 in which the 
electron changes its spin orientation while the nucleus 
remains at m;=}. 

As an essential assumption for the Overhauser effect, 
it shall further be postulated that relaxation processes, 
leading to a change of m;, occur only through the hyper- 
fine structure coupling so that they cause only transi- 
tions in which m;-+m, remains unchanged. Besides, 
there exist usually much more frequent relaxation 





F. BLOCH 


Fic. 1. Equivalent 
de circuit for the 
Overhauser effect. 


Rea 


processes, affecting the electron alone, through transi- 
tions in which m, changes while m; remains unchanged. 
This means, with the notation (3.29) and (3.37), that 
one has relatively small values for R» and Ra, a finite 
and relatively large value for Ry. and Raa=Rac= Rea 
=o, 

The equivalent circuit diagram has, therefore, the 
aspect of Fig. 1. Since no current can pass through the 
connections bc and cd, one has therefore immediately 


Vi=V.=Va 
and, hence, from (3.28a), 


0o:0¢:0a=exp(—hb/kT):exp(—he/kT): 
exp(—hd/kT). 


This relation, together with (3.34a), ie., }°,0,=1, 
and (3.25) leads in a simple manner to the values of the 
populations a, and, hence, to the nuclear polarization, 
defined by 


Il=o,+01— (o-+¢4) 
=1—2(¢,+04)/(¢atosto.toa). 


According to (3.26), one has for s=0 
0q:05=exp(—ha/kT): exp(—hb/kT) 


and one obtains in this case with (3.39) from (3.35), 
(3.37) and (3.40) 


Tp= tanh (hoo/2kT) tanh (hW/4kT), 


i.e., a vanishing polarization in the limit (AW/kT)-0. 
The enhancement of the polarization by saturation is 
most easy to see in this limit by neglecting in the 
exponents hW/kT but retaining hwo/kT in consistency 
with the assumption w)>W, made in (3.35). From 
(3.39) and (3.25), one obtains then 
exp(hwo/kT)—1 

Il= —, (3.42) 

3 exp(hwo/kT)+3 1+5 


i.e., an Overhauser effect in the sense that for s>>1 the 
polarization is not governed by the separation of order 
hW of the nuclear levels but by the much larger 
separation hwo of the electronic levels. 

It should be noted that a deviation from the ideal 
situation, considered here, i.e., the admission of re- 
laxation processes in which m; changes without a 


(3.39) 


(3.40) 


(3.41) 





simultaneous change of m,, would in the diagram of 
Fig. 1 correspond to additional finite resistances between 
ac and bd. The resulting fact, that the voltage at c is 
thereby brought to a value intermediate between that 
of a and 8, causes the population a, to become more 
nearly equal to oa, thus diminishing the effect of 
saturation upon the nuclear polarization. 


4. NUCLEAR SPIN SYSTEM IN A STRONG 
EXTERNAL FIELD 


The general equations of the preceding sections have 
been developed without specifying the nature of the 
spin system. By interpreting the term AE in Eq. (2.1) 
in an appropriate manner, it is in fact not even neces- 
sary that this part of the total energy refers to a system 
of spins. The general Boltzmann equation (2.34) can 
equally be applied to other systems, provided that its 
condition of validity (2.33) is satisfied and the results of 
Sec. 3 allow likewise a more general interpretation of 
the effect of external perturbations which can be arbi- 
trary as long as they are sufficiently weak and periodic. 

Further specifying assumptions are, however, neces- 
sary in order to relate the results to particular cases. 
It shall be assumed, in the following sections, that one 
deals with a system of nuclear spins which are exposed 
to a constant external magnetic field Hp in the z-direc- 
tion. The part of the spin energy AE, due to this field, 
will be denoted by AB and Hp shall be sufficiently 
strong so that B contains the principal contribution to 
E. The additional part of the spin energy shall be 
relatively small; it shall consist of the mutual inter- 
action energy AC between the spins and of the con- 
tribution which is due to an external time-dependent 
field H,, perpendicular to the z-direction, and which 
shall be denoted by AD in accordance with the notation 
of Sec. 3. 

The spin energy, divided by h, has then the form 


E=B+C+D. (4.1) 


The various nuclei in the system will be denoted by 
the index 7; nucleus r shall have the spin J,, the mag- 
netic moment yu, and the gyromagnetic ratio y,=yu,/hl,. 
The notations 
(4.2) 


m P= ha 


and 
(4.3) 


shall further be used where the operators Iz,, Tyr, Ter 
represent the x-, y-, z-component, respectively, of the 
spin vector I,. The first part of (4.1) is then given by 


B=—¥,w,m,, (4.4) 


m,+= Tet il yr, 


where 


wr=YrHor (4.5) 


represents the Larmor frequency of the nucleus r, 
exposed to the constant field Ho,. 

The distinction between Ho, and the external field 
H_ arises from the chemical shift, mentioned previously 
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in the discussion of Eq. (2.22). It causes a slight 
modification of the effective field, acting upon the 
nucleus, which is proportional to Ho, so that one has 


Hor= (1+ €,)Ho, (4.6) 


with a numerical constant e¢,, characteristic for the 
electronic environment of nucleus r. This modification 
is of minor importance in cases where one deals with a 
system where all nuclei of finite spin are different. The 
various values of y, and, hence, those of w, are here 
normally to be considered as greatly different and in- 
commensurable so that the eigenvalues of B are far 
from being degenerate. The correction ¢,Ho is, however, 
important if the spin system contains two or more 
nuclei of the same kind but placed in different environ- 
ments in regard to their surrounding electrons. The 
difference of the chemical shift, measured by the values 
of €,, removes here a degeneracy of the eigenvalues of B 
which would otherwise exist because of the equality of 
the corresponding values of w,. The removal of this 
degeneracy is complete unless the system contains 
groups of nuclei which are not only identical but have 
also the same electronic environment. Such nuclei are 
called equivalent and their case shall be discussed 
below. 

The form of the second term in (4.1) depends upon 
the type of spin system, to be considered. In the case of 
a crystal, the coupling energy AC is primarily due to 
the direct dipole interaction between the nuclear 
moments, which was mentioned above in connection 
with Eq. (2.22). In the same connection it was pointed 
out that this direct interaction is ineffective for the 
spin coupling within molecules in a liquid and that 
there remains here only a much smaller coupling, due 
to an indirect interaction via the surrounding electrons. 
It must be invariant against rotation and bilinear in 
the spin operators of the nuclei and has therefore the 


form 
C=} > J,A1,-1,), 


rs 


(4.7) 


where the quantities J,,=J,, represent a set of fre- 
quencies, independent of the external field and charac- 
teristic for the molecule under consideration. Using the 
notations (4.2) and (4.3), one can also write 


C=} : 2 J -3(mom+m,tm,). 


rs 


(4.8) 


Originating from the field H,, the last term of (4.1) 
finally the form 


D=-, y-(H-1,). (4.9) 


As in the case of the field Ho, the chemical shift calls, 
strictly, also for a distinction between the effective 
field H;,,, acting upon the nucleus r and the external 
field H,. Being here only of subordinate significance, 
this distinction shall, however, be omitted to obtain the 
simpler form (4.9). Introducing the conjugate complex 
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quantities 


h,t= $7r(Aiuztil wy), (4.10) 


and using (4.3), as well as the fact that H; is perpen- 
dicular to the z-direction, one can also write (4.9) in 
the form 


D=-¥,(h-m,++h,+m,). (4.11) 


The different orders of magnitude, appearing in the 
contributions to E of Eq. (4.1), require a discussion of 
its separation into a large part Ey and a small part £;. 
A possible type of separation is obtained by letting 


E,=B, (4.12) 
E,\=C+D. (4.13) 


Besides the other conditions, implied by (2.33), this 


requires that 
|B|>>(|C|, |DI, |T']). (4.14) 


In view of (4.4), the eigenvalues of B are in this case 
given by 


g=—Lrwm,, (4.15) 


where m, represents the magnetic quantum number of 
nucleus r so that the left side of (4.14) symbolizes the 
order of magnitude of the different Larmor frequencies 
w, as well as that of any finite difference w,—w, between 
two of them. In a strong field Ho, the former are nor- 
mally of sufficient magnitude to satisfy (4.14) and the 
same holds for the latter if all the nuclei of the spin 
system are of different kind. In the presence of identical 
nuclei which are not equivalent, one deals, however, 
with considerably smaller frequency differences which 
are only of the order of the chemical shift and may not 
be sufficient to justify the condition (4.14) and hence 
Eqs. (4.12) and (4.13). The procedure to be followed in 
this case would consist in separating from B the small 
contribution, due to the chemical shift, and including 
it in Z; rather than in Eo. The corresponding change in 
the eigenvalues (4.15) of B would appear in a redefi- 
nition of the Larmor frequencies w, by replacing in 
(4.5) Hor by Ho. One would thus be led to an equality 
between those values of w, which refer to identical 
nuclei and hence to a degeneracy of the values (4.15), 
so that the additional quantum number » could not be 
omitted in the general Boltzmann equation (2.34) or in 
(2.42). In order to avoid this complication, it shall be 
assumed below that the chemical shifts are sufficiently 
large to allow their inclusion in Eo. 

An unavoidable degeneracy of the eigenvalues (4.15) 
appears, however, if the spin system contains groups 
of nuclei which are equivalent in the sense that they 
are not only identical but have also the same electronic 
environment and, therefore, the same Larmor fre- 
quency. This situation arises for example in the case 
of crystals; in fact, one deals here with a very high 
degeneracy of the eigenvalues (4.15), due to the large 
number of equivalent nuclei, so that the additional 
quantum number » of Eq. (2.34) is essential and charac- 
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terizes actually a very large number of states with the 
same eigenvalues. As was pointed out in Sec. 2, the 
static dipole interaction between the nuclei, i.e., the 
term C in (4.1), may be considered to enter in the form 
(2.22) into the spin energy. The elements of this matrix 
which are not diagonal in » will cause a partial removal 
of the above mentioned high degeneracy but the high 
order of the corresponding secular problem renders a 
rigorous treatment prohibitively difficult. Without 
entering into details, it shall be mentioned here that 
the problem is closely connected with the existence of 
spin waves in a crystal and that the removal of the 
degeneracy by the dipole interaction of the nuclei may 
be qualitatively accounted for by the introduction of a 
“spin temperature” which is not necessarily equal to 
the temperature of the molecular surroundings. 

A situation, similar to that of crystals, appears strictly 
also in the case of liquids and gases which is of par- 
ticular interest for the further purposes of this paper. 
To the extent, however, to which the spin interaction 
between different molecules can be neglected in com- 
parison to that within one molecule, it is here possible 
to consider the spins in a single molecule, rather than 
those contained in the whole macroscopic sample, as 
the representative spin system. This greatly simplifying 
procedure will be followed for the purposes of this paper ; 
it represents a justified assumption in regard to the spin 
energy since the interaction between different nuclear 
moments enters likewise in the form of the average 
value AE of Eq. (2.22) over the molecular surroundings, 
leaving a noticeable “static” part of the form (4.8) 
only within the same molecule where the relative dis- 
tances and angles between the nuclei remain unchanged. 
The corresponding contribution to AE from the inter- 
action between nuclei in different molecules can, how- 
ever, be omitted since their relative motion is not only 
random but so rapid that the interaction is almost 
altogether of the “high-frequency” type, leaving only a 
negligible contribution to the average value (2.22). A 
more serious restriction by the simplifying procedure, 
chosen here, is implied in regard to relaxation mecha- 
nisms where the high-frequency terms of the direct 
dipole interaction are of importance. While it permits 
the rigorous treatment of intramolecular relaxation, it 
still demands, as in I, that the fields, acting upon the 
nuclear spins in a molecule and originating from 
neighboring molecules, depend upon the variables of 
the molecular surroundings alone. One can claim no 
more than qualitative validity for the treatment, 
presented here, in cases where one deals primarily with 
intermolecular relaxation, due to the interaction of 
identical nuclei in different molecules. On the other 
hand, this situation can in practice be avoided by suf- 
ficient dilution with molecules which contain only nuclei 
with spin zero or with Larmor frequencies sufficiently 
removed from resonance conditions so that their spins 
remain in thermal equilibrium with the molecular sur- 
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roundings and can thus be considered as forming part 
of the latter. 

Even under conditions where it is possible to consider 
the nuclear spins in a single molecule as the represen- 
tative spin system, there occur frequently cases of 
equivalent nuclei. While the ensuing degeneracy of 
(4.15) demands here rigorously the retention of the 
index v in Eq. (2.34), this does not cause a serious com- 
plication as long as the number JN of nuclei in an equi- 
valent group is not too large. Besides, it is known” 
that the total spin J of such a group is a good quantum 
number with regard to the total spin energy AE. 
Assuming further that the total spin of an equivalent 
group does not change in relaxation processes either, 
the behavior of such a group becomes the same as that 
of a single nucleus of spin J with the same gyromagnetic 
ratio as the individual nuclei in this group. The actually 
existing degeneracy can thus be by-passed by attribut- 
ing to each equivalent group independently the various 
possible spin values J with their proper statistical 
weights. In the case of equivalent nuclei of spin 1/2, 
I can assume the values J=}N—y, where » is an 
integer, satisfying the condition 0SvS4N with the 
corresponding statistical weight 


(O-CV/C 


for a given value of » and, hence, of J. 

To simplify the treatment, it shall be assumed below 
that one deals either with molecules where there exist 
only equivalent groups of the foregoing type so that the 
degeneracy is immaterial or where it is absent, due to 
the fact that there exist no equivalent nuclei. The fol- 
lowing discussion will therefore be based upon Eqs. 
(2.44) to (2.52), obtained in Sec. 2 by the simplifying 
omission of the index ». 

The separation of the spin energy, indicated by 
Eqs. (4.12) and (4.13) does not impose any conditions 
upon the relative magnitudes of |C|, |['| and |D]. It 
permits, in particular, the treatment of cases where the 
effects, due to the field H, and those due to relaxation, 
measured by | D| and |I'|, respectively, are comparable 
or large compared to the coupling effects, measured by 
|C|. Referring to them in this sense as cases of “strong” 
field or “‘strong’’ relaxation, they shall be considered in 
Secs. 6 and 7. On the other hand, this separation 
demands in view of (4.14) that the coupling effects are 
small compared to any internal chemical shifts in a 
molecule. Although this condition is frequently satisfied, 
there are also cases where they are comparable. 

In order to consider such cases of relatively strong 
spin coupling, one can introduce another type of 
separation, given by 

Ey=B+C, (4.16) 


2 E. L. Hahn and D. E. Maxwell, Phys. Rev. 88, 1070 (1952). 
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and hence 
E,\=D. (4.17) 


As a consequence of (2.33) one obtains here instead of 
(4.14) the conditions 


({B],|C))>(1D],|T)), (4.18) 


which, indeed, do not restrict the relative magnitudes 
on the left side and permit therefore in particular the 
treatment of cases with comparable coupling and 
chemical shift. 

This treatment is, on the other hand, restricted by 
the necessary relative smallness of | D|, expressed by 
(4.18). The same restriction was required in deriving 
the results of the previous section for a periodic per- 
turbation in the sense that they refer to a ‘“‘weak”’ 
alternating field and these more general results shall be 
applied below to a nuclear spin system in a strong 
constant field. It shall be noted that the case 


|B|>|C|>(|D],|T|) (4.19) 


can be treated either with the separation given by 
(4.12), (4.13) or with that, given by (4.16), (4.17) so 
that the choice between the two is here a matter of 
convenience. 

Before entering into more specific considerations of 
a nuclear spin system, an expression will be derived 
which relates the solution of the Boltzmann equation 
to a quantity 8, representing a measure for the directly 
observed signals of nuclear induction. Except for proper- 
ties of the receiver circuit, the signals are determined by 
the components M,, M, of the nuclear polarization, 
perpendicular to the z-direction of the strong field Ho. 
Denoting the number of representative spin system, 
ie., in our case the number of molecules, per unit 
volume with n, § will be defined by 


d d 
S=—(Mz+iMy) =n—(ustiny). (4.20) 
dt dt 


Since it contains all that has to be known about the 
nuclear system in order to determine the signals, the 
complex quantity $ will be used as a measure and will 
be referred to, for brevity, as the “signal’’ itself. The 
angular braces in (4.20) indicate the expectation value 
and uz, uy, stand to the x- and y-component, respec- 
tively, of the total magnetic moment of the spin system. 
Using the notation (4.3), it is therefore 


Metbipy=> + (Mert iptyr) = h 2 yrm,;*, (4.21) 


and hence, with the general definition (2.6) for the 
expectation value of a spin function 


d 
§= vee TrL>. y-m,to(?) ]. (4.22) 


The distribution matrix o shall be expressed by the 
transformed distribution matrix o* through (2.14), so 
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that 
d 
S=in> > — 


{(g'0’| 2 y-m,*| gv) 
gv g’e’ dt r 


X (gu] o* (0) | g’o")e*o-#4}. 


In view of the condition (2.33), the rate of change of 
o*, measured by the quantity »|I'|, |E:| of Sec. 2 
must be small compared to the nonvanishing values 
|g—g’|. It is therefore permissible to retain in the 
double sum of (4.23) only the terms with g¥g’ and to 
keep in these terms only the time derivative of the 
exponential. Using again (2.14) to go back to the dis- 
tribution matrix a, one can thus write 


S=ihn YX (g’—g)(g'0' |X v-m,*| go) (gv| | g’v’). 


gv g’v’ r 
(4.24) 


It should be noted for later purposes that the magnitude 
of the matrix elements of m,*+ in (4.24) is restricted in 
view of the forms (4.12) or (4.16) of Eo. Indeed, sub- 
stituting these forms in the identity 


(g’—g)(g’v’ | m,*| gv) = (g’0" | Eo,m,*]| gv), 


and observing in the commutator [B,m,+], with B 
given by (4.4), that m,*+ commutes with m,° for s¥r, 
while [m,°,m,;*+]=m,* as a consequence of the com- 
mutation rules for the components of the spin vector I,, 
one obtains 


(4.23) 


(g’—g+w,) (g’v’| m,*| go) 
0 for Ex=B 


= (4.25) 
(g’v’|[C,m,*+]| gv) for Eo=B+C. 
The matrix elements of m,* vanish therefore in the case 
Ey=B if g’—g+w,0 and they are negligibly small in 
the case Ey= B+C if |g’—g+w,|>>|C|. 
Using (2.38) and noting that, as a diagonal matrix, 
oo does not contribute to (4.24), one can also write 


$= ihn OE (e’—8)(g'0'|D vem-+| go) (go|x|¢'0). 
(4.26) 


Finally, if there is no degeneracy which requires the 
retention of v, v’, then (4.26) can further be simplified 


to 
S=ihn D(g’—g)(g'|L vem,*|g)(glx|g’), (4.27) 


which will later be used in the evaluation of signal mag- 
nitudes. 


5. NUCLEAR SPIN SYSTEM WITH STRONG 
SPIN COUPLING 


The situation to be considered in this section, refers 
to the form (4.16) of EZ» and the corresponding con- 
dition (4.18) for the various orders of magnitude. The 
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effect of the coupling term C of (4.1) shall thus be 
strong, compared to that of the field H, and to the 
effects of relaxation, but its magnitude relative to the 
chemical shift shall not be subjected to any restrictions. 

It is therefore possible to apply the results of Sec. 3, 
provided that H; contains only a single frequency w. 
It shall actually be assumed that one deals with a 
rotating field of magnitude H; and with arbitrary phase, 
neglecting in the usual manner the very small effects® 
which arise in the normal presence of an oscillating field 
with amplitude 2H;. One has then from (4.10) 


h,*=}y,Hie* to), (5.1) 


Inserting in (4.11), one thus obtains D in the form (3.1) 
with 


Dt=—4}H ye+* >, ym,*. (5.2) 


In order to apply the results of Sec. 3 to the signal 
§ of (4.27), one has to remember that for a frequency 
w in the vicinity of the resonance frequency a—b, there 
appear in (4.27) only the matrix elements (a|x|5) and 
(b|x|a) of Eq. (3.19) for g=a, g’=b and g=d, g’=a 
respectively. The contribution from g=6, g’=a can, 
however, be neglected; it contains in the numerator of 
(3.19) the factor (b| D+| a) so that, in the corresponding 
term of (4.27), there appears the product 


(a|>- y:m,*|b)(b|>-, y,m,*|a). 


In view of the restricted magnitudes of the matrix 
elements previously mentioned as a consequence of 
(4.25), the second and first factor in this product 
contain appreciable contributions only from those 
terms in the summation over r for which w, differs by 
no more than an amount of order |C| from the reso- 
nance frequency a—6 and its negative b—a, respectively. 
Except in the highly accidental case where some of the 
values w, are within the order |C| equal and opposite 
to some other values w,, the presence of appreciable 
terms in both factors is therefore excluded so that the 
product (5.3) and hence the contribution to (4.27) from 
g=b, g’=a can indeed be neglected. 

The contribution from g=a, g’=b yields, however, 
from (4.27), using the conjugate complex of (3.19) and 
Eq. (5.2), 


$=} hint exp(—hb/kT)—exp(—ha/kT) ](a—b) 
| (b|L, y-m,*| a) |?(Aw—iP'a) 
(Aw)*+ (T'a)*+TasT as :*| (b| 5°, y-m,*| a) |2/4 
(5.4) 


(5.3) 





x e~i(wt+s) c 


An appreciable contribution from the matrix elements 
in the numerator and denominator of this expression 
arises here only from those terms in the summation over 
r for which the corresponding frequencies w, are very 
nearly equal to a—b and therefore also very nearly 
equal to each other. This near equality of their Larmor 
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frequencies occurs normally only for identical nuclei 
with equal values 7, of their gyromagnetic ratios, so 
that one can write 


$= 31H hnt[exp(—hb/kT)—exp(—ha/kT) |(a—b)y? 
| (6| 0, m,*| a) |?(Aw— iT ar) 
(Aw)?+ (Pos)?+TasT avy *| (b| 0, m?| a) |?/4 
(5.5) 





—i(wtt-5 
Ke soemtps 


where the selection of the single value y, which appears 
in this formula can be expressed by the approximate 


relation 
(5.6) 


The sign of near equality indicates the neglect of the 
chemical shift of Eq. (4.6) and of terms in a—) of order 
|C| ; it does not lead, normally, to an ambiguity in the 
choice of the single value y,, appearing in (5.5), and of 
the corresponding single kind of nuclei which con- 
tribute appreciably to the signal. 

The above expression for § has the same form as 
that obtained for M,+iM, from the solution of the 
phenomenological equations'® with the real and imagi- 
nary part of the numerator in (5.5) resulting in the 
parts of the signal which are in phase or 90 degrees out 
of phase, respectively, with the rotating field. The 
equivalent longitudinal and transverse relaxation times 
are identified by the equations 


(T1)a0= Tas | (o|>- m,* | a) |2/4 


(T2)a0 ot 1/T a, 


y,Ho=a—b. 


(5.7) 
and 

(5.8) 
respectively. 

It was shown in I that the two procedures are 
equivalent in the case of a single nucleus r with spin 1/2. 
With only two states a and b, corresponding to m,= —} 
and m,=}, respectively, one has here (5|m,+|a)=1. 
A simple check is here obtained by assuming in Eq. 
(5.3) of I that x1 in which case the quantity #);' of 
this equation has the same significance as the inverse 
of the time 7,» in the relation (5.7), yielding thus in- 
deed the same result T;=7.,/4. A complete quanti- 
tative check with the phenomenological result is here 
further obtained by replacing the frequencies a and b 
in (5.5) by }yHo and —43yHo, respectively, with 
y= 2p/h. 

A further simplification of (5.5) arises if H; is suf- 
ficiently small so that the term, proportional to H;’, in 
the numerator can be neglected, and if (a,b)}<«kT. One 
obtains then 


h? | (b| do, m,+] a) |?(Aw—iT oo) 
$= iH; =a b Po, 
3i c= (a—b)*y (Aw)?+ (Tas)? 


K e~i(wt+) 





(5.9) 


The resonance line is here uniquely characterized by 
the natural width I’, and by the intensity, defined 
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through integration over Aw in the form 


he 


T ; 
Int= eset f 54(a0) =—H ngt—(a—b)? 
2 kT 


Xy7| (b|>, m,*| a) |?. (5.10) 


The intensity ratios of a group of lines with relatively 
small differences of their resonance frequency is thus 
measured by the absolute squares of their corresponding 
matrix elements | (b|>-, m,*+|a)|?. 

No special assumption has been made, so far, about 
the coupling term C of Eq. (4.16), except that it has 
to be large enough to satisfy the condition (4.18). Its 
presence affects, however, not only the resonance fre- 
quencies a—b of the spin system and the matrix ele- 
ments (b|m,+|a) which determine the intensity, but it 
enters also in the natural line width, affecting it dif- 
ferently for different lines in a spectrum. At the same 
time the line width will of course depend upon the 
nature of the coupling between the spin system and the 
molecular system. In order to investigate in a general 
manner the dependence of the line width upon both 
these features, it is convenient to expand the interaction 
term G of Eq. (2.1) in the form 


G=D + LF), 


A Tr 


(5.11) 


which represents a generalization of the Eq. (4.2) of I. 
The symbol 7, stands here actually for a group 
(r1, T2°*+7r**+) Of positive and negative integers, 
including zero, and J,’ represents, in analogy to (4.4) 
of I, a spin function with the property 


(5.12) 


defined in a representation in which all the operators 
m,? of (4.2) are simultaneously diagonal with the mag- 
netic quantum number m, as eigenvalues. The 6 symbol 
in (5.12) is defined to be unity if m,—m,’=r, for all 
values of r and to be zero otherwise, and the index \ 
characterizes one spin function J,’ out of the generally 
several which satisfy the condition (5.12) with indi- 
vidual corresponding numbers J,m,"". The operators 
F,-* in (5.11) act upon the variables of the molecular 
surroundings alone, i.e., they are diagonal either in 
the quantum numbers m, or (g,v) of the spin system. 
The operator pair F,’", F,~7" as well as [,*", Z)~** shall 
be Hermitian conjugate in order that G represents a 
Hermitian operator. 

While the more general definition (2.17) of the 
relaxation coefficients could equally well be used and 
would not add any substantial difficulty, the following 
developments will be restricted to the simpler form 
(2.45). One obtains then, in analogy to (4.8), (4.9), and 
(4.11) of I, 


Poe =H Xe Savrrere (gle gt P) e+ Alla" 18), 
(5.13) 


(m, | I,**|m,’) = Dam,"6m; my! +11, 


NUCLEAR INDUCTION, II 
with 


@yy/P tr tr’ = > nul f nw (f- p)P(f) 


X (ful Fy] f—p, w)(f—p, ul | Py’ 


and the relation 


fu)df, (5.14) 


By P71’ t= exp(hp/kRT)®yy?7"'8 (5.15) 
It will further be noted that the condition 
Pg9?= (I'g9?)*, (5.16) 


which follows from (2.45) in view of the Hermitian 
character of G, is satisfied since the two relations 


Dy Pete te’ = (Byy/? 78-77’) * 
(o'r le")= ("Ll ")* 


are valid because of the Hermitian conjugate character 
of two operators with equal and opposite upper indices 
hi 


(5.17) 
(5.18) 


and 


The values of the coefficients ® of Eq. (5.14) depend 
upon the properties of the spin system only insofar as 
they contain the transition-frequencies p. The effect 
of a small spin coupling upon these coefficients will 
therefore be negligible since it affects only very slightly 
the eigenvalues g of Ey and hence their differences p. 
On the other hand, even a small coupling will have a 
considerable effect upon the matrix elements of the spin 
functions if it is comparable to the chemical shift and 
it will thus appreciably affect the values (5.13) in a 
manner which does not involve the properties of the 
molecular surroundings. 

In order to demonstrate this general feature in the 
case of particular relaxation mechanisms, it is con- 
venient to make an assignment of the indices \ and the 
corresponding operators J,", Fy’ such that (5.11) 
corresponds to an expansion in powers of the spin vector 
components of the individual nuclei. Retaining first- 
and second-order terms in this expansion, one can write 


Gad LF oe YD LF, (5.19) 


8Ts ats tre’ 


The first term implies that \ refers here to one of the 
nuclei s and that for \=s, one chooses r,=0 for r¥s, 
while +, can assume the values 0, 1, —1 with the 


The expression (5.14) represents a generalization of the 
Fourier-transform J, obtained by Y. Ayant [J. phys. radium 16, 
411 (1955) ] from the quantum-mechanical analog of a classical 
correlation function k(r). If one assumes in (5.14) X=’, re= ry’, 
writes f= £ and assumes no degeneracy of the molecular system 
by suppressing the indices «, u’, one finds indeed 


yy? 11 "= (har /Z)I (—$), 


where J and Z have the same significance as in Eq. (9) of Ayant. 
His relation (10) between J(p) and J(—?) is then seen to be 
equivalent to (5.15) by observing that 


Dy yp? The Wr eh Pe . 
in view of the Hermitian conjugate character of F, and F,~™. 
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notation 

I,°=m,°; 1,+=m,4, (5.20) 
more closely analogous to that of Eq. (4.5) in I than 
that introduced in Eqs. (4.2), (4.3) of this paper. Cor- 
respondingly, it is 


F,o=—y7.Hs' ; P+ =—}y,(H,,'+iH,,’), (5.21) 


where the vector H,’ represents a magnetic field, exist- 
ing at the location of the nucleus s and originating from 
the molecular surroundings. 

Similarly, the second term in (5.19) implies the 
assignment of \ to a pair s, ¢, of nuclei with the same 
significance of the operators J,”*, 7,7' as in (5.20). For 
st, it contains thus the terms, corresponding to 
quadrupolar relaxation in analogy to Eq. (4.6) of I 
and with the corresponding relation of the operators 
F,,-"*—* to the gradients of the electric field E,’ at 
the position of the nucleus s. In contrast to the first 
term which expresses the feature of “external” dipole 
relaxation, the second term of (5.19) contains besides 
for st the mechanism of “internal” dipole relaxation, 
arising from the direct dipole interaction 


(u.-w.)/r?—3(y.-4)(u.-)/1°, (5.22) 


between the nuclei s, ¢ with magnetic moments y,, uz, 
respectively, and with a relative distance vector r. For 
molecules in a liquid or a gas the small variation of the 
magnitude r can be neglected since the principal vari- 
ation of the vector r arises from the change of orien- 
tation, due to rotation of the molecule. Introducing 
polar angles gy and # to characterize the orientation of 
r, one obtains here from the comparison of the term 
s#¥t in (5.19) with (5.22) 


F,.=¢,.1(1—3 cos*d) ; 
F,i-o= t= C,4(3—F sin*#) ; 
PF, #°=F, 2+ = —¢,1§ sind cosde*'?; 


F, *V+1= — 2 sin*vetie, 


(5.23) 


with 
Cor=hy.y./t', 


and where the angles g and # must be considered as 
variables of the molecular surroundings. 

The insertion of the operators F,"* in (5.14), corre- 
sponding to these various relaxation mechanisms, and 
the further evaluation of the desired expressions for the 
line width through (5.13) and (3.8) is straightforward 
but too lengthy to be carried out in this paper. It will 
be assumed, instead, that one deals only with the first 
term in (5.19), i.e., with external dipole relaxation. One 
obtains then, from (5.13) and (5.14), 


Per LE Sarer(gl let oye’ + lle), 
(5.24) 
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and 


@, Pte Zz nu( fu (f—p)P(f) 


X (ful F."*| f—p, w)(f—p, u'|Fi-'| fu)df. (5.25) 


As a further great simplification, it will be assumed, 
besides, that the fields H,’, H,’, acting upon two dif- 
ferent nuclei s and ¢ are uncorrelated so that (5.25) 
vanishes for s~/. If one assumes isotropy of the mo- 
lecular surroundings, which is indeed realized in liquids 
and gases, only the coefficients 


®,,?7= ®@,?": 


(5.26) 


have to be retained in (5.24) and can be seen, in view 
of (5.21), to satisfy in this case the relation 


6,” = 26,7! = 26,7 1=4,”, 
so that one obtains from (4.24) 
V' gg? = Dir Br? (g|1,°| g+p) (e’+pl1,°| 2’) 
+3(g|I-"|g+p)(e’+p|I,| 2’) 
+4(g|IA|g+p)(e’+p|I-|g’)}. (5.28) 


To illustrate the effect of a spin coupling of the type 
(4.8) upon the line width and relaxation time, equation 
(5.28) shall be applied to the simple case of a spin 
system, consisting of two identical nuclei s and ¢ of 
spin 1/2 with Larmor frequencies w, and w,, respec- 
tively, which are separated by a relative chemical shift 


(5.29) 


small compared to w, and w;. Using (4.4) and (4.8), 
one has here 


Eo= B+C= — (wm,°+wm:) 
+J[m,.°m O+3(m.tm-+m-m i*)], 
with the four eigenvalues g=a, b, c, d, given by 
a=atiJ, b=} (P+J")'!-Y, 
c=—3(P+I)'-2, d=—athy, 


(5.27) 


6=w,—ws, 


(5.30) 


(5.31) 


where 


@=4$(w,+w:). (5.32) 


From the representation (5.12), the matrix elements of 
I," for r= —1, 0, 1, and r=s, ¢, required in (5.28), are 
obtained in the form 


(g" | Zar] ge") = L(g" | mats, mi) (mami| 8’) Tem," 


(5.33) 
and 


Ce" (Ze g'”")= 2 (g" | a, mtr) (mami g!”)T ome", 


Mamet 
(5.34) 
with 
Ty =I47=1, Iq'=7,4—=0, I,4y=+4, (5.35) 


for r=s, t. 
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The transformation functions, entering in (5.33) and 
(5.34), are in our case given by 


(a| m,m,) = (m,m,| a) =5m, —h5m:-3, 


(b| m,m,) = (mm, b) =albm, —j5m +B 45m 45m, -{, 
(5.36) 
(c| m,m,) = (m,m,| c) = Bm, —15m 15 — adm, 45m -4, 


(d| m,m,) = (mm, | d) = 5m,5m¢h, 


with 
a=1—8=4[1+6/(8+J)!]; (5.37) 


and one obtains from (5.33) and (5.34), with (5.35) 
and (5.36), 


(6|Z,'|a)= (a|Z,>|b)= (d|I4|c)= (cl. |) 
(c|I¢|a)= (a|Ie|c)= (ad|I 2 | 0) 
= (b|I|d)= 


— (c|I,'|a)=—(a|I,“|c) = (d| Z|) 
(b|I|d)= (b|Z¢|a)= (a|Z “| 6) 
=—(d|If|c=—(clIA|d)=Va, (5.38) 
— (a|I,°|a)= — (a|Z,°|a)= (d|I,°|d)= (d|I,°|d) =}, 
— (b|7,°|b)= (b|7,°|b)= (c|I,°|c) 
=—(c|I,°|c)=}(a@—8), 
— (b|I,°|c)= — (c|I,°|b) = (6|7.°|c) 
= (c|I,°|b) = (a)!, 


with all other matrix elements of J,,,°, Z,,.*' equal to 
zero. 

By neglecting the slight variations of the coefficients 
,” of (5.28), due to chemical shift and coupling, i.e., 
with 


6,07>= 2°, - 4G, 4G, ; },>- SG," (5.39) 
the line widths, resulting from the above formulas, can 
be conveniently expressed in terms of the longitudinal 
and transverse relaxation times 7), and 72, respec- 
tively, which the nuclei r=s, ¢ would exhibit separately, 
ie., under the conditions considered in I. 

In Eqs. (5.3) and (5.4) of I, the quantities 24,;' and 
#,;° can then be replaced by $,-* and %,°, respectively, 
so that 

1 


,-¢= rrr 
(ite *)T1, 


with 


From the general expression (3.8) for the line width 
and with (5.28) and (5.38), one thus obtains the follow- 
ing for the widths of the four lines which have a finite 


INDUCTION. if 


intensity : 


I'a=8 ——} 
T 2 


1 1 1 
—) +4 nner) 
Ite*Ty Tx 1+e*Ti, 


Poc=a 


(— 1 1 
Te T 2 1+e- . Tx 


rana( + 
T 2 


1 ee: 1 a 
cmencthoenminnl —)+3(—+ —). 
To 1+e Tu Tx I1+e Ti 

Although they were derived under very special sim- 
plifying assumptions, these expressions exhibit some 
interesting features which can be expected to occur 
similarly in more general cases: In the first place it 
should be noted that they contain not only the trans- 
verse relaxation times T2,, T2, which would solely 
determine the line width in the case of separated nuclei, 
but also the corresponding longitudinal relaxation times 
Tis, Ti. The significance of these features is best seen 
in the limit J/6—0, where, according to (5.37), one has 
for 5>0:a=1, 8=0. Considering in particular the line 
a, b, its frequency, according to (5.29), (5.31), and 
(5.32), is given in this case by a—b=w,+4J and cor- 
responds in fact to a transition caused by the applied 
rf field, in which the nucleus ¢ changes its quantum 
number m, by unity while the other nucleus s remains 
in the state m,=—}. Nevertheless, there occur also 
transitions of the nucleus s, due to the relaxation, which 
shorten the lifetimes of the initial and final state a and 
b and hence contribute to the line width I,, in the form 
of the term [1/(1+~*) ](1/71,) in addition to the term 
1/T2 which would alone be present for the separate 
nucleus ¢#. Similarly, there appears the contribution 
[1/(1+e*)](1/71,) in the width T'.¢ of the resonance 
line corresponding to the transition in which nucleus s 
remains in the state m,=}. For @>0, this is the lower 
of the two states of the nucleus s and no relaxation 
transitions can therefore take place in the limit of very 
low temperatures, i.e., for c+; this furnishes the 
reason for which the line width is in this limit given by 
1/T alone. 

Another feature of interest lies in the fact that the 
line widths (5.42) show a strong and different depend- 
ence upon the ratio of the coupling constant J to the 
chemical shift 6, entering through (5.37) in the con- 
stants a and 8=1—a. In the usual case «1, one obtains 


1 1 1 
Pao= ra=a(—+ )+e ~+—), 
Tx 27. Tx 271. 


1 1 


1 1 
Pa=Tumal + )+0( + ), 
Tx 27 Tx 271 


(5.42) 
1 


the Ty 


1 
—)-+8 
1+e— 5 Ti 


1 1 
Git 5 
Tx 1+¢ Ti, 
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and hence two pairs of lines with different widths except 
in the case 71,= T1u:=71; T2.= T2=T2, where all four 
lines have the same width, 1/7.+1/271. 

To complete the discussion of the case, considered 
here, the corresponding expressions (5.7) for the effective 
longitudinal relaxation time of the different resonance 
lines shall likewise be derived for the case «1. As was 
pointed out in Sec. 3, 7.» is in this case the effective 
resistance in the equivalent dc circuit, measured between 
the terminals a and 6. Expressing them likewise in 
terms of the relaxation times of the separate nuclei, the 
resistances of this circuit are here found to be 


da Oe 
Rav= Rea=4 —+—) =R,, 
Tis Tit 


B — 


2) 
1 -1 
sa) : 


and the effective resistance T,, is given by 


1 1 = 
al 
Ri Rstp 


Ta nics 


1 1 —1 
nal ) 7 
R; RitR: 
With the matrix elements 
(olm.t-+mit|a)= (d\m.t+m*l)=Vatve, |. 
(c|m,+-+m,*| a)= (d| m.++m,*|c)=1/8B-Va, rr 
and derived from (5.38), corresponding to (5.45), with 
the expressions 


p= 


1 1 ie 
T a= Ta= (—-+ ) : 
Ri R2+p 
rene (5.48) 


—1 
ay 
Rz Ritp 
one obtains from (5.7) with (5.44), (5.45), and (5.46), 
TieTur T 1 i eek 
I+— +3") (Vat+v/), 
TretTik 2q Tis Tu J 
Tul 


(Tiec= 
Tist Ty 


Tiel it [ Tit 
1+—(a"+9 
TietT uh 2q Tis Ti : 


Tul [ sth. Deey*] 
1+—(6—+e—) |Va+v, 
TutTih 2q Tis Ti ; 


Toc= Tva= ( 


(Ti)as= 


(V/a = V6)’, 
(5.49) 


(T1)ca= (Va-—/6)’, 








(T1)na= 


BLOCH 


with. ' 
g=1+as|2(—+—) (rat 7-4] (5.50) 
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As observed in the case of the line widths (5.42), the 
above expressions show a strong dependence upon the 
ratio of J and 6, apart from the more obvious one of the 
“intensity factors” (\/a+/6). In fact, this depend- 
ence, contained in the square brackets, exists here even 
in the case 7;,=7Tu=71, T2,.=T2x=T:2 through the 
expression g of (5.50). 

Assuming finally either a= 1, 8=0 or a=0, B=1 and 
T1e=Tu=T2x=T2x=T, one obtains from (5.49) the 
common value 

(Ti) et= iT, (5.51) 


and from the inverse expressions of (5.43) the common 
value 
(T2)ete= §T 


for the effective transverse and longitudinal relaxation 
times respectively. The two values differ thus in this 
case by a factor two while they would be equal in the 
corresponding case of separate nuclei. 

The particular relations which have been derived 
here between the effective longitudinal and transverse 
relaxation times of the different lines in a spectrum are 
of course based upon the underlying special assumptions 
concerning the relaxation mechanism, and other rela- 
tions would be obtained under different assumptions. 
This fact suggests, on the other hand, that the obser- 
vation and comparison of the effective values of 7, and 
T> in the different lines of a spectrum can be used to 
obtain information about the actual relaxation mecha- 
nism. 


(5.52) 


6. NUCLEAR SPIN SYSTEM WITH WEAK SPIN 
COUPLING AND STRONG RELAXATION 


It was shown in the preceding section that the line 
widths of a spectrum depend in general upon the 
relaxation processes, affecting all the nuclei in the spin 
system. As pointed out in the discussion of the simple 
example, presented by the Eq. (5.42), one obtains such 
a dependence even in the limiting case where the 
coupling constant J is assumed to be small compared to 
the difference 6 of the Larmor frequencies, since the 
width of lines due to transitions of the spin ¢ are still 
seen to be broadened by the longitudinal relaxation 
time of the other spin s. This may seem surprising since 
one should expect, for vanishing coupling, to find the 
behavior of independent nuclei, where the resonance 
width of one nucleus cannot be influenced by transitions 
due to the relaxation of another nucleus. 

One has to keep in mind, however, that the results 
of Sec. 5 were derived under the assumption of con- 
dition (4.18). While it is compatible with the further 
condition (4.19), i.e., with a spin coupling small com- 
pared to the chemical shift, it precludes the treatment 
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of vanishing coupling in the sense that the effect of 
this coupling still has to remain large compared to 
those due to the external rf field and to relaxation. In 
order to treat cases of arbitrarily small coupling, it is 
necessary to separate the spin energy according to the 
scheme of Eqs. (4.12) and (4.13) instead of using the 
scheme of Eqs. (4.16) and (4.17) which underlies Sec. 5. 
The corresponding condition (4.14) does not restrict the 
relative magnitude of the three effects, mentioned pre- 
viously and is likewise compatible with (4.19). At the 
same time, it allows the coupling effect also to be small 
compared to that of the relaxation. In order not to 
complicate matters too much, it shall here be assumed 
that one still deals with a sufficiently weak rf field, i.e., 
one demands 


|B|>>|T|>|D}. (6.1) 


At the same time, the magnitude of the coupling shall 
be restricted only by 

|B|>>|C|>|DI, (6.2) 
without any restriction of the magnitude of |I'| com- 
pared to that of |C]|. It is in this sense that the reference 
to “strong” relaxation is made in the title of this 
section; the case of a strong rf field shall be considered 


in the following section. 
In view of Eqs. (4.12) and (4.4), one has here 


Eo= ->, wym,°. 
Instead of the eigenvalue 
£=—Lir wt, (6.4) 
one can equally well use the set of magnetic quantum 
numbers m,= (mym2:+-m,---+) to characterize a state 
of the unperturbed spin system. Introducing further, as 
in Sec. II, a set of integers 7, and using Eq. (2.21), the 
Boltzmann equation (2.34) can then with omission of 
the index »v be written in the form 
d/dt(m,|o|m,')+i(m,|[E,o ]|m,’) 
= (m, 


(6.3) 


I'(a)|m,’), 
closely analogous to Eq. (3.25) of I, with 
(m,|T'(a) | m,’) 

=) (2 exp(— KT r)U mem," (My+7-| g | m,' +7) 


(6.5) 


_- (P'mpmy"*+T' my’my’7") (m,|a|m,’)} (6.6) 
and 


Pmym,!" = yy nu(f nw (f+X ter) P(f) 
x (m, ful G| M+ Tr, f+X TrWry u’) 
x (m,'+ Try {t+ Tr&ry u'|G| m,' fu)df, (6.7) 


Kr>= hw,/kT, (6.8) 
Dmy! +1rp,mpt+r, = exp(— 1 KrTr)I'mymy’™, (6.9) 
in further analogy to (3.16), (3.17), and (3.18) of I. 
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To treat the Eq. (6.5), let 
E=U+YV, (6.10) 
where 


U=Eot+C (6.11) 


and contains the part of £ which is independent of the 
time, while 


V=D (6.12) 


represents the part due to the external rf field and is 
hence dependent upon the time. A transformation 
operator S, and its inverse S~' small further be intro- 
duced, such that 

SUS“'= f(m,°), 


so that the matrix, representing this operator, has the 
form 


(6.13) 


(m,| SUS | m,')= f(m,)dmymy’, 


ie., it is diagonal in the m,-representation with the 
diagonal elements f(m,). Indicating further the trans- 
formation S by a subscript, i.e., with 


SoS=<cs, 


(6.14) 


(6.15) 
and 


SVS=V sz, (6.16) 


one obtains from Eqs. (6.5) and (6.6) 


d 
5 melas my’) +i f(m,)— f(m,") \(m,|os| my’) 


+i(m,|[Vs,os||m,’)=(m,|T's(os)|m,’), (6.17) 


wit 


(m,|'s(os)|m’)= YL) (m,|S|m,") 


X (m,""| 0 (Sa gS) | m,"")(m,!"”"| S| m,’). (6.18) 


It should further be noted that the expression (4.22) 
for the signal can also be expressed through the trans- 
formed distribution matrix os in the form 


(6.19) 


d 
$= a Trl ¥-(m,*) sos(¢) ], 
t 


with 


(m,*+) s=Sm,*+S—, (6.20) 


To obtain S and f from Eq. (6.13) by a perturbation 
method, let 
U=UotU,, 


where in our case, from (6.11) and (6.3), 
Uo= Eo= —>. w,m,", 


(6.21) 


(6.22) 
and from (4.8), 


U1=C=3 DY Ja(mmP+m,*m-). 


axt 


(6.23) 


Since the principal part Uo of U is already diagonal in 
m,, one can write 


S=14+S14+Se+ +++; S'=1—S;4+-SP—S2+ +++. (6.24) 
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Inserting (6.21) and (6.24) in (6.13), writing 


f(m,°) = fo(m,")+ frlm,)+ fa(m,")+ > -, 


and comparing terms of equal order, one obtains, up to 
the second order, 


(6.25) 


Uo= fo(m,’), (6.26) 
[S1,fo]+U1= film,), (6.27) 
[S2, foJ+0S1,f1J+S1(U1— fi) = fo(m,); (6.28) 


and hence, since fo(m,°), f:(m,°) are represented by 
matrices which are diagonal in m,, 


fo(m,)= (m,| Us|m,), 
film,)= (m,| U,|m,), 
fo(m,)= (m,|S1(Ui— fi) |m,). 


With the particular expressions (6.22) and (6.23), one 
obtains thus 


(6.29) 
(6.30) 
(6.31) 


(6.32) 
(6.33) 


fo(mr) = — Lr wrmr, 


hi (m,) _ 3 yi J mm, 


and with the corresponding operator function f1(m,°) 


Ui—fi=3 XO Jamstm-. (6.34) 


art 


Using the commutation rules of m,° with m,*+ and 
m,~, it is readily verified from (6.27) that 


Si=—} HE J m.*m-/(w.—w1), 


st 


(6.35) 


and one obtains, together with (6.34), from (6.31), 


fo(m,)=—4 > J 2(m,|m,+m-m,-m;*|m,)/(w.— 1) 
=-$) Jf Wi(it+1)—me2)m, 


—(1.(1.4+1)- m,? |mz} / (we—w). 


The expressions for the functions f; and f: could 
also have been obtained by the ordinary perturbation 
methods, but it is more convenient for a generalization, 
used in Sec. 7, to derive them in the manner outlined 
above. While these contributions to f represent only 
small corrections, relative to fo, in ascending powers 
of the ratio of the coupling constants J,; to the differ- 
ences of the Larmor frequencies w, and w;, their presence 
yields a structure of the resonance lines which is of 
importance for the following purposes. Omitting the 
corresponding small corrections to the intensity and 
width of the individual lines, it is permissible, on the 
other hand, to replace S in (6.17), (6.18), and (6.19) by 
the unit operator, i.e., to suppress the transformation 
subscript everywhere in these equations. This greatly 
simplifying procedure is consistent with the condition 
(6.2) and shall be followed below. 


(6.36) 
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Corresponding to (2.47) and (2.48), one can then 
write 
o=a0+*x, (6.37) 
with 
(6.38) 


(6.39) 


(m,|oo| my’) =£ exp(D- Kem,)dmymy’, 
t=1/> exp(> x,-m,). 


an 


As in Sec. 5, it shall be further assumed that one deals 
with an rf field of magnitude H, rotating with a 
frequency w. Using (5.2), one obtains then from (6.12) 
and with the suppression of the transformation sub- 
script from (6.17): 


d 
ris x|m,’) +4 f(m,) — f(m,") |(m,|x| m,’) 


+d { (L'mym,"*-+-D'm,’m,’"") (m,| x | m,’) 


—2 exp(—E, kere) Pmym,’"* (m+ -| x | m;!-+7,)} 
= — hit [exp(, «-m,)—exp(- x-m,’) ] 
X{(m-| oe vem,t|_m,')ei or?) 
+(m,|Xo- vem, | m,)e~ e+} , 


corresponding to (3.2) except for the omission of the 
terms which contain both D+ and x and are thus pro- 
portional to H,’. This omission is consistent with the 
condition (6.1) for |D|. 

Because of the principal term fy of f, given by Eq. 
(6.32), (m,|x|m,’) will be essentially different from 
zero only if w is in the neighborhood of one specific 
Larmor frequency w; with the quantum number m, 
differing from m,’ by +1. There exist, however, several 
resonance frequencies in the immediate vicinity of w, 
with only a slight dependence on the other quantum 
numbers m,, due to the relative smallness of f; and fs. 
In contrast to the treatment, presented in Secs. 3 and 
5, it is therefore not permissible to assume that 
(m,|x|m,') differs appreciably from zero only for a 
specific set of values m,, m,'=m,+1, m,, m,’=m,. 
Instead, (6.40) represents a set of simultaneous equa- 
tions for the quantities (m,m,|x|m,., m:+1), charac- 
terized by different values of m,. While all but one of 
these quantities are vanishingly small for relatively large 
coupling constants J,,, they tend towards a common 
value as J,, becomes comparable or small compared to 
the transition probabilities per unit time between states 
of different quantum numbers m,. Ultimately, there 
results a resonance where the structure, due to the dif- 
ferent states of the nuclei s, and the dependence of the 
width, due to their relaxation, have disappeared. Since 
one deals only with relative orders of magnitude, it 
should be noted that the same behavior occurs for 
fixed coupling but increasing transition probabilities 
between the various states m,. A sufficiently frequent 
occurrence of these transitions has thus the effect to 


(6.40) 
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eradicate the influence of another nucleus upon the 
structure and width of the resonance, owing to transi- 
tions of the nucleus /. 

This general behavior will, for simplicity, be demon- 
strated for the case that, besides the nucleus /, there 
exists only one nucleus s in the system. Considering in 
particular a transition m,’=m,+1, introducing 


(m,m,|x| ms, me+-1)=x(mm,)e*, (6.41) 
and assuming x,, x1, one obtains from (6.40) a sys‘em 
of equations for the constants «(m,m,) of the form 


iL w(msm,)—w ja(mem)+ > A(mmym,'m;')x(m,'m/) 


ms’mt’ 
—2 ¥ Pngm,"*{x(m.+72, mi) 


—x(m,m,)}=c(m,), (6.42) 


where 
c(m,) = FA fy xe(m,| mo | me+1) (6.43) 
and 


w (mm) = f (mm,)— f (ms, me+1). (6.44) 


The form of Eq. (6.42) is obtained by writing the fol- 
lowing for r,=0, m,= m+’ : 


(6.45) 


T'mym,’7* = T'mgm,7*+ ADPmym,’", 


where the second term in this equation as well as all 
the other values of I'm,m,’" are contained in the coef- 
ficients A (m,mym,'m,'). It will further be assumed that 
these coefficients are relatively small while I'm.m,”*, and 
hence the transition probability between m, and m,+7., 
will be allowed to be either small or large compared to 
the variation of w(m,m,) with m,, i.e., compared to the 
coupling constant J ,:. 

For w in the vicinity of one of the values w(m,m;) 
but separated by an amount, large compared to 
I'mm,”* from the other values, only the corresponding 
single quantity x«(m,m,) will be essentially different 
from zero. It leads to one of several closely spaced reso- 
namce lines, each characterized by a specific value m,, 
with a contribution to the width of the amount 
2+, I'mym,", arising from the last term on the left 
side of (6.42). In the other limiting case of relatively 
large values of I'mym,"*, the principal effect of this term 
is to produce an approximate independence of the 
quantities « upon m,. With the notation 


(mm) = x(m.)+ E(mm,), (6.46) 


the common part x(m;,) is determined by summing 
(6.42) over m,, neglecting the small corrections 
&(m.m,) and observing that with «<1 and therefore 
with I'mym,"*=I'm,+rs, m.+r,"*, the contributions of the 
last term on the left side of (6.42) cancel each other in 
this summation. 

The determining equations for the quantities x(m,) 
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have thus the form 
i[ @(m:) —w |x(m)+ pe E A (mem,'m;,')x(m/’) = c(m:), 
(6.47) 


where @ and A indicate averages over m,. By substi- 
tuting (6.46) with the solution x(m,) of (6.47) into 
(6.42), it is seen that the corrections £(m,m,) are indeed 
small, of the order of the deviations of w(m,m,) from 
their average value a(m,), divided by the magnitude 
of the quantities I'mym,”. The common part x(m,) of 
(6.46) represents thus the better an approximation, the 
smaller the value of J,, or the larger the values of 
T'mym,"* so that, in the limit, the resonances are deter- 
mined by (6.47). It is seen that, for a given value of m,, 
there results in this limit a single line with the resonance 
frequency @(m,) and with a width which is not affected 
by the quantities I'm,m,”, i.e., by the relaxation transi- 
tions of the nucleus s. Using (6.44) and the expressions 
(6.32), (6.33), and (6.36) to obtain f= fot fit fo, one 
has the following in this approximation: 


@=a,—J fT ,(1.+1)/3(w.—:). 


In the limit of weak coupling, the resonance frequency 
is thus independent not only of m, but also of m,, with 
a deviation from the resonance of the separate nucleus 
t which decreases quadratically with decreasing J... 

An explicit formula, containing both limiting cases 
of weak and strong relaxation, can easily be obtained 
if both nuclei s and ¢ have a spin 1/2 with the same 
relaxation mechanism as that assumed in the derivation 
of (5.43). According to (6.41), one has here necessarily 
m,= — 4. Using the notations 


a(+4, —})=<t, 


(6.48) 


(6.49) 


and 
w(+$, —})=o+, (6.50) 
one obtains then from (6.42) the following: 
qrat+}(at—a-)=T yc, 


6.51 
qx —Hxt—2-) = Tra, re 


(6.52) 


1 
=[itet—0)+—]n, 


2t 


and from (6.43) 
c=c(—})=}iAk yu. 


The signal is here found to be 
$= —iwhny,(x++2-), 


ld 9) 4+1) 
gt+q)+qtq 


is obtained as a result of the solution of (6.51). 
Assuming throughout that 72>7},, the limiting 
cases of weak or strong relaxation of the nucleus s are 


(6.53) 
where 





(6.54) 
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here characterized by the parameter 71,(wt—w~) being 
considered as large or small compared to unity respec- 
tively. 

In the limiting case of weak relaxation, one has 
|g~|>>1 for ww+ and hence, from (6.52) and (6.54), 


cTi, c 
G+ 3 i(wt—w)+1/T24+1/2T1, 


while one has | g+|>>1 for ww-, and hence, 





atta , (6.55) 


c 


io —w)+1/Tx$1/2T 





(6.56) 


There result thus two separate resonances at the fre- 
quencies wt and w with the common width (1/72) 
+(1/27;,) in agreement with the corresponding ex- 
pressions [',=I'.¢ of (5.43), obtained for a=1, B=0. 

In the limiting case of strong relaxation, one has, on 
the other hand, both |g+|<<1 and |q-|<1 for all values 
of w in the interval between wt and w~ so that one obtains 
here from (6.54) the following: 


2cT ie 2c 


at+z-= (6 


“RGAD) Tet tor)—w}41/Tx 


Strong relaxation results thus in a single resonance at 
the average frequency a=}(wt+w7~), with a line width 
which is solely determined by the transverse relaxation 
time of the nucleus /. 

In the two limiting cases of weak and strong relaxa- 
tion, one can generalize the results for the line width 
obtained above, to an arbitrary spin J, of nucleus ¢ and 
to an arbitrary number of nuclei s, other than /, with 
arbitrary spins J,. Maintaining the assumption of an 
independent dipole relaxation for all nuclei s and ¢ and 
the condition «,, x<<1, one can use the Eqs. (4.8), 
(5.11), and (5.12) of I to express the relaxation coef- 
ficients 'm,m,"* through the relaxation times 7, T: of 
the independent nuclei. In particular, one obtains thus 
for a nucleus s 





T'mym,” = I'm, +1s,ms +r," 
1 


=——| (m,|m.-|m.+7.)|?, 


(6.58) 


which differs from zero only for r,=1. Using the cor- 
responding expressions for the nucleus ¢ as well as the 
relation between I'mym;+1° and 1/7, and following the 
analogous procedure which led from (6.40) to (6.42), 
one finds in the case of weak relaxation the following: 


1 rors 
5 lmatm) = —t LTT) — ma met) — 1] 


2¢ lt 


1 
+¥ —{1.(.+1)—m?2] (6.59) 


amt le 
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for the line width of a resonance transition from m; to 
m;:+1 with fixed values m,. For a single nucleus s+ 
with J,=} and choosing J,=} so that necessarily 
m,=—}, this expression yields both for m,=} and 
m,= —} the line width (1/72,)+ (1/271,), in agreement 
with the result of Eqs. (6.55) and (6.56). 

The more general expression (6.59) is of particular 
interest in molecules, containing several groups of 
equivalent nuclei, so that not only the quantum 
numbers m,, m, but also the total equivalent spins J,, J; 
can assume different values. In a group s, containing an 
even number of equivalent nuclei of spin 1/2, it is 
possible, in particular, to have 7,=0 so that there 
appears in this case no contribution from this group to 
the last term of (6.59). In the same spectrum, the 
resonance lines of the nucleus /, characterized by 7,=0, 
can thus be expected to be sharper than those for which 
1,40. In view of the very special underlying assump- 
tions about the relaxation processes, formula (6.59) 
can of course not claim general validity but it contains 
features which can be subjected to experimental inves- 
tigation. 

As shown in the discussion of (6.42), the contributions 
to the linewidth, arising from the last term in (6.59), 
disappear in the limit of strong relaxation of the nuclei 
s. Similarly, it can be seen that the contribution from 
the second term vanishes in the limit of strong relaxa- 
tion of the nucleus / so that the line width of resonance 
transitions of the nucleus ¢ is reduced to 1/7. This 
result agrees with that obtained in I under correspond- 
ing conditions for a single nucleus; the assumption of 
“strong” relaxation was here necessarily implied since 
one dealt with a resonance frequency, independent of 
the quantum number m,. 

The observation by Arnold, presented in the following 
paper, of the disappearance of a line structure in alcohol 
due to proton exchange between different molecules is 
closely related to the mechanism investigated in this 
section. Similarly to relaxation, such an exchange has 
the effect to alter the relative spin orientation of protons 
within the same molecule and to result in the limit of 
rapid alterations in a single resonance line at the average 
frequency of the different resonances, observed in the 
absence of an exchange. It is the remarkable advantage 
of the chemical exchange that it affects selectively one 
proton group in the molecule without changing the spin 
orientation in other groups and that it depends sen- 
sitively upon the chemical composition of the liquid. 
While relaxation times can also be varied, for example 
by addition of a paramagnetic catalyst, this would 
affect the changes of orientation of all protons in the 
molecule, thus complicating the observed effects. 
Another difference lies in the fact that the succession 
of different spin orientations in the case of relaxation 
depends upon the mechanism involved while it is 
perfectly random in the case of chemical exchange. 
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7. NUCLEAR SPIN SYSTEM WITH WEAK COUPLING 
IN A STRONG ALTERNATING FIELD 


Similar effects upon the resonance frequencies and 
line widths of a nucleus ¢ can be expected to occur, if 
the transitions of another nucleus s are caused by an 
alternating field instead of being due to relaxation as 
discussed in the preceding section. In analogy, these 
effects should be appreciable, if they are comparable 
to those of the spin coupling between the nuclei and it 
is therefore likewise necessary to separate the spin 
energy according to the scheme of Eqs. (4.12) and 
(4.13). 

It shall be assumed here that the alternating field 
consists of a superposition of two magnetic fields, 
rotating with frequencies w:, w2 and with magnitudes 
H,, H2, respectively. One has thus 


D=D,+D:, (7.1) 
with 

Dy, 2= Dy, get ?*- Dy He ht (7.2) 
and 

Dy, 2*= — 3A, 2e**? Do, yem,*. 


(7.3) 


In order to obtain appreciable transitions of the 
nucleus s, the frequency w, will be chosen to be close to 
the Larmor frequency w,, and the corresponding mag- 
nitude H, will be allowed to assume sufficiently large 
values so that y,H; can be comparable or even large 
compared to C; the reference to a “strong” alternating 
field in the title of this section refers thus only to the 
field 1. With the frequency we. close to the Larmor 
frequency «,, it is sufficient, however, to assume H, 
so small that only the linear terms in this magnitude 
have to be retained for the discussion of the resonances 
of nucleus /. As another simplifying assumption, it will 
be assumed that the relaxation effects are small com- 
pared to those of the coupling C as well as of the field 
H,; one thus deals with weak relaxation in the sense 
of the preceding section and at the same time with 
strong saturation of the resonance lines of the nucleus s. 
While the combination of intermediate relaxation and 
saturation could equally well be treated, it would add 
complications which are unnecessary for the purposes 
of this section. 

The various assumptions, made above, in regard to 
relative orders of magnitude can be formulated in 
analogy to Eqs. (6.1) and (6.2) by the conditions 


|B|>>|C|>|T|>>| De}. (7.4) 


At the same time, the magnitude of the field H will 
be restricted by 
(7.5) 


without any restriction of the magnitude of |D,| 
compared to that of |C|. 

While Eqs. (6.3) to (6.10) of the previous section 
are maintained, the conditions (7.4) and (7.5) require 
a redefinition of the parts U and V, composing the spin 


|B\>|D,|> |r} 
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energy E. Thus, Eqs. (6.11) and (6.12) are to be replaced 
by 


U=E,+C+D, (7.6) 


and 


V=D). (7.7) 


In view of (7.2), neither U nor V are here independent 
of the time. The time dependence of U can, however, 


be readily eliminated by a first transformation 
T=exp(— twit >, m,’) (7.8) 


to a frame of reference rotating with the field 1. Indeed, 
writing 
or=ToT™, (7.9) 


Eqs. (6.5), (6.10), (7.6), and (7.7) can be seen to be 
replaced by 


—(m,|or|m,’)+i(m,|[Erjor]| m,’)=(me|E (or)| ms’), 
” (7.10) 
Er=Urt+V7, 
Ur=Eor+C+Diz, 
Vr=Dzr, 
respectively, with 
Eyr=—>, Am,, 
Dyr=D;++Dr, 
Dor= Dyte*!+ Dee 4¢, 
where the abbreviations 
A,=w,—w, CF: 


(7.18) 


A=we2—-w) 


have been used. In deriving these equations, use has 
further been made of the identities 


Tm,+T— = eF #1'm,+; Tm T=m,°. (7.19) 


Applied to Eq. (4.8), they yield 


Cr=TCT“=C. (7.20) 


This last relation is, in fact, an immediate consequence 
of the circumstance that the expression (4.7) for C is 
invariant against rotations. 

The expression (7.12) is analogous to (6.11) in the 
sense that they are both independent of the time. In 
further analogy to the Eq. (6.13), a transformation 
operator S will be introduced with the property 


SU7S-'= f(m,’). (7.21) 


Introducing further, in analogy to (6.15) and (6.16), 
(7.22) 


SorS 1 ze OST; 
and 


SVrS-'= V sr, (7.23) 





128 F, 


one obtains from (7.10), 


d 
5 melese m,')+iL f(m,)— f(m,’) ](m,|osr|m,’) 


+i(m,|[Vsr,osr ]|m,’)=(m,|U s(osr)|m,’). (7.24) 
This equation corresponds to (6.17), with the expression 
on the right side obtained by substituting in (6.18) os 
by osr. Through the two consecutive transformations 
T and S, the expression (4.22) for the signal takes here 
the form 


d 
$= ~ Trl e-*"* > y-(m,*) sosr(t)], (7.25) 
t 


noting (7.19) and with 


(m,*) s=Sm,*+S— (7.26) 
as in (6.20). 

While there exists thus a considerable analogy, after 
having carried out the transformation 7, with the 
procedure of Sec. 6, there arises the essential dif- 
ference between Ey and Eor, given by (6.3) and (7.14), 
respectively, that all terms in the former expression can 
be considered as large while the term with r=s in the 
latter expression must be considered as small, because of 
the assumed vicinity of w; and w, and the corresponding 
smallness of A,, given by (7.17). Contrary to Eq. (6.24), 
the transformation operator S has therefore to be 
chosen in the form 


S= (14+514+-S2t - + -)So; 
S7=S$o(1-—S,4+-S2—S.+ a *), 


where S;, S: can still be considered as small, but where 
So differs from the unit operator. 

So has the defining property of diagonalizing the 
part of Ur, obtained by omitting all terms which 
contain the operators m,+ for i~s. Denoting this part 
by Ur,, one has from (7.12), (7.14), (7.15), and (4.8) 


Ur.=—>d Am—(A4,—> J.m?!)mS—y.HAiles. (7.28) 


ts t#s 


(7.27) 


The x direction has here been chosen in the direction 
of the rotating field H;, so that the phase factor e+‘: 
in (7.3) disappears and 


Dt+Dr-=—Hi Lr velar, 


with J,,-=4(m,++-m,-) from (4.3). 

Noting further from (4.2) that m,°=I,,, it is seen 
that a rotation of the vector I, around the y-axis has 
the desired property to transform U7, into a function 
which depends only upon m,°. Such a rotation is ex- 
pressed by choosing the transformation operator 


(7.30) 


(7.29) 


— 2ibsI 
So=eitels, 


where 
tané,=7.H1/(A.—>. J.m?’), 


t#s 


(7.31) 
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and yields 
SoU7,So?=— > AymP—Am,, 


srt 


(7.32) 


with 
A,=[(4.-—X Jam?)?+y2H?}. (7.33) 
ts 
Both A, and @, are functions of m,° with t#s. In order 
to simplify the further discussion, it will now be 
assumed that the spin system contains, besides the 
nucleus s, only one other nucleus / so that one obtains 


from (7.31) and (7.33), 
HH 


A.—J am? 


(7.34) 


tan0,(m,°) = 


and 


A,(m,?)=[(4.—J,.m?)+y72H 7}, (7.35) 


respectively. 

Neglecting, as in Sec. 6, the minor corrections, 
arising from the small contributions S;, Se, -- + in (7.27), 
the transformation subscript S in Eqs. (7.24) and (7.25) 
will be considered as referring to the operator So alone 
by reinterpreting osr, Vsr and (m,*)s in these equa- 
tions according to 

ost=SoorS¢, (7.36) 
and 
Vsr=SoV Se", (7.37) 


(m,*) s=Som,*So, (7.38) 
instead of (7.22), (7.23), and (7.26), respectively. 


With the same understanding, the right side of (7.24) 
has to be reinterpreted, through (6.18), according to 


(m,|T's(osr)|m,-)= LY (m,|So| m,"’) 


mr’! my!!? 


X (amy! |T(So0 7So) | me!) (om,!""|So| m,!). (7.39) 


The further problem to determine f(m,°) and Sj, 
S2:++ from (7.21) and (7.27) is the same as that dis- 
cussed in Sec. 6, except that the quantities U, Uo and 
U, in (6.21) have now the significance 


U=SU7So", 


|. a am 0 
Uo= Aw, ; 


(7.40) 
(7.41) 


and 


Ui=—Amo—3[ (yAi—J (ms) s) (mi*) 5 
+ (yHi—J «(m,*)s) (m:-)s |, 


respectively, with 
(ms, *)s=Somut*So'. (7.43) 


Equations (7.41) and (7.42) replace (6.22) and 
(6.23) and are obtained by separating the expression 
(7.40) into a large part U» and a small part U;. Uo as 
well as the contribution — A ,m,° to U, originate, accord- 
ing to (7.32), from the part Ur, of Ur given by (7.28), 
and the other contributions, due to the field H; and the 
coupling C, originate from the remaining parts of Ur. 
The expression U») must indeed be considered to be large 


(7.42) 
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since w;w, so that, according to (7.17), A;wi—ws. 
This quantity is of the order of those symbolized by | B| 
in the conditions (7.4) and (7.5), and is thus postulated 
to be large compared to the quantities in U; of the 
order of |C| and |D}. As in (7.32), the appearance of 
m? in (7.41) without the transformation subscript 
arises from the fact that @, depends only on m,’ so that 
So commutes with m,, leaving it thus unaltered by the 
corresponding transformation; this transformation 
affects, however, the operators m,* so that they have 
to appear in (7.42) with the subscript S. 

Considering that the relations (6.26) to (6.31) remain 
valid with U» and U; given by (7.41) and (7.42), and 
that the commutation rules are the same for the trans- 
formed and the untransformed spin operators, one ob- 
tains in analogy to Eqs. (6.32) to (6.36), 


fo(msm,) = — Am, (7.44) 


fi(mym,) = — A, (m.)m.= —[(A.—J em)? +7 2H? }'m,, 
(7.45) 
Ui-fi= — 43 (vHi—J (m-) 5) (mz*) 5 


+ (y:Hi—J 1(m,*) s) (m;-) sl, 
i= (1/2A,)[ (y:Hi—J «t(ms-) s) (m,*) s 
— (y:Hi—J «(m;*) s) (m:-)s |, 


fo(mem,) =—{ (mm; | [y¥Hi—J oe (ms*) (me) 8 
4A 


t 


(7.46) 


(7.47) 


XLyvi—J (me) 5 |(mi*) s| mam) 


—(mem:|[yHi—J (me) 5 (mit) s 
X [vei —J ae(m,*) 5 (mi) s| mm} 


1 
=—{J,707,(1i+ 1)— m? \m, cos0, 
2A; 


—[(y:Hi—J «1 sind,m,)? 
tJ 7 (I e+ 1) = m,*)(1 og: 3 sin?0,) |m,} ° 
In deriving (7.48), use was made of (4.2), (4.3) and 
of the relations 
(I,.)s=Iss C080,—Ies Sind, - ‘ 
(Ies)s _ ra sind,+TJzs cos6,, (7.49) 
(Iys) _ aa | ae 


which result from the transformation operator (7.30). 
It should be noted that according to (7.34), 0, depends 
on m;, through 


(7.48) 


y HH, 
tand,(m,) = (7.50) 


A.—J am: 


As a check it may be observed that for H,:=0 and 
hence @,=0, the result for f= fo+ fit fs agrees with that 
obtained in Sec. 6 if one assumes only two nuclei s and 
t and replaces w;—w, by A;. In the other limiting case 
of a strong field Hi, satisfying y,H:>>|A,—J.m:|, one 


NUCLEAR INDUCTION. II 


obtains on the other hand, 


fi=—yHm,, (7.51) 


and, since in this case 0,=2/2, 


1 
fr= Fe Vhs Festa RT To Lot 1)—m,?) }m. 
: (7.52) 


The relation of these formulas to the observed effect 
of a strong field upon the structure of resonances will be 
discussed below. 

In order to obtain the desired signal $ from (7.25), 
it is necessary to solve the Eq. (7.24). In analogy to 
(6.37), one can write 


(7.53) 


where o; is independent of the time. The index 1 of this 
matrix indicates that it depends upon the field H; but 
not upon the field H2 and that it differs from the 
matrix oo in (6.37), corresponding to thermal equi- 
librium, except in the limiting case H;=0. The index 2 
in x2 indicates, on the other hand, an additional de- 
pendence upon the field H2 and, in particular, a pro- 
portionality for small values of H2. Since V7 and hence 
V sr is, through (7.2) and (7.3), proportional to Ha, it 
is in this case permissible to neglect terms of the order 
V srxe. 
Substituting (7.53) in (7.24), one sees for m,#m,’ 
that the off-diagonal elements of o; are of the order of 
l'|/| f(m,)—f(m,’)| or |I|/|B| and hence are 
negligible in view of the conditions (7.4) and (7.5) of 
weak relaxation. It is thus permissible to represent o, by 
a diagonal matrix of the form 


CsT= o1+Xx2, 


(m,|o1|m,’)=01(m,)dmym,’, (7.54) 
which has to satisfy the condition 
(m,|T' s(o1)|m,)=0, (7.55) 


obtained for m,=m,’. From the terms proportional to 
H», one obtains further, with (7.24) and (7.54): 


d 
Ge xa] me’) FAL f (ome) — ome’) (ome X2| my’) 
— (m,|T's(x2)| my’) 
1% iLo.(m,) —a1(m,’) }(m,| V sr| m,’) 


for the determination of x2. 

The condition (7.55) represents a system of homo- 
geneous linear equations for the determination of the 
quantities o:(m,). With the definition of I's(e1), ob- 
tained from replacing in (7.39) osr by o1, one obtains 
by summing (7.55) over m, 


LX (m,|T s(o1) | m) =X (m,|T (So e180) | mr). (7.57) 


(7.56) 


On the other hand, it can be seen from (6.6) that 
> m,(m,|T (c)| m,) vanishes identically for any matrix ¢. 
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The sum of Eqs. (7.55) is therefore likewise identically 
zero, i.e., they are not independent. A finite solution is 
uniquely determined by the condition of normalization 


Dd o1(m,)=1. (7.58) 


mr 
Postulating at the same time 


2X (m,|x2| m,)=0, 


mr 


(7.59) 


it is, therefore, 


Xo (m,|osr|m,)=1, (7.60) 


which is indeed the condition of normalization for the 
density matrix in view of the fact that the sum of its 
diagonal elements does not change under the two suc- 
cessive transformations T and S. 

With the normalized solution o:(m,) of (7.55), 
inserted on the right side of (7.56), the problem of 
finding x2 is similar to that, encountered in solving Eq. 
(3.2). It shall first be noted from (7.13), (7.16), and 
(7.3) that 


Vsr= re 3H[>, vr(m,*) s je*4 oe) 
aye sHI> vr(m,-) s je“ *4 +62) 


In analogy to the procedure followed in Sec. ITI, x2 will 
differ appreciably from zero only if A lies in the vicinity 
of the difference f(m,)— f(m,’) for two specific sets of 
values m, and m,’. The two matrix elements 


(7.61) 


(m,|x2|m,’) and (m,' | x2| mz) 


will in this case have an appreciable value while all 
other matrix elements of x2 are negligible. Writing, in 
analogy to Eqs. (3.4) and (3.5), 


Aw = A+ f(m,')— f(m,) (7.62) 
and 


oh, a 
(m,|x2|m,')=2 oe, 


(m,'|x2|m,)=ze4!, (7.63) 


one has then from (7.56) with (7.61), 


2=4[01(m,)—o1(m,’) |Hoe* 
X(m,'|>, vr(m,*) s| m,)/(Ao—il'my-m,) (7.64) 


and the conjugate complex equation for 2*. 
In order to express the line width I'm,m,’ in terms of 
the relaxation coefficients I’, it is convenient to write 


(m,|I's(osr)|m,’) 


= ¥ (m,|0s(m,!'m,"")|m,’)(m,"\osr|m,!"). 
My’ Mr (7.65) 


The coefficients (m,|I's(m,’'m,"’)|m,') on the right 
side are thus obtained by replacing on the left side os7 
by a matrix where the element (m,’’m,’”) has the value 
unity while ail other matrix elements have the value 
zero and they are, through (6.6) and (6.18), expressible 
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as linear combinations of the quantities 'm,m,’"". One has 
then 

T'm,’m,= is (m,' | s(m,'m,)|m,), (7.66) 
and 


(7.67) 


where the right side of (7.67) can indeed be shown to 
be conjugate complex of the right side of (7.66). 

The coefficients, defined through (7.65), can also be 
used to write the Eq. (7.55) for the quantities o1(m,) 
in the form 


z (m,| I's(m,'m,’) | m,)o1(m,’) =(, 


D'mym,"=T'my'm,* = — (m,|T 3(m,m,')|m,’), 


(7.68) 


The last three equations become comparatively 
simple if one uses the form (5.11) for the interaction 
operator G. In analogy to Eqs. (5.13), (5.14), and 
(5.15), one obtains with the definition (5.12) of the spin 
operators, from (6.7): 


T'mymy"=)>> Dy/7"(m,| 1-*|m,+ Tr) 
mr’ 
X (m,'+ tr|1y-7| m,’) (7.69) 


with 


tome [n(n (fF Ee rn) PCS) 


X (ful Pyt| f+L, ree, 0’) 
XK (FAL reir, u’ | Fyt| fu)df (7.70) 
7 =exp(—)>, KrTr)Pyy/", (7.71) 


Using further (6.6) and the definition (6.18) of I's with 
S, S- replaced by So, Sc~!, one obtains from (7.65) 


(m,| I's(m,/'m,"”) | m,’) 


=L LD da{2 exp(— Le kere) (me| (1-77) | mr’) 


Tr AA’ 


X (m,""| (Ly-7") 8] my’) (me| (x T"") 5 | mr") 
Xdbm,""%m,!— (mm, | (h-Ty"") 5 | m,')dmym,"}, (7.72) 


and 


where the transformation subscript refers to the trans- 
formation So. Using this expression one obtains from 
(7.66) and (7.67) 


I'm,m,’= I'm,’m,*= 23 z Dyy/7"{ (m,| (hy) | m,) 


+( my’ | (TLh-Ty:7*) | my’)—2 exp(— Le kere) 
X (m,| (1x) | ms)(m," | (Ty"")s| mz} (7.73) 
and from (7.68) the equations 
2 X Byy?"{ (m,| (Ix?) s| mr)ou (mr) 
© sexp(—Eveer)ECom| ("sh m) 


X (m,"| Ty") s| m)oi(m,)}=0 (7.74) 


for the determination of the quantities o:(m,). 
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These quantities being known and inserted in (7.64), 
one obtains from (7.63) the nonvanishing elements of 
the matrix x2. Since the matrix o; is given through 
(7.54), the matrix osr and the signal § are thus deter- 
mined by Eqs. (7.53) and (7.25), respectively. Writing 
the latter in the form 

$= 81+ 82, 


(7.75) 
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(mr| Qi ¥r(m,*) s| m,')(m,’ | >, ¥-(m,*) s| m,) 
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and using (7.18) one obtains for the corresponding 
contributions, 


8:= —iwshn ¥ o1(m,)(m,| >, y-(m,*) 5| m, em #4, 


(7.76) 


and 





i 
$.= + Eid ovlan)—e (oer) ow (2w1—we) 


In the absence of the field H; one has, according 
to (7.30) and (7.31), So=1. The transformation sub- 
script in (7.76) and (7.77) can therefore be omitted 
and (m,*)s can be replaced by m,*+ with matrix ele- 
ments (m,’|m,+|m,) which differ from zero only for 
m,'=m,+1. 8; as well as the first term in the curly 
bracket of (7.77) vanish therefore in this case, and there 
appears only a signal with the frequency we of the field 
Hy». For finite values of H;, there exists however not 
only the additional part 8; of the signal with frequency 
wi, but in general also a contribution to $2 with the 
combination frequency 2w:—we. 

The results obtained above will first be illustrated in 
the very simplest case where the spin system consists 
only of a single nucleus s with spin 1/2. The absence of 
another nucleus ¢ is for our purposes equivalent to the 
assignment J,=0 and hence m,=0. The dependence of 
6, on m, through (7.50), and according to (7.35), that 
of A, through 


A,(m)=[(A.—Jam)+ye2H?}!, (7.78) 
disappears therefore in this case so that one has here 


tand,=7.H/As, (7.79) 
and 
A,=[A42+72H:*}!. (7.80) 


For the same reason, from (7.44) and (7.48) one obtains 
fo=fe=0 and hence f= /f; or, from (7.45) and (7.80), 


f(m,)= —Am,= —[A2+y2H2 ]}'m,. (7.81) 


Sa 


In applying formula (7.77) to this case it is important 
to note that, contrary to the case of absence of the 
field H;, (m,'| (m,*)s|m,) is different from zero also for 
quantum numbers other than m,’=}, m,= —}. In fact, 
one has from (7.49), with (m,*)s=(Iz.)st+i(Jys)s, the 
matrix elements 


(+3| (m.*)s|+4)= +3 sind,, (7.82) 


and 
(43| (m.*)s| #3)=+4(1+cos8,), (7.83) 


which are all different from zero for finite values of H; 
and hence of @,. The resonance conditions of the ex- 


—¢ 'U(w2—201) t+52] 
Aw—iI'm,’m, 
| (m,’ |>o + ¥r(m,*) s| my) |? 
$—— 
Aw+10' mpm,’ 


ifwet+da] \ 


(7.77) 


pression (7.77) are obtained by letting Aw=0 so that 
according to (7.62) and (7.18), the resonance values of 
we for given w; are defined by 


we=wit+A=w,+ f(ms)— f(m,’). (7.84) 


Excluding the case m,=m,’ which occurs only if 
w1=we, 1.e., if the two fields H; and H, are indistinguish- 
able, (7.84) leads according to (7.81) to the two possible 
resonance values: 

wot =wit+[Ae+y72H? }}, (7.85) 


for 


m.=—m,'=—} 


and 
we =wi—[AP+727H:* }}, 
for 
m,=—m, =4. 


For A,=w,—w1>0, one obtains in the limit H,=0: 
w2t=w,; wy =2wi—w,. While the first value expresses 
the obvious fact that resonance occurs in this case at 
the frequency w,, there exists no physical reason for the 
resonance to occur at a second frequency. The apparent 
paradox disappears, however, by considering that one 
has in this limit cos#,=1 so that for m,= —m,'=}, the 
matrix element (m,’| (m,+)s|m,) vanishes according to 
(7.83), leaving in the signal, given by (7.77), a finite 
amplitude for the proper resonance frequency w2=w, 
alone. The same conclusion is reached for A, <0, with 
the role of w:+ and w2~ inverted and with the fact that 
one has in this case for cos#,= —1. 

For finite values of H, there occur, however, finite 
resonance signals of frequency w2 both for w.=w2* and 
we=we. By measuring the difference of these two 
resonance frequencies and noting from (7.85) and (7.86) 
the relation 

wot—we- = 2A 2+77H7 }}, (7.87) 
it is thus possible for a known deviation A, of the 
Larmor frequency w, from w; to calibrate the value of 
y;H, and hence of H, purely in terms of measured 
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frequencies.'* According to (7.77) there occurs at each 
of the two resonances w2=w:+ and w2=ws" not only a 
resonance signal of frequency wz but also one of fre- 
quency 2w;—we2 which, in principle, can equally well be 
used for the calibration of H). 

In order to calculate the intensity of the signals it is 
necessary, according to (7.77), to know not only the 
matrix elements of (m,*)s but also the quantities 
oi(m,). In the case of a single spin J,=}, the only 
possible relaxation mechanism is that of external dipole 
relaxation, represented by the first term of (5.19). In 
analogy to (5.26), the coefficients ,,’" have here the 
form 


,,"°=6,"*, (7.88) 


Corresponding to (5.40), they can be expressed through 
the relaxation times, and one has for x,=tw,/kT<1, 


Equation (7.74) takes then the form 


+1 


dX 7 (m,| (15-757 ,%*) | m.)oy(m,) 


Ts=—-1 


—exp(—Ksts)>,(m,| (1,-7*) 5| m,’) 


, 
™Ms 


X (m,' | (157*) s|m.)oi(m,')} =0, (7.90) 
with m,=+}4 for the determination of the two quan- 
tities o,(+4). Evaluating the matrix elements in this 
equation according to the transformation equations 
(7.49) with J,°=IJ,,, I,*'=I,+il,., expanding in 
powers of x, with the neglect of quadratic and higher 
terms, and inserting the values (7.89) in (7.90), one 
can see that (7.90) has the solution 


Ks To cos6, 


oi(+3)=43} 14 omen 7 
2 Ts, cos’@,+7}, sin’, 


(7.91) 


which satisfies the condition of normalization 
o1(3) +01 —})= 1. 


It shall be noted, as a check, that for H;=0, i.e., 6,.=0, 
the expressions (7.91) approach the proper equilibrium 
values $(1+43«,), obtained from the Boltzmann factors 
exp(x,m,) for small values of x,. For finite values of H, 
there appear, however, deviations from the populations 
at equilibrium and in the limit of large values of Hi, 
i.e., for 6,=2/2, one obtains o:(3)=01(—})=}3, i.e., 
an equalization of the population due to saturation. 
Inserting (7.91) in (7.76) and using the expression 


“ The application of this procedure is shown by W. Anderson 
(Phys. Rev. 102, 151 (1956) ]. Except for the minor variation to 
provide frequencies we, other than w:, by a dc field modulation 
which is equivalent to a frequency modulation, this fact has been 
independently remarked and applied to crystals by A. G. Redfield, 
Phys. Rev. 98, 1787 (1955). 
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(7.82) for the diagonal elements of (m,*)s, one obtains 


Ks T 22 Cos@, sind, 
$1= — tw hny.— tr Pas, 
4 T., cos’@,+7}, sin’6, 





(7.92) 


or, with (7.79) 
Ks (AsT 2s) (¥sH1T 2) EE 


$1= —twhny.— +g 
4 (A,T2s)?+ (ysH1)?T15T 25 





which is indeed the dispersion-signal obtained from the 
phenomenological equations for (yH1)*7,T2>>1 and with 
the equilibrium polarization 


Mo= fhny ks= (m?/kT) A. 


Likewise, using (7.91) and (7.83) to obtain 82 from 
(7.77), and defining the intensities in analogy té (5.10) 
by integrating in the vicinity of each resonance over 
Aw, one obtains for the signals with frequency w. and 
(2w1— we): 

Zu, cos, 


TT 
Int (w2) = -—AH chan. eox—__—_____—_——- 
16 T 2, Cos’@, +7}, sin’6, 


X(1+cos6,)? (7.93) 


and 


™ 
Int(2w1—we) =  enainlerss — we) 


T 2, Cos0, 


x — (7.94) 
T2, cos’??, +7, sin’O, 


sin’6,, 


respectively, where the upper sign refers to the choice 
m,'=4, m,=—}4 and the resonance frequency w2* of 
(7.85), the lower sign to m,’=—}, m,=} and the 
resonance frequency ws of (7.86). It is seen that for 
H,=0 and 6,=0, only the intensity (7.93) with the 
choice of the upper sign remains different from zero 
and gives in this case the proper behavior of a resonance 
at w2=w2t=w, in a weak field H». All four intensities 
are further seen to vanish for A,=0, i.e., for 0,=2/2 
so that, according to (7.87) the corresponding value 
wa+—ws = 2y,|H;| for the calibration of H, can, experi- 
mentally, be reached only by extrapolation. 

Finally, the line width of the different resonances 
appears here from (7.73) in the form 


+1 
Tmgm,’= > ,7{(m,! (1.-7T,7) | ms) 


Ts=—1 

+(m,'| (1,771 ,"*) s| m.)— 2 exp(—ksTs) 
X (m,| (7.-7*) s| ms)(m,' | (147*)s|m.’)}. (7.95) 
Inserting the values (7.89) and neglecting «<1, one 

obtains thus the common value 


Fe 1 
—— —~) sin’@,. (7.96) 
2 Tos i, 
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Contrary to the case H,=0 with 6,=0, the line widths 
depend thus not only upon the transverse but also upon 
the longitudinal relaxation time of the nucleus s, so 
that their measurement in its dependence upon A 
would allow the determination of both of 72, and 74,. 

The results obtained above could equally well have 
been derived from the phenomenological equations 
since they have been shown in I to be equivalent to the 
Boltzmann equation in the case of a single spin of 
value 1/2. However, the treatment presented here has 
the advantage of a considerable analogy with that of 
more complicated cases which require necessarily the 
use of the Boltzmann equation. Such a case is met in 
going back to a spin system of two coupled spins s and /. 
With the frequency w; of the field H in the vicinity of 
the Larmor frequency w,, one obtains here appreciable 
resonance signals, due to the field He, not only if we 
is likewise in the vicinity of w, but also if it is near the 
Larmor frequency w; of the other nucleus ¢. With 
A.>y.H;, corresponding to the condition (7.5), the 
former resonances have in this case negligible intensities 
and only the latter ones shall therefore here to be con- 
sidered. With we=w;, one has from (7.17) and (7.18) 
AA, and the resonance condition Aw=0 requires 
therefore, according to (7.62), 


S(m,)— f(m,/)=At. (7.97) 


From the principal term fo of f, given by (7.44), it is 
seen that the resonances under consideration occur 
only if 

(7.98) 


without, however, any restriction of the quantum 
numbers m,, m,’. Since the matrix of m,* is diagonal 
in the quantum number m,, the sum >>, y,m,* in 
Eq. (7.77) can, in view of (7.98), be replaced by 
the single term y:(mi*)s=ySom;*So"'. Using the form 
(7.30) of So, one finds 


m,'=m.+1, 


(m,’ | (m;*+) | m,) = (m,’, m,+1 | ¢ ielvem + 
Xe~ %slvs| m,, mz). 


(7.99) 


Since 6, is diagonal in m,, this can also be written in 
the form 


(m,"| (m;*) | m,) = (m, | eT us| m,) 


X (me+1| m+! m,), (7.100) 


where the abbreviation 


0(m,)=0,(mi+ 1)—8,(m:z) (7.101) 


has been introduced with the dependence of 6, and 
hence of 6 upon m, given by (7.50). While 


(mit+1/\m,*| mz), 


and hence the matrix element (7.100) is finite, one has 
(m,|mi+|m,+1)=0 and hence 
(m,| (mit) | my’) = (m, | em Tus| m,’) 


X (m;,| m+ |m+1)=0. (7.102) 
| | 


NUCLEAR INDUCTION. II 133 


The first term in the curly bracket of (7.77) is therefore 
absent and the signal $2, which represents here the 
resonances of the nucleus /, can thus be written in the 
form 


; 
82= —-H.[.o1(msm,)—o1(m,', me+1) Jany? 
? 


(m,' | e*8™) Tus! m,) |?| (mye+1{ mit | m,) |? 
xX<- = mpttas -_ aspen 
Aw+ilm,m,’ 


e i(wet+é2) 


(7.103) 


In the absence of the field H,, one has 6,=0 and hence 
6=0. The first expression in the numerator of (7.103) 
has therefore the form dm,m,’, i.e., the resonances of 
nucleus / are unaccompanied by transitions of the 
nucleus s. For finite values of H, this is however not 
the case and a resonance of the nucleus ¢ requires for 
its specification not only the corresponding transition 
m—m,+1 of nucleus ¢, but also the simultaneous 
transition m,—m,’ of nucleus s, leading thus to a larger 
number of resonance lines than is observed in the 
absence of the field H,."° The quantities 


6 


| (m,’ | e'9(meTus| m,) |2= Wimgmy’ (7.104) 


in Eq. (7.103) represent the probabilities that the spin 
s with component m, in the z-direction has the com- 
ponent m,’ in a direction obtained from rotating the 
z-axis by the angle 6(m,). They are given by the well- 
known formula of Majorana.'® In the special case of 
I,=}, they have the values 


Wy y= W_; 4=cos*[0(m,)/2], 
Wy -)=W_y y=sin?[0(m,)/2)). 


The evaluation of the intensities requires further a 
knowledge of the values o:(m,), to be obtained from 
the solution of (7.68) or (7.74). This solution will 
depend upon the type of relaxation mechanism which 
is assumed and will in general be rather complicated. 
It will be assumed, for simplicity, that one is dealing 
again with a spin 1/2 for both nuclei s and ¢ and with 
the same independent dipole relaxation underlying the 
discussions in Secs. V and VI. Introducing the further 
simplification 7;},= 72, and with relations, analogous to 
(7.89), for the nucleus /, assuming likewise 7),=7';, 
one finds, up to linear terms in x, and x;: 


(7.105) 


o1(m,m:) 


1 
= {100m — 
4 


(1+) cosd*+ p cos6* cos(@+—@-) 
i Pee — — ste 


(1+p)?— p? cos*(6+—6-) 


(7.106) 


16 This fact has also been pointed out by A. L. Bloom and J. N. 
Shoolery [Phys. Rev. 97, 1261 (1955)] who have independently 
treated the case of irradiation with two frequencies. In the absence 
of a rigorous theory they were not able, however, to give exact 
expressions for the intensities in regard to their dependence on 
changes of population, expressed by the square bracket in (7.103). 

16 See for example F. Bloch and I. I. Rabi, Revs. Modern Phys. 
17, 237 (1945). 
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with the upper or lower sign for m,;= +4 and where the 
abbreviations 

p=T),/2Tu, (7.107) 
and 


6+ = 6,(+4) (7.108) 


have been used. According to (7.50), the last equation 
is equivalent to 
7H; 
tané+=——_—_—_, 
AFR 


For H,=0, 6*=6@-=0, (7.106) reduces to 


o1(m,m,) = 3 [1+Km.+Kem: |, 


(7.109) 
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which, for xs, x1, represents indeed the equilibrium 
population of the state m,, m:. 

The expression (7.106) can first be used to calculate 
the signal from the nucleus s given by the part 8; of 
Eq. (7.76). Since the matrix, representing (m;*+)s has 
no diagonal elements, one has 


$:=—iwhny,  o1(mem,)(m.m;| (m,*) 5| meme" 


(7.110) 


or, with (7.106) and with the diagonal elements of 
(m,*+)s, obtained from (7.49) and (7.108), 
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Inserting further (7.106) in (7.103) with m,=—4 and 
using the expressions (7.105), where, according to 
(7.101) and (7.108), 0(m,)=6(—4)=6+—@-, one obtains 
the desired expression S2 for the signal from the nucleus 
t. While m,'=} and m,=—} for all resonances, m, and 
m,' can independently assume the values +} so that 
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one is led to four separate resonance lines. Their 
intensities will accordingly be designated by Int (m,,m,’). 
Under the same assumptions about the relaxation 
mechanism which led to (7.106), one obtains also the 
corresponding line widths, to be denoted by T'(m,,m,’) 
The result for both is given by the following formulas: 
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While the simplifying assumptions 7,= 7», and 7y,= Tx 
were made in deriving the expressions (7.112) and 
(7.114) for the intensities, the distinction between 7; 
and 7; for the nuclei s and ¢ has been left in the expres- 
sions (7.113) and (7.115) for the line widths. Contrary 
to the case of vanishing field H,, they show that for 
finite values of H; and hence of #& and @-, the line widths 
for the resonances of the nucleus ¢ depend not only 
upon the longitudinal but also upon the transverse 
relaxation time of the nucleus s. 

To complete the results for the resonances of the 
nucleus /, the corresponding resonance frequencies w2 
are obtained by letting Aw=0 in (7.62) so that, in 
analogy to (7.84), they are given by 


a= witf(m,) —f(m,') . 


With m, and m,’ having the fixed values —} and } 
respectively, one obtains from the principal term fo of 
Eq. (7.44) the contribution A;=w,—w;. The other 
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terms f; and f2 depend both on m, and m; so that, 
up to the second order in H; and J,;, one obtains for 
the resonance frequencies 


wa(mm,')=wrt films, —4)— film,’,}) 
+ fo(ms,— 3) — fo(m,',3), 


where, in evaluating the second-last and the last term 
from (7.48),8, is to be replaced by 6 and@*, respectively. 

While the dependence of the intensities, line widths, 
and resonance frequencies upon the field H; is rather 
complicated, these expressions become simple in the 
limiting cases of very small and very large values of Hi. 
Since in both these cases 6+=6-, the intensities (7.114) 
of the resonances for m,#m,' vanish and there appear 
only two resonances, corresponding to m,=m,’=+}. 

According to (7.112), their intensities have in both 
limiting cases the common value 


(7.116) 


Int(+3, +3)= 39H shaky Pwr. (7.117) 
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For H,=0, @*=@-=0, one obtains from (7.113) the 
common value 
1 1 
r(+4, +4)=—__-+——_, 
or 


2t #4 18 


(7.118) 


for the line width which checks the corresponding 
results of Secs. 5 and 6, and the two separate resonance 
frequencies are here given by 


1 J.? 
wo(}, setasltleoastiadialhll” tone, (7.119) 
A 


t 


In the limit of strong fields, one has, on the other 
6*=6-=7/2 and one obtains hence, besides the value 
(7.117) for the intensities, the common value 


1 1 
P(+4, +4)=—+—-—— 
Tx 2T 2 47, 


(7.120) 


for the line width and from (7.116), (7.45), and (7.48) 
the two resonance frequencies 
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where higher inverse powers in H than the first have 
been neglected. It is seen that, except for second order 
terms, proportional to 1/A;1/(w:—w,), the separation 
of the two resonance frequencies disappears, for large 
values of H;, proportional to 1/H,, and a strong effect 
of this type has indeed been observed.” Besides pro- 
ducing a shift quadratic in H;, the second order terms 
have, however, the effect of leaving a separation which 
is linear in H;. By minimizing the last term in (7.121), 
it is seen that the smallest value of the separation is 


'7 See W. A. Anderson, Phys. Rev. 102, 151 (1956). 


NUCLEAR INDUCTION. II 
reached for 


Hi=[A Ader}, (7.122) 


yielding the minimum separation 
(6w2) min* . QJ lyiAs yA: |’. 


Since it is assumed in (7.121) that y,Hi:<«A,, it is neces- 
sary, for the validity of the last two equations, that 
(y:As/ysAs)'K1. One deals therefore necessarily with a 
separation dw2x<J:, i.e., with a considerable reduction 
of the separation éw2=J,:, obtained for H;=0. 

Because of the fact that strong rf fields of a suitably 
chosen frequency are able to reduce the separation of 
certain resonance lines, this method represents a useful 
tool to identify the nuclei which cause a structure in 
the resonance of other nuclei. The above discussion 
shows that further information about the interaction 
of nuclear moments in molecules may be gained by the 
observation of the accompanying effects upon line 
widths and intensities. 


(7.123) 


VIII. CONCLUSIONS 


The Boltzmann equation (2.34) covers a wide range of 
phenomena, arising from the combined effect of external 
fields and relaxation. While it serves as a general basis 
for the treatment of these phenomena, special attention 
has been given in this paper to features which arise in 
the nuclear resonance spectra of liquids. Many of these 
features can be and have been foreseen in a qualitative 
manner but it seemed worthwhile to demonstrate 
through specific examples their methodic and quanti- 
tative derivation. By similar methods, a considerable 
extension of the results to many actually existing cases 
could be achieved; for molecules in a liquid, such an 
extension calls particularly for the inclusion of internal 
relaxation. By adapting the theory to the circumstances 
of specific measurements and by comparison with the 
experimental results, it should prove of value for ob- 
taining a more quantitative insight into the interplay 
of spin coupling and relaxation. 
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Studies have been made of the proton magnetic resonances of ethyl alcohol under considerably higher 
resolution than has heretofore been reported. A description of the apparatus includes details of construction 
of a large permanent magnet, with some of the considerations directed toward improvement of resolution 
by reduction of field inhomogeneities. Also, the features of a specially designed nuclear magnetic resonance 
head are described. This head is provided with facilities for spinning the sample for the further reduction of 
the effective field inhomogeneity. Considerations of stability of the field and the radio-frequency components 
are briefly discussed. 

Recordings of the cbserved spectra of ethyl alcohol are shown and are related to the predictions of calcu- 
lations based on the use of a Hamiltonian which includes a particularly simple form of spin-spin interaction. 
The features of the spectra are finally resolved to about } cps in 30 Mc/sec, and the agreement betweer 
predicted and observed structures is reasonably good. 

The spectra were found to be strongly modified by the presence or almost complete absence of contamina- 
tion of the ethyl alcohol by H* or OH™ ions. The effect is attributed to an exchange process involving the 
hydroxy] proton of the ethyl alcohol molecule. The characteristic times between exchange events have been 
approximately determined for specified concentrations of H* and OH" ions up to the order of 10~° normal. 





I, INTRODUCTION 


OR several different reasons, nuclear magnetic reso- 
nances may exhibit structures which have particu- 
larly fine details in the case of many liquids. This paper 
describes the development of apparatus capable of the 
high resolution necessary to the study of proton mag- 
netic resonance spectra in organic liquids and reports 
the observation and interpretation of the spectrum of 
ethyl alcohol. 

For large applied fields, a bare nucleus exhibits a 
magnetic resonance whose characteristic angular fre- 
quency is given by w=|y!|Ho, where y is the gyro- 
magnetic ratio of the nucleus and Ho the magnitude of 
the applied field. In the samples used in nuclear mag- 
netic resonance experiments, the nuclei are not bare, 
and it has been recognized for some time that the 
electrons in the microscopic environment of the nuclei 
produce small displacements of their resonance fre- 
quencies.' Since the distribution of the valance electrons 
is influenced by the chemical bonding of an atom, it is 
to be expected that the displacement of the nuclear 
magnetic resonance frequency will depend upon the 
chemical compound of the element investigated. The 
dependence of the nuclear magnetic resonance fre- 
quency on the distribution of the electrons is called the 
“chemical shift” and has been observed by several 
investigators.’ 

In a chemical compound which contains two or more 
otherwise identical nuclei at chemically nonequivalent 


* Work done in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at Stanford University. This 
research was supported in part by grants from the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
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sites, the different distributions of valence electrons 
leads to the possibility of an “internal chemical shift.” 
This internal chemical shift was first revealed through 
the phenomenon of spin-echo modulation discovered by 
Hahn® in many liquids. Hahn and Maxwell in sub- 
sequent papers® showed that the spin-echo modulation 
consisted of field-dependent and field-independent parts. 
In their interpretation, the field-dependent part was 
attributed to the internal chemical shift, while the 
field-independent part was explained by the introduc- 
tion of a rotationally invariant interaction between 
nuclear spins which is independent of the applied field 
and is called “spin-spin interaction.”’ This same inter- 
action was independently discovered by Gutowsky et al. 
at about the same time. 

The modulation of the spin-echo envelope, observed 
in the case of molecules containing chemically non- 
equivalent nuclei, indicates that there must be a corre- 
sponding resolvable structure in the magnetic reso- 
nances of the nuclei. Structures in the spectra of such 
molecules, which consist of field-dependent chemical 
shifts and field-independent spin-spin splitting of lines, 
have indeed been observed. The partial resolution of 
the magnetic resonance spectra of protons in organic 
compounds was first reported by the author with 
Dharmatti and Packard,® for several of the alcohols. In 
subsequent investigations, the spectra of numerous 
organic molecules were examined under slowly im- 
proving resolution. Much of the effort was directed 
toward the further study of the ethy] alcohol molecule. 

As a representative organic compound, ethy! alcohol 
is particularly well suited to the study of proton mag- 


5 E. L. Hahn, Phys. Rev. 80, 580 (1950). 

°F. L. Hahn and D. E. Maxwell, Phys. Rev. 84, 1246 (1951); 
©". L. Hahn and D. E. Maxwell, Phys. Rev. 88, 1070 (1952). 

7 Gutowsky, McCall, and Slichter, Phys. Rev. 84, 589 (1951). 
( § Arnold, Dharmatti, and Packard, J. Chem. Phys. 19, 507 
1951). 
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netic resonance spectra. In the first place, its protons, 
like those in many other organic liquids, exhibit relaxa- 
tion times of the order of one second, corresponding to 
extremely small natural line widths of a fraction of a 
cycle per second. It is this feature which allows the 
study of very fine structures of the spectrum, and which 
thereby has motivated the efforts directed to the de- 
velopment of apparatus capable of comparable resolu- 
tion. Another advantage of the use of ethyl alcohol in 
this study lies in the fact that the splitting due to the 
spin-spin interaction, while sufficiently large in com- 
parison to the resonance line widths, is at the same time 
smaller by a factor ten than the differences of the 
internal chemical shifts in a field of 7000 gauss. This 
circumstance brings about a grouping of the lines 
which permits a simple interpretation of increasingly 
finer structures with increasing resolution in a one-to- 
one correspondence with successive approximations, in 
powers of the ratio of spin-spin splitting to differences 
of internal chemical shift, of calculations based on a 
perturbation method.’ The interpretation of the 
spectrum is thus greatly simplified, since, in the general 
case, the assignment of resonance lines to particular 
transitions is often not obvious. 


II. APPARATUS 


The apparatus used is of the crossed coil type.!'” 
Throughout this discussion, the nomenclature employed 
by Bloch will be used. In the nuclear induction “head” 
a transmitter coil establishes an oscillating field of 
amplitude 2H; in the «x-direction of the coordinate 
system. A receiver coil surrounding the sample placed 
in this oscillating field has its axis in the y-direction so 
as to be decoupled from the transmitter coil. A large 
steady magnetic field is applied in the z-direction with 
a magnitude Hp. Observations were carried ovt by 
slowly varying Ho and recording the various lines of 
the spectra, each line appearing when Hy has the 
appropriate value to render its frequency equal to the 
angular frequency w of the oscillating field. The phase 
of the receiving system was adjusted to detect the pure 
absorption (“v-mode’’) and H, was chosen small enough 
to avoid saturation of the resonances. Furthermore, the 
rate of change of Ho was sufficiently slow as to avoid 
transient effects by establishing the conditions of 
“slow passage” through resonance." 

In order to avoid saturation broadening of the very 
narrow lines encountered in the spectra, it is necessary 
that the amplitude of the oscillating field 2H, be held 
extremely low. If the longitudinal and transverse relaxa- 
tion times! are equal, the lines will be unsaturated if 
the inequality 

| Y | A, < Aw 
°F. Bloch, preceding paper [Phys. Rev. 102, 104 (1956) ], see 


Sec. 6. 

”W. A. Anderson, following paper [Phys. Rev. 102, 151 
(1956) ]. 
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is satisfied, where Aw is the line width in units of angular 
frequency. In the case of ethyl alcohol and many other 
organic liquids, where the line widths are a fraction of 
a cycle per second, this inequality demands that the 
oscillating field be held to values smaller than 10~‘ 
gauss. 

In a recent paper by Bloembergen and Pound," it 
was pointed out that the loading of the nuclear induc- 
tion by the currents which flow in the receiver coil 
causes an effective shortening off’the relaxation time. 
While, contrary to their statement, this effect would 
also give a corresponding broadening of resonance line 
widths obtained under the steady state conditions of 
slow passage if large filling factors were used, it con- 
tributed very little to the line widths in our experiments 
where the filling factor was about 7%. 

Particular care must be observed to preserve the 
conditions of slow passage in the case of narrow lines. 
Since the precise observation of a line whose width is 
Aw involves in effect the determination of a frequency 
to within this limit, the time spent in traversing the 
line must be comparable to or greater than the inverse 
of Aw; the time rate of change of the sweeping field 
which scans the line must therefore decrease in pro- 
portion to the square of the line width observed. With 
the observed line widths in the proton magnetic reso- 
nance spectrum of ethyl alcohol being about one-fourth 
cycle per second, the sweeping rate must be held to 
less than 0.06 cycle per second per second, or about 
1.5X10-* gauss per second. Any fluctuation of the 
field H or its rate of change will appear on the observed 
signal as an undesirable “field noise.” 

Thus, the observation of spectra containing very 
narrow lines by the slow passage technique imposes 
severe demands on the apparatus as regards stability of 
operation. For an accurate trace of a spectrum of ethy! 
alcohol, fluctuations of the field and variation of the 
sweep rate must be held to less than 10~® gauss per 
second. Furthermore, the fixed transmitter frequency 
of about 3107 cycles per second cannot be allowed to 
fluctuate by more than a few hundredths of a cycle per 
second or about one part in 10° during the time in 
which a resonance is traced. 

In addition to the stability requirements outlined 
above, the study of proton magnetic resonance spectra 
demands a high degree of homogeneity of the field H, 
in the region containing the sample. The line spacings 
encountered in the proton magnetic resonance spectrum 
of ethyl alcohol are typical of those of organic liquids 
and range from a fraction of a cycle per second for the 
finest structures to about one hundred cycles per second 
for the chemical shifts in a field Hy of 7000 gauss. The 
resolution of a splitting of one-half cycle per second 
requires that the effective field inhomogeneity over the 
region of the sample be less than 10~* gauss, or about 
one part in 10* of the field used. 


13 N. Bloembergen and R. V. Pound, Phys. Rev. 95, 8 (1954) 
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The remainder of this section will describe the de- 
velopment of the apparatus which was guided by the 
requirements of stability and field homogeneity neces- 
sary to the observation of the finest details of the 
spectra. 


a. The Magnet 


The early investigations of proton magnetic resonance 
spectra were carried out in the field of a carefully 
shimmed and regulated electromagnet. Although con- 
siderable effort was directed toward improving the 
characteristics of this: magnet, the shortcomings, par- 
ticularly as regards stability of the field, precluded the 
effective study of the finer details of the proton mag- 
netic resonance spectra. In view of the inherent diffi- 
culty of regulation of electromagnets, it was decided 
that a permanent magnet should be built. The fabrica- 
tion of this magnet was accomplished in the Stanford 
University shops. To give a degree of flexibility to its 
application, the magnet was designed with one hydrauli- 
cally actuated movable pole so that the length of the 
gap could be varied. Because of the demand of a high 
degree of field homogeneity, the magnet was made as 
large as feasibly possible, and careful attention was 
directed to its geometry. 

Figure 1 shows a plan form and section of the magnet. 
The 12.6-inch square cross section of the poles (AA) 
was dictated by the available shapes of Alnico V blocks. 
The pole caps are of forged magnetic Armco ingot iron. 
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Fic. 1. Detail of per- 
manent magnet. 1— 
Cold-rolled steel yoke; 
2—Alnico bars; 3—pole 
cap; 4—screw jacks; 
5—pads for hydraulic 
jacks; 6—energizing and 
bias coils. 















































SECTION C-C 


As can be seen in section B-B, the pole assembly, com- 
posed of nine Alnico bars and the pole cap, is held 
together and cantilevered from the magnet yoke with- 
out other fastenings by three frames and twenty-eight 
prestressed bolts. The framed and bolts are of high ten- 
sile strength aluminum alloy, and the frame fastenings 
are of nonmagnetic stainless steel. Thus, the geometry 
of the ferromagnetic parts of the pole assembly is very 
simple. 

The alignment of the soft iron yoke was carried out 
in such a way that the tracks defining the motion of the 
carriage of the movable pole were accurately perpen- 
dicular to the face of the fixed pole, and the carriage 
wheels were then fabricated to such a size that the 
movable pole face was aligned parallel to and in register 
with the fixed pole. Residual misalignment is corrected 
by a very slight elastic deformation of the yoke through 
the independent adjustment of four mechanical screw- 
jacks which oppose the large magnetic forces tending 
to close the gap. 

The faces of the Armco pole caps were carefully 
ground on a grinder having a rotating carriage. This 
method of grinding provides that any irregularities 
introduced by the grinder traverse system have axial 
symmetry. Both front and back faces were ground. In 
addition, since the lengths of the Alnico bars varied by 
as much as 0.025 inch, each set of nine bars was clamped 
together and ground as a unit before the pole caps were 
set in place. The surfaces of the Alnico bars were not 
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entirely free of small flaked pits and voids, but, being 
separated from the gap by approximately 2 inches of 
soft iron, these irregularities did not seem to produce 
noticeable inhomogeneities of the field. 

The Alnico bars were assembled in an unmagnetized 
state and were magnetized after the magnet was com- 
pleted. A total magnetizing force of about 270000 
ampere-turns was furnished by a current pulse of 1500 
amperes lasting about one second, distributed over the 
thirty coils of 180 turns each. After magnetization and 
the recommended stabilization by a 5% demagnetiza- 
tion, the gap was opened with the hydraulic jacks, and 
the field was measured as a function of gap length with 
a Hall effect fluxmeter. The results are shown in Fig. 2. 

At a gap opening of a nominal 1} inches, the field 
intensity has approximately the design value of 7000 
gauss, and at this opening the mechanical jacks were 
installed to take the thrust of the movable pole. After 
the pole faces had been aligned by these jacks, a pre- 
liminary mapping of the field was carried out. The 
magnitude of the field has very good circular symmetry 
as far out as three inches from the center line, and the 
radial dependence is approximately quadratic. A perma- 
nent magnet has fringing fields characteristically larger 
than those of a comparable electromagnet. In the 
present magnet, this fringing leads to relatively large 
radial gradients of the field of the order of 2 gauss per 
inch at a radius of one inch. 

This circularly symmetric inhomogeneity is compen- 
sated by a circularly symmetric distribution of small 
currents on the magnet pole faces. “Current shimming”’ 
is accomplished by the independent variation of the 
current in nine concentric flat spiral coils attached to 
each pole face. The coils have an average of about 
fifteen turns, and the currents range from 5 to 45 milli- 
amperes. With proper adjustment of the shim coil 
currents, largely accomplished by trial and error, the 
field over a sample ;s inch in diameter can be com- 
pensated to an inhomogeneity of less than } milligauss 
in selected regions of the gap. When the field distribu- 
tion is studied with a highly resolved line, it is apparent 
that there is a residual inhomogeneity of the field of a 
lower symmetry which cannot be compensated by the 
axially symmetric current shims. Part of this variation 
has a cylindrical symmetry about the horizontal «x-axis 
and is probably due to a redistribution of the fringing 
flux to the yoke and the hydraulic jacks. This distortion 
amounts to about 0.04 gauss at one inch from the center 
of the magnet. The remainder of the field inhomogeneity 
is assumed to come from surface irregularities of the 
pole faces, and is not larger than may be expected if 
the pole faces depart from a smooth surface by about 
10- inch. 


b. Sample Spinning 


Effective inhomogeneity of the field is further reduced 
by a macroscopic motion imparted to the molecules of 
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3. 2. The field of the permanent magnet as a 
function of gap length. 


the sample.'*!5 It can be shown that a nucleus exposed 
to a field which varies in time within limits defined by 
AH) from an average value exhibits a resonance as 
though it were exposed to a constant field with a value 
equal to that of the weighted average of the varying 
field, provided that the variation has Fourier com- 
ponents only at frequencies which are large compared 
to |y|AHpo. If the variation is periodic, small “side- 
band”’ resonances will occur on either side of the main 
resonance at intervals corresponding to the frequency 
of the periodic variation and its harmonics. However, 
the side-band resonances will be the smaller, the larger 
the frequency of the periodic motion. 

Similarly, in a field which is constant in time, but 
has an inhomogeneity defined by AH» over the region 
of the sample, a nucleus which carries out a periodic 
macroscopic motion over that region will give rise to a 
resonance as though it were moving in a constant homo- 
geneous field, so long as the lowest frequency associated 
with its motion is still large compared to |y| AH». With 
inhomogeneities, for example, of one milligauss in the 
region of the sample, the period of the motion must be 
small compared to about }$ second. This condition may 
easily be met, at least in the restricted sense of rotation 
of the sample, with rotational speeds in excess of a few 
hundred revolutions per minute. 

While rotation alone effectively averages only over 
circles about the axis of rotation, it can be shown as a 
consequence of Maxwell’s equations that f the z-com- 
ponent of the field Ho is constant along the axis of 
rotation, the effective field for the resonances of the 
sample may be made arbitrarily homogeneous by suffi- 
ciently rapid rotation. This fact greatly simplifies the 
conditions which must be fulfilled in order to observe 
very high resolution. In a suitably constructed head, 
the rotation of the sample has allowed the complete 
resolution of sharp proton magnetic resonance lines 
separated by as little as one-half cycle per second in 
30 Mc/sec. 


“4 F, Bloch, Phys. Rev. 94, 496 (1954). 
16 W. A. Anderson and J. T. Arnold, Phys. Rev. 94, 498 (1954). 
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Fic. 3. Guided-flux nuclear 
induction head. 1—Slotted cop- 
per race track; 2—slot; 3— 
transmitter coil; 4—receiver 
coil ; 5—paddles. 
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In the apparatus used for high-resolution studies, 
rotation of the sample was accomplished by attaching 
the sample holder to a small air turbine with the axis 
of rotation in the y-direction. The rotation must be 
stable and smooth in order that the microphonic modu- 
lation of the radio-frequency coupling be kept within 
reasonable limits. Several models of rotors were tried; 
the final one used consists of a turbine attached to a 
long thin-walled tubular shaft which is supported by 
teflon bearings. All parts of the turbines and rotors are 
fabricated from plastics. Rotational speeds up to 10 000 
revolutions per minute may be realized, but for most 
of the studies, a few hundred per minute proved 
adequate, and the lower rotational speeds prolong the 
life of the bearings. 


¢- Nuclear Induction Heads 


The first, and incomplete, resolution of the proton 
magnetic resonance spectrum of ethyl alcohol was 
observed by using a modification of a head designed by 
Weaver'® in which the transmitter output is led to a 
pair of transmitter coils of roughly Helmholtz propor- 
tions, with the receiver coil and the sample located at 
the center of symmetry. In principle, when the trans- 
mitter and receiver coils are orthogonal, and in the 
absence of electrostatic coupling, such a head will give 
an output which represents only the coupling due to 
the nuclei. In practice, the electrostatic coupling is 


16H. E. Weaver, Jr., Phys. Rev. 89, 923 (1953). 


difficult to balance even when Faraday shields are 
interposed between the transmitter and receiver coils, 
and is subject to microphonic fluctuations. 

In view of the difficulty of controlling electrostatic 
coupling in this configuration, a head was designed and 
built in which the transmitter coil was located far from 
the receiver coil, and the radio-frequency flux was 
guided, by eddy currents induced in what amounts to a 
slotted copper race track, to the vicinity of the receiver 
coil and sample. The details of this head are shown in 
Fig. 3. It is less subject to microphonic noise, and its 
inherently good geometry makes it easy to balance with 
small flux steering paddles’ when the receiver coil is 
properly positioned. This head was satisfactory to a 
large extent, and it was in it that the first sample 
stirring and rotation experiments were carried out. 
However, there seemed to be a limit to the improvement 
of the line width of the resonances possible in this head. 
It was finally concluded that the geometry of the dia- 
magnetic materials of the head, rotors, and sample 
holders could introduce gradients of Ho which set the 
lower limit of experimentally obtained line widths, even 
at selected regions of the magnet gap, to be about two 
cycles per second. Indeed, with the relatively poor 
geometry of the parts near the sample, the bulk dia- 
magnetic susceptibilities of from 10-* to 10-5 could 
introduce gradients of the z-component of Hp of as 
much as 0.1 gauss per centimeter in the sample region 
with fields of 7000 gauss. A most fortuitous matching 
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of this inhomogeneity by compensating gradients due 
to shim currents or to the magnet itself could not be 
expected to reduce it by factors of more than 100. 

With this consideration in view, a head was designed 
and built in which the dominant geometry has cylindri- 
cal symmetry about the y-direction, taking advantage 
of the fact that a long cylinder of finite susceptibility in 
a uniform field has within itself a uniform field, except 
for end effects. The ends of the various cylinders which 
make up the head are sufficiently removed from the 
center at which the receiver coil and spherical sample 
are located that the effects of the diamagnetic suscepti- 
bility lead only to very small gradients of Hy along the 
y-direction. Figure 4 shows a sectional view of this 
head design, and of the sample holder used. The latter 
is made in such a way that when assembled it becomes 
a homogeneous cylinder with a centrally located spheri- 
cal cavity for the sample. Here, advantage is taken of 
the fact that a sphere, with a susceptibility differing 
from that of its surrounding medium, in a homogeneous 
field has within itself a homogeneous field. It will be 
noted that the metal parts which perforce cannot 
occupy perfect cylindrical symmetry are none the less 
symmetrically placed about the y—z and x—z planes. 
Fortunately, the bulk susceptibilities of copper and the 
plastics used (Rexolite and Lucite), are very nearly the 
same. The copper parts, moreover, are made as thin 
as possible, and are recessed in the plastic parts so as 
to leave no air spaces. The ribbon constituting the 
receiver coil and its leads, for example, has a thickness 
of 0.003 inch and rests in shallow grooves in the plastic 
supports. 

While it is true that the presence of the copper shields 
and wires increases somewhat the radial and azimuthal 
gradients of H» in the x—z planes, the rotation of the 
sample about the y-direction is very effective in 
averaging in these planes, and it remains only to adjust 
the current shims and magnet geometry to minimize 
the variation of Hp in the y-direction. 

It should be pointed out that in the case of all heads 
used in high-resolution nuclear magnetic resonance 
studies, the materials had to be selected carefully for 
freedom from ferromagnetic inclusions. Commercial 
brass is usually poor in this respect, and in the heads 
constructed for the highest resolution, the metal used 
was therefore in most cases electrolytic copper. Most 
commercial plastics tried, for example Lucite, Rexolite, 
and polystyrene, seem to be uniformly free of ferro- 
magnetic contamination. Teflon is an exception in that 
it sometimes shows contamination. After fabrication, 
the parts had to be carefully cleaned of surface con- 
tamination by iron particles from tools used, and even 
from dust which is laden with ferromagnetic particles, 
especially in shop spaces. Considerable reliance could 
be placed in soaking the parts in hydrochloric acid 
which dissolves any surface deposits of iron. 
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Fic. 4. High-resolution nuclear induction head. 1—Sample; 
2—receiver coil; 3—air turbine rotor; 4—paddles; 5—dummy 
paddles; 6—sample holder; 7—copper flux guiding shield; 8— 
transmitter wire; 9—detail of sample holder; 10—air-jet inlet. 


d. Radio-Frequency System 


Figure 5 represents the final configuration of the 
radio-frequency system in a block diagram. The par- 
ticular arrangement was developed to meet conveniently 
the requirements imposed by the extreme narrowness 
and low signal strength of the resonances studied, 
although the exact configuration is somewhat arbitrary. 


Transmitter 


It was pointed out above that for effective study of 
the narrowest resonances of protons in liquids, the 
transmitter must have a frequency stability approach- 
ing one part in 10°. In this respect, an ordinary quartz- 
crystal-controlled oscillator is not satisfactory. After 
some unsuccessful trials with crystal-controlled oscil- 
lators of conventional design, operated from dry-battery 
supplies, a stable oscillator of the Meacham crystal 
bridge type’ was built and used. The output frequency 
of the oscillator is multiplied in the first stage of an 
amplifier unit. The final stage of the amplifier is neutral- 
ized so that the output to the head can be reduced to a 
very low level by a simple adjustment of grid bias. The 
entire amplifier unit is rigidly attached to the head to 
minimize cable microphonic and phase shift noise. 


Receiver 


Since the radio-frequency voltages induced by the 
proton magnetic resonances are very small, the first 


17. A. Meacham, Proc. Inst. Radio Engrs. 26, 1278 (1938). 
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Fic. 5. Radio-fre- 
quency and display sys- 
tem. 
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requirement of the receiver is that it introduce as little 
noise as possible. The preamplifier at 30.5 megacycles is 
of the Wallman cascode design,'* having two complete 
stages and a voltage gain of approximately 100. This 
amplifier contributes most of the noise in the receiver, 
and the over-all noise voltage which the receiver system 
introduces is typically about four times the Johnson 
noise generated in the shunt resistance of the resonated 
receiver coil of the head. The second requirement of 
the receiver is that it should have a voltage gain large 
enough to drive the various display units. The super- 
heterodyne configuration is convenient, since it offers 
high gain without the instability of a single frequency 
amplifier and without the tendency to drift found in 
high gain direct-current amplifiers. The intermediate 
frequency amplifier has a single high gain stage at 
about 3.7 megacycles. The band width of the receiver 
is primarily reduced by filtering out high frequencies 
after second detection, although the interstage couplings 
in the radio-frequency and intermediate-frequency sec- 
tions, with Q-values of about 50, also help to limit the 
pass band. The final band width is reduced to about 
one cycle per second for the slowest traces. 


Mode Discrimination 
Although the heads used are provided with flux 
steering paddles” for balance of in-phase and quadra- 
ture coupling, these are used primarily only to reduce 
the coupling between the transmitter and receiver to 


1 Wallman, Macnee, and Gadsden, Proc. Inst. Radio Engrs, 
36, 700 (1948). 
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a point low enough to prevent saturation of the ampli- 
fiers. For the selection of the desired mode, a phase 
sensitive detector is used. The reference voltage neces- 
sary to the operation of this detector is derived from 
the transmitter and passes through an auxiliary super- 
heterodyne receiver using the same local oscillator as 
the main receiver. Phase shifts are preserved in the 
frequency conversion of both receivers, and the phase 
sensitive detector rejects the component of the receiver 
signal which is in quadrature to the reference signal. 
The reference signal amplifier is provided with a variable 
phase shifter, and with this control, signals of a well- 
defined phase may be selected. In particular, signals 
representing very pure absorption mode may be ob- 
tained with this type of detector. 

The output of the detector drives a cathode follower 
which isolates it from the display units. The signals are 
displayed on long persistence oscilloscopes, and, when 
desired, on paper tape with a Sanborn recorder. 


e. Field and Sweep Control 


Changes in temperature of the permanent magnet 
produce changes in the field which, near room tem- 
perature, amount to about one part in 5000 per degree 
centigrade. With its very large heat capacity, the 
magnet responds very slowly to changes in ambient 
temperature. Nevertheless, if the temperature of the 
room differs by as little as one or two degrees from that 
of the magnet, the temperature-dependent drift of the 
magnet becomes comparable to or greater than the 
desired sweep rates. This is not unreasonable in view of 
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the fact that the thermal relaxation time of the magnet 
is of the order of six hours, and a two-degree difference 
between the magnet and the ambient air leads to a 
temperature drift of about 10~ gauss per second which 
is ten times the lowest desired sweep rate. 

To counteract temperature drifts and to control the 
field in such a way that resonances may be observed at 
a fixed frequency in spite of temperature changes, a 
small adjustable bias field is provided by small currents 
in the magnetizing coils to change Ho by amounts up 
to about 0.1%. This bias field, always less than ten 
gauss, is superposed on that of the magnet so as to 
increase Ho, and there is no measurable irreversibility 
in its effect on the magnet. The temperature of the room 
is controlled as well as conveniently possible. Residual 
temperature-dependent drifts of the field are approxi- 
mately compensated by causing the bias current to 
change automatically at a small and constant rate 
which must be adjusted from time to time. 

The current supplies to both the bias and shim coils 
must of necessity come from very stable sources. For 
example, a fluctuation of the bias current of one micro- 
ampere changes the field by about 10~ gauss, which is 
comparable to the line widths of the resonances. Storage 
batteries of low internal resistance were used in circuits 
designed to keep their net current equal to zero. Even 
with the batteries functioning as very effective filters 
and regulators, careful attention has to be directed to 
the regulation and filtering of their charging sources. 

The necessary sweep fields are produced in auxiliary 
bias coils by currents which simultaneously energize the 
deflecting coils of a magnetic deflection cathode ray 
oscilloscope. The currents are derived from a saw- 
tooth signal generator of the “bootstrap” variety, 
whose output is linear with time to about one percent. 
Repetition rates from 0.001 per second to 10 per second 
are available. The extreme limits of the sweep field are 
controlled by a variable resistance shunted across the 
sweep coils of the magnet. This control provides for 
sweeps of from 10~* gauss to 0.5 gauss. 


Ill) MEASUREMENTS 


Although final measurements were made in slow 
passage with an unmodulated transmitter field of fixed 
frequency and with Ho constant except for the slow 
linear sweep, the transient behavior" of the resonances 
under conditions of rapid passage and the side-band 
presentation resulting from the modulation of either 
the transmitter field or H» were often used to establish 
the conditions under which the final traces were made. 

The transient behavior of the resonances has been of 
great importance also in the prediction of structure in 
the resonances observed. A line will display under rapid 
passage a transient oscillatory signal whose period 
depends on the sweep rate and decreases as the sweep 


1” B. A. Jacobson and R. K. Wangsness, Phys. Rev. 73, 942 
(1948). 
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progresses. The envelope of this oscillatory transient is 
characteristic of the true line shape and of the field 
inhomogeneity over the region of the sample. For 
example, in a homogeneous field, if the resonance line 
is single, the transient signal will decay in a true 
exponential fashion with a time constant equal to the 
transverse relaxation time. In an inhomogeneous field 
the decay will in general be quicker and will be a 
superposition of exponentials. If the line is a multiplet 
the decay will display a modulation due to constructive 
interference of the beats of various components of the 
multiplet. It was the observation of modulated tran- 
sients which indicated that the resonances encountered 
in ethyl alcohol could be further resolved, and thus 
stimulated the efforts to achieve higher resolution. Also, 
observation of the transient behavior of the signals is 
useful in the adjustment of the magnet for the best 
resolution. 

A good many precautions must be undertaken to 
achieve the highest stability and resolution in the 
apparatus. The stability of the field is influenced both 
by temperature fluctuations and by unshielded fluctu- 
ating fields coming from other magnets in the labora- 
tory, and even from disturbances of the magnet fringing 
field due to such items as pocket knives carried by 
laboratory personnel. Furthermore, some power sup- 
plies, although electronically regulated, were connected 
to the power mains whose voltage fluctuates when 
large changes in demand occur. For these reasons, the 
apparatus was usually operated late at night to obtain 
the very slow traces of the spectra. 

The procedures which are used to obtain the highest 
resolution follow several steps. First, to facilitate adjust- 
ment of the geometry of the magnet and the current 
shims, resonances of the single line in water are ob- 
served. Best results are obtained if the field is first 
made approximately uniform over a relatively large 
region at the center of the magnet. The ultimate resolu- 
tion is then found by searching in the field for the best 
spot, using the transient decay of a rapid passage 
signal as an indicator of field homogeneity. In general, 
the longer the transient signals persist, the more 
homogeneous the field in the region of the sample. 

In the preparation of a sample of ethyl alcohol for 
the highest resolution traces, several precautions had 
to be observed. Sample holders had to be filled in such 
a way as not to permit inclusion of any gas bubbles 
which would destroy the spherical symmetry of the 
sample. Samples also had to be prepared and stored 
under an inert atmosphere such as nitrogen. Ethyl 
alcohol which has been exposed to air appears to display 
resonance lines which are so broad as to obscure the 
finest details of the spectra. This effect is not completely 
understood, although it is possible that the dissolved 
oxygen of the air provides a paramagnetic relaxation. 
If dissolved oxygen is the line broadening agent, it 
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must be considerably more influential in the case of 
ethyl alcohol than in the case of water.” 

The precaution in the preparation of samples under 
an inert atmosphere was first undertaken in the investi- 
gation of the effects of very small concentrations of 
acid or base in ethyl] atcohol (see Sec. IV.d), in order to 
keep the concentration stable. The enhanced resolution 
was found as a fortuitous by-product. 

The frequency intervals between the lines of the 
spectra were calibrated by side-band lines of a reso- 
nance, which occur when either the transmitter field or 
Ho is modulated. If the modulation frequency is w’, side- 
band lines appear at intervals of w’ from the central 
resonance. This useful calibration method obviates the 
necessity for very accurate calibration of the trans- 
mitter frequency in finding sweep rates and line in- 
tervals in the spectra. 


IV. RESULTS 


This study of a highly resolved proton magnetic 
resonance spectrum of ethyl alcohol deals with two 
distinct molecular phenomena. The first concerns the 
frequency intervals and intensities of the resonances and 
the incorporation of these quantities in the energy level 
scheme of a simple Hamiltonian, to be presented in 
Secs. a, b, and c below. The second involves the possi- 
bility of exchange of protons between molecules and 
will be discussed in Sec. d. Actually, the study of each 
of these phenomena has led to discoveries regarding 
the other. 


a. Chemical Shifts 


The first degree of resolution of the proton magnetic 
resonance spectrum of ethyl alcohol is shown in 
Fig. 6(a), and has already been reported.* Using the 
accepted chemical terminology for the CH;, the CHa, 


A c 
— - 
° 150 os 
(a) 








Fic. 6(a). Spectrum of ethyl alcohol ary ogg resolved 
to show the internal chemical 


*” A. Chiarotti and L. Guilotto, Phys. Rev. 93, 1241 (1954). 
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and the OH groups of protons, the three lines A, B, 
and C were assigned to the methyl, the methylene, and 
the hydroxyl groups respectively. At this stage of 
resolution, the displacement of the lines from each 
other is due to the internal chemical shifts. They have 
previously been found to be proportional to the external 
field® and are attributed to an effective shielding of the 
nuclei by the electrons of the molecule. The shielding 
is greatest for the methyl group, becoming progressively 
less for the methylene and hydroxy! groups; that is to 
say, in a given applied field the methyl group protons 
have their resonance at the lowest frequency and the 
resonances of the methylene and hydroxyl groups 
follow in sequence. In the experiments it was actually 
the field Ho rather than the frequency which was 
varied. 

Chemical shifts may be described in the Hamiltonian 
representing the spin energy of the entire molecule by 
adding to the external field Ho an additional effective 
molecular field Hx which, for a given Ho, has different 
values for the different groups of protons. The protons 
in a particular chemical group K are assumed to be 
equivalent, and their spins add to give a total spin 
angular momentum Jx which is a constant of motion 
as a consequence of the assumed form of the Hamil- 
tonian. If is the number of protons in the group K, 
Ix’>0 takes the values (3n+1)(3n), (}n)(3n—1), 
(3n—1)(3n—2), etc. Disregarding the possible inter- 
actions between protons in different chemical groups, 
the Hamiltonian has the form 


i= —h| | {(Hot+Ha) -Li+ (Ho+Hs) - Is 
+(Ho+He)-Ic}, (1) 


with A, B, and C referring to the three groups of protons 
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(b) 
Fic. 6(b). Spectra of ethyl alcohol in the second degree of 


resolution. The upper trace originates from impure ethyl alcohol; 
the lower, from pure ethy] alcohol. 
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Fic. 6(c). High resolution traces of the methyl, methylene, and hydroxyl groups in sequence from left to right. The three top traces 
originate from impure ethyl alcohol; those below, from pure ethyl alcohol. 


which were introduced above. The expressions for the 
energy levels of (1), characterized by the eigenvalues 
ma, Mp, and mc of I,4, Iz, and I,c, respectively, are 
given by 


Emgmgm = —h{ (wotwa)mat (wotws)ms 
+(wotweo)mc}, (2) 


where wo=|y|H» and wx=|y|Hx. The energy level 
scheme (2) gives the three chemically shifted lines 
drawn in Fig. 6(a) below the experimental trace when 
transitions of Am=-+1 are allowed for one group at 
a time. The placement of the zero on this scale has no 
particular meaning. The intensities of the three lines 
indicated by the height of the lines in the diagram, and 
defined by the areas under the peaks of the experimental 
trace must be expected to be in the ratio 3:2:1, corre- 
sponding to the number of protons in the groups A, B, 
and C. This intensity ratio is verified in the trace to 
within the limits of experimental accuracy. 


b. First Order Spin-Spin Interaction 


Figure 6(b) shows the traces of the ethyl alcohol 
spectrum under higher resolution. Their form is de- 
pendent on the purity of the sample used, and the two 
extreme cases presented here represent “impure” and 


“pure” ethyl alcohol. These designations refer to the 
sufficient presence or almost complete absence of con- 
taminating H+ or OH ions, respectively. It will be 
noted that in these traces the chemically shifted lines, 
resolved in Fig. 6(a) have structure. The number and 
intensities of the lines in each group suggest that the 
splitting of the resonances of one group of chemically 
equivalent protons depends on the states of the protons 
in adjacent groups. There is much evidence to support 
this view. A technique of confirming it directly in the 
case of ethyl alcohol uses a method of simultaneous 
irradiation of pairs of interacting groups.”-* 

The application of this technique is presented by 
Anderson” in the following paper. It is particularly 
useful in the cases of molecules in which the resonances 
of the interacting groups are less easily identified. 

In the simpler case of impure ethyl] alcohol, the only 
noticeable interaction between protons in the molecule 
is that taking place between the methyl and methylene 
groups. The methyl group resonances constitute a 
triplet, and those in the methylene group a quartet of 
lines. The fact that the hydroxyl group contributes a 
single line is interpreted to indicate that its interaction 

2! F, Bloch, reference 9; see Sec. 7. 


“F, Bloch, Phys. Rev. 93, 944 (1954). 
% A. L. Bloom and J. N. Schoolery, Phys. Rev. 97, 1261 (1955). 
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with the other proton groups is in this case averaged 
out by rapid exchange of hydroxyl protons between 
different molecules (see Sec. d). The structures of the 
methyl and methylene groups have the same frequency 
intervals J4z. Except for the ambiguity of the sign of 
J 48, it is possible to assign to each component of one 
group of lines the respective magnetic quantum number 
of the neighbor group. 

In this degree of resolution, the line spacings may be 
understood from a first-order calculation of a more 
complete Hamiltonian than (1) which has, in addition 
to the terms of (1), a term which describes the inter- 
action between the protons of the methyl and methylene 


groups®’; 
KHe=KH,—AJ apla- Ip. (3) 


A first-order expression for the energy levels of (3) may 
be found by computing the diagonal elements of 3 in 
the J, representation. They are obtained simply by 
replacing the operators J 4, Ip, and Ic, by the respective 
eigenvalues m4, mp, and mc, of I,4, I,z, and I,¢, re- 
spectively ; thus 


Emymgme aati h{ (wotwa)mat (wot+we)mep 
+ (wotwe)mct+Jasmamp}. (4) 


Transitions for which m changes by +1 on one group 
at a time give rise to the various resonances. Thus, the 
three frequencies in group A are given from (4) by 


wotwatJazmep, 


with mg taking the values of 1, 0, and —1. Their 
intensities can in this approximation be expected to be 
in the ratio of 1:2:1 corresponding to the binomial 
coefficients of two; that is, corresponding to the number 
of ways in which each of the values of mgs can be found 
by combining the two spins of } of the protons in 
group B. Similarly, the four frequencies in group B are 
given by 


wotwatJapma, 


with m, taking the values 3, 4, —}, —%, and the 
intensity ratios expected in this approximation are 
1:3:3:1, the binomial coefficients of three. 

The slightly more complicated case of pure ethyl 
alcohol may be described by a superposition in group B 
of the splitting of the interacting groups. In this case, 
the interaction between the methylene and hydroxy] 
groups of protons is not completely averaged out by 
exchange of protons of the latter group. To describe 
this interaction, one more term must be added to the 
Hamiltonian (1); thus for pure ethy] alcohol 


He=KH,—A{J asla-Is+Jacls-Ic}. (S) 


There is no evidence of an interaction between the 
methyl and hydroxyl groups, presumably because it is 
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too small to be seen as a consequence of the larger 
distance in the molecule between the protons corre- 
sponding to these groups. In analogy to (4), the energy 
levels of (5) are found in first order to be 


Emymgmo = —h{ (wot+wa)mat (wotws)me 
+(wotwo)mct+Jasmamsp+Jecmpymc}. (6) 


The frequency intervals for group A will be the same 
as in the case of impure ethyl alcohol, as will be the 
predicted intensity ratios. The splitting in group B due 
to the interaction with the protons in group C can be 
expected in this approximation to amount simply to a 
doubling of the lines already split by the interaction 
between the protons of groups A and B. The frequency 
interval of this doubling will be Jzc. In this approxi- 
mation, the intensities of the doubled lines, correspond- 
ing to the two equally weighted values of mc, should 
within each pair be the same. Thus the total display 
of the methylene group should have eight lines, with 
each of the four components which appeared in the 
case of impure ethyl alcohol now being doubled by the 
influence of the hydroxyl proton. Experimentally it is 
found that Jaz>Jzac, hence the arrangement of the 
lines for the methylene group in pure alcohol should 
to first approximation show the intensity ratios 


B23: 929:9:9:9:3. 


The hydroxy] group in this approximation should show 
a triplet structure due to the interaction with protons 
in the methylene group analogous to the triplet struc- 
ture of the methyl group described above. The interval 
between the components of this triplet is Jc, and the 
intensity ratio 1:2: 1. 

In Fig. 6(b), the diagrams below the experimental 
traces show the spectra predicted from allowed transi- 
tions between the energy levels given in (4) and (6). 
The heights of the lines in the diagrams indicate the 
intensities predicted in this approximation and should 
be compared with the areas under the corresponding 
lines in the traces. The discrepancies are obvious, 
though relatively small. They are attributable to higher 
order effects. In particular the evident asymmetry in 
the components of the methyl and methylene resonances 
can be explained to within the experimental error by a 
correction of the intensity ratios, cited above, which is 
of the order of the ratio of the spin-spin splitting to the 
difference of the chemical shifts.” 

From the experimental traces in this degree of resolu- 
tion it is possible to evaluate the four parameters, 
(ws—wa), (wc—we), |Jaz|, and |Jec|, which charac- 
terize the spectrum of ethyl alcohol. The experimental 
values are given in Table I. 


c. Spin-Spin Interaction in Higher Order 


The traces of the ethyl alcohol spectrum shown in 
Fig. 6(c) have nearly the highest resolution so far 
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achieved. They do represent the best over-all conditions 
when the factors of stability of the field and transmitter 
frequency as well as the homogeneity of the field are 
considered. It is seen from the traces that the appar- 
ently single lines of Fig. 6(b) consist actually each of 
several components. For example, the two lines of the 
methyl group corresponding to mg=-1 consist each 
of three components. The explanation of this fact can 
be found by calculating the eigenvalues of 5C, in Eq. (3) 
in the second order with the quantity J4s/(wa—wsa) as 
the perturbation parameter. In this calculation, there 
appear terms which are proportional to J,4,’ and are 
quadratic in m, with the result that the transition 
frequencies for m4=-++1, found from the differences of 
the energy levels, depend on the initial (or final) value 
of ma, and have different values for the three transi- 
tions: ms: 34, }> —}, —}> —}. 

These terms are absent in the case of the line of 
group A corresponding to mg=0, and in this case one 
would expect to find a single line. The actual observa- 
tion of two lines here is explained by the fact that 
mz=0 occurs both for the case of the total spin Jz,=1 
and the case of Jzg=0, and that the energy levels depend 
not only upon mz, but also upon Jz. 

It is interesting to note that the line in group A 
corresponding to the singlet state, 7,=0, of the methyl- 
ene group, is considerably sharper than those corre- 
sponding to Jz=1. A qualitative explanation of this 
fact can be found in the circumstance that the width 
of the lines in group A is largely determined by the 
lifetimes of the states pertaining to group B,° and that 
a change of mg from 0 to +1 involves, for the initial 
value Jg=0, a relatively improbable transition from a 
singlet to a triplet state, whereas for the initial value 
of Ipg=1, changes of mg simply involve transitions 
within the triplet state. 

A similar effect was sought in the resonances of the 
hydroxyl group of pure ethyl alcohol, but even in the 
purest ethyl alcohol obtainable, this effect is almost 
obscured, probably by exchange broadening. There is 
evidence that the single sharp line of the hydroxyl 
group in impure ethyl alcohol occurs very nearly at the 
position at which the “singlet” line would be expected 
to occur in the broadened central peak of the hydroxyl 
group of lines in a pure sample. 


TABLE I. Measured values for chemical shift and spin-spin 
interaction for ethyl] alcohol. 








Frequency in 


Relative chemical 
cycles/sec 


shift at 30.5 Mc/sec Spin-spin interaction 





75.0 +1 
50.5 +1* 
7.150.25 
4.8 +0.2 


(wa—wa)/2e 

(we—wp)/2 
|Jaa|/2e 
|J ac| /2e 
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Up to terms of the second order, the energy levels 
derived from (3) are calculated® to be 


El amalpmpiome® = —h} (wot+wa)ma 


+ (wot+ws)m p+ (wotwe)mct+J 4 BMAMB 


Jas’ 
———_——$ [wea (I 2?+1 3-5") 


2(we—wa) 


—mp(I +I 4—mz4?) | (7) 


for impure ethyl alcohol. Similarly, for pure ethyl 
alcohol, the energy levels arising from (5) are 


Elamalpmsieme® = —h (wot+wa)ma 


+ (wotws)mpt (wotwc)mct+J apmamg 


2 


Jap 
—~—{ma(I p+ Tp—ms?) 


2(wa—wa 


_ mp(la+lIa— ma*) |+J acmamc 


2 


[meg (I +I e—me*) 


Jac 


2(wo—wp 
—mc(Ip’+Ip—mp*)]t. (8) 


The calculation of the ratios of the intensity maxima 
in higher order is far more involved and cannot, in fact, 
be rigorously given without an accompanying theory of 
line widths which must be expected to be different for 
different lines of the spectrum. It can be shown, how- 
ever,“ that the integrated intensity of each resonance 
line is proportional to the square of the matrix element 
of I,+iI,, where I, and J, are the x- and y-components 
of the spin vector pertaining to the nucleus in question. 
To the extent to which equal line widths may be 
assumed, this quantity gives also a measure for the 
corresponding intensity maximum. Explicit calculations 
of the matrix elements have been carried out by 
Anderson.” The intensities resulting from his calcula- 
tions are represented by the heights of the lines appear- 
ing in the diagrams below the experimental traces in 
Fig. 6(c). 

It will be noted that the frequencies of the resonances 
in the experimental traces do not coincide exactly with 
those shown in the diagrams, even when allowances are 
made for nonuniform sweep rates. A third order 
perturbation calculation of the energy levels" leads to 








* F, Bloch, reference 9; see Sec. V. 
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Fic. 7. High-resolution trace of the methylene group originating 
from impure ethyl alcohol with a diagram of the spectrum as 
calculated to the third order. 





better agreement which is illustrated for the methylene 
group of impure ethyl alcohol in Fig. 7. It will be noted 
that the frequencies calculated in third order agree 
remarkably well with those of the experimental trace. 


d. Effects of Contamination with H+ and OH~ Ions 


It appeared originally that the resonance of the 
hydroxy] protons of ethyl alcohol was a single line even 
though the other chemically shifted groups were split. 
This lack of structure is now understood to be the 
effect of a slight contamination with an excess of H* 
or OH~ ions. The contamination necessary to obliterate 
completely the structure of the resonance of the 
hydroxyl protons amounts to little more than 10-° 


normal, and the discovery of the structure was a 
fortuitous accident, since even if the ethyl alcohol used 
for the sample were pure to begin with, contamination 
of this order of magnitude could come from the solution 
of carbon dioxide from the air to which the sample was 
exposed, or even from the dissolving of acidic or basic 
constituents of the glass sample holders which were 
used when the effect was first discovered. 

As was pointed out above, the disappearance of the 
structure of the hydroxyl resonances in the samples in 
which there is an excess of H+ or OH™ ions is attributed 
to a relatively rapid exchange of hydroxy] protons. It is 
to be expected that at intermediate rates of exchange 
there will be line shapes intermediate between those 
showing resolvable structure and those completely 
devoid of structure. Such intermediate cases have 
indeed been observed, and give thereby a means of 
direct measurement of rates of exchange. 

From the phenomenological equations of Bloch" it is 
possible to obtain an expression which predicts the line 
shape in a multiplet when exchange events transfer 
protons from one molecule to another, assuming that 
the effect of such an exchange is equivalent to a change 
of the effective fields acting upon the exchanged proton 
and the protons in the interacting group of the molecule 
in which the exchange terminates. This assumption is 
justified in the approximation to which Eq. (6) holds; 
a random change of mc due to exchange of the proton 
in the hydroxy] group is here equivalent to a change of 
the resonance frequency for both the methylene and 
the hydroxyl groups. The signal amplitude for either 


5 X10-5 normal HCl 
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Fic. 8(a). Traces of the proton magnetic resonances of the methylene and hydroxyl groups in ethyl alcohol with varying concentration 
of HCl. The zero of the concentration is arbitrary. Resolution of the apparatus is uniformly good for all three cases shown. 


% J. T. Arnold, Phys. Rev. 85, 763 (1952). 
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group can be derived from the general expression 
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¢ 1+7/T2+i(w—w,)7 
vt+iu=—|y|MoHiT2 , i) 
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where w, is one of the several possible values which the 
resonance frequency can assume within one group, 
g. the corresponding probability that the exchange will 
terminate in a molecule where the resonance frequency 
is w,, and 7 the mean lifetime between exchange events. 
In this expression it is assumed that the exchange event 
itself is rapid, and that the transverse relaxation times 
T; and the mean exchange times 7 are independent of s. 
It is possible also to form an expression similar to (9) 
in which the 72 and + both depend on the index, s. 
From Eq. (9), line shapes may be calculated for various 
values of 7. By a comparison of the traces obtained 
from samples, to which varying small amounts of HCl 
and NaOH have been added, with calculated line 
shapes, it was possible to determine the approximate 
value of r for each concentration. Three typical traces 
for specific concentrations of HCl (referred to an 
arbitrary zero) are shown in Fig. 8(a). In Fig. 8(b), 
three representative calculated line shapes are given, 
with the exchange time r indicated in each case. 

From these experiments, it is only possible to infer 
the value of 7 in the restricted interval where the ex- 
change rate has a noticeable influence on the character 
of the resonances. This interval is defined in the case of 
the hydroxy] group in ethy] alcohol by the conditions 


Aw 1 
<*<—, 
Jac Aw 
where Aw is the natural width of the resonance lines or 
the line width due to field inhomogeneity, whichever is 
larger. The values of + found by comparison of the 


TABLE II. Hydroxyl proton exchange time 7 as measured for 
samples of ethyl] alcohol, to which controlled amounts of HC] or 
NaOH have been added. 








Contamination with reference 


Sample 
to a fresh bottle 


Exchange time 
number 


7 in seconds 





None 
1.2X10-*N HCl 
1.9X10-°N HCl 
2.5X10-*N HCl 
3.1X10-*V HCl 
3.8X10-*N HCl 
4.4x10-*N HCl 
5 X10-*N HCl 
7.5X10-*N HCl 
9 x<10-°N HCl 

10-°N HCl 


3.8X10-*N NaOH 
12.5X10-°NV NaOH 
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T+ Q,052 SEC 





T+ 0,013 SEC 








Fic. 8(b). Calculated shapes of hydroxyl group resonances in 
ethyl alcohol for three values of the exchange time r on the basis 
of Eq. (9). The intervals w4—w3, w3—we, and w2—w were taken in 
accordance with the measured value of r. Jac=4.8 cycles per 
second. For all terms in the sums, 72 was arbitrarily assigned the 
value of two seconds, and the g, were all given the value of }. 


traces with the predicted shapes of the resonances are 
given in Table II for various concentrations of H+ and 
OH ions added to ethyl alcohol. The concentrations 
refer to an arbitrary zero. All samples in the series 
were prepared from the same bottle of stock alcohol 
under an atmosphere of Ns. The somewhat irregular 
variation of 7 with steadily increasing concentration of 
HCI seems to indicate that a few of the samples were 
improperly contaminated in spite of the precautions 
undertaken. For a relatively large range of concentra- 
tions, it will be noted that 7 has values of the order of 
one second. This fact signifies that exchange broadening 
caused by the addition of HCI contributed in this range 
relatively little to the line width. 

It is evident from these experiments that H+ or OH- 
ions in ethyl alcohol act as a catalyst for the exchange 
of hydroxyl protons between molecules, and the meas- 
urements represent in fact a determination of the 
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exchange rates in a range of from one per second to 
about 100 per second. It is also interesting to note that 
the existence of structure with narrow lines in the 
hydroxyl group in pure ethyl alcohol indicates that the 
exchange rate is in this case about one per second. This 
fact may help to shed some light on the mechanism of 
“hydrogen bonding” in ethyl alcohol. 


Vv. CONCLUSIONS 


This high-resolution study of the proton magnetic 
resonance spectrum of ethyl alcohol has disclosed a 
large number of extremely narrow lines in a relatively 
small frequency interval. In this molecule, the simple 
Hamiltonians used in the derivation of the energies of 
the spin system calculated in the second and third 
order of spin-spin interaction lead to a system of lines 
which agrees remarkably well with the experimental 
results. It was of considerable importance to check this 
agreement in the case of a molecule where the chemical 
structure is well known in order to interpret with con- 
fidence the spectra of other molecules which may be less 
well understood. 

That such a simple Hamiltonian should describe so 
completely the behavior of the spin system in a liquid 
is indeed remarkable, in view of the extremely compli- 
cated motions which are characteristic of liquids, and 
considering the fact that it ignores the actual presence 
of other interactions which are larger by several orders 
of magnitude. It is in fact the extremely frequent 
random interruptions of the motion of a molecule which 
allows the observation of delicate features of the inter- 
actions within the molecule. This is so because the 
random processes occur at a rate large compared to the 
resonance frequencies of the spin system, and, as a 
consequence, very effectively average out the influence 
of the large perturbing interactions. Neither a solid nor 
a diffuse gas can fulfill the requirement of rapid and 
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complete averaging of the larger interactions during a 
Larmor period, with the result that line widths for 
these physical states are typically so broad®® as to 
obscure the details which are observed in the spectra of 
liquids. It may be useful to point out that the well- 
known effect of the collision broadening of optical 
spectral lines represents the extreme opposite case from 
that of nuclear magnetic resonance in regard to the 
influence of random processes. The important difference 
lies in the fact that the optical frequencies are by 
contrast large compared to the rate of collisions. 

The usefulness of the high-resolution techniques as a 
tool for the study of certain aspects of molecular 
structure in other organic liquids besides ethyl alcohol, 
and also other molecules having nuclei, other than 
protons, with spin one-half such as fluorine and phos- 
phorus, is expected to increase as the methods developed 
to date are further improved. In particular, a more 
detailed study of line widths will be of great interest. 
Also, the application of auxiliary techniques, such as 
multiple irradiation of samples will be of help in the 
analysis of more complicated spectra of other molecules. 
Regarding certain chemical problems, the use of high- 
resolution magnetic resonance techniques may be fruit- 
ful in the study of rate processes, as for example, the 
exchange of the hydroxyl protons described above, in a 
range of time intervals which has heretofore been 
inaccessible. 
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The study of the nuclear magnetic resonance spectrum of protons in ethyl alcohol made by J. T. Arnold 
has been extended to other liquid compounds which are more amenable to an exact calculation of their energy 
levels and transition probabilities under the influence of a small radio-frequency perturbation. Resulting 
recordings of these spectra are shown to be in agreement with the spectra predicted by a simple Hamiltonian 
proposed by Hahn and Maxwell as well as by Gutowsky, McCall, and Slichter. New evidence has been 
found which indicates that lines in a given spectrum have different widths. 

A method has been demonstrated whereby a definite spin coupling may be associated with a definite group 
of nuclei. This is achieved by simultaneously applying a large radio-frequency field with a frequency near 
to the resonance frequency of one group of nuclei and a small radio-frequency field to produce transitions 
within another group. In this case any structure due to the spin coupling between the two groups is greatly 


modified. 


A new and simple procedure has been demonstrated whereby the magnitude of the radio-frequency field 
at the sample may be accurately determined with the aid of a small auxiliary radio-frequency field. 





I. INTRODUCTION 


DETAILED study by Arnold! of the proton 

magnetic resonance spectrum of ethyl alcohol 
under a resolution approaching one part in 10* has 
revealed an abundance of fine structure to the resonance 
lines which had not been previously observed. In this 
paper the study is extended to other compounds whose 
spectra are more amenable to an exact analysis than 
ethyl alcohol. The spectra of these compounds which 
also show an abundance of fine structure under high 
resolution are explained by the relatively simple Hamil- 
tonian proposed by Gutowsky, McCall, and Slichter as 
well as by Hahn and Maxwell.’ A perturbation calcu- 
lation is also presented which when applied to ethyl 
alcohol is sufficient to explain the many fine details of 
the spectra observed by Arnold. 

Consider a molecular system which contains many 
identical nuclei. These nuclei may be divided into 
groups by placing in each group only nuclei with the 
same chemical shift. The nuclei of a group are said to 
be “equivalent” if all nuclei in the group have identical 
coupling to their molecular surroundings. It has been 
shown that if the nuclei of a group are “equivalent” 
then any spin coupling which may exist between them 
may be omitted from the Hamiltonian of the total 
system without affecting the calculated transition 
frequencies or line intensities. In this paper we shall 
only consider molecules in which all the nuclei within 
each group are equivalent. 


* This work was done in partial fulfillment of the requirements 
of the degree of Doctor of Philosophy at Stanford University. It 
was supported in part by the Office of Naval Research and the 
U. S. Atomic Energy Commission. The material was prepared for 
publication while working for CERN, Geneva, Switzerland. 

t Present address: Varian Associates, Palo Alto, California. 

‘J. T. Arnold, preceding paper [Phys. Rev. 102, 136 (1956) ]. 

* Gutowsky, McCall, and Slichter, Phys. Rev. 84, 589 (1951); 
E. L. Hahn and D. E. Maxwell, Phys. Rev. 84, 1246 (1951). 

8. L. Hahn and D. E. Maxwell, Phys. Rev. 88, 1070 (1952). 

4 Gutowsky, McCall, and Slichter, J. Chem. Phys. 21, 279 
(1953). 


In order to calculate the resonance frequencies of a 
nuclear spin system it is permissible to neglect the 
effects of weak relaxation® and obtain its stationary 
energy levels from a suitably chosen Hamiltonian repre- 
senting the total energy of the system. Throughout this 
paper we shall measure energy in units of angular 
frequency by dividing by %, the quantum of action 
divided by 2x. The proposed Hamiltonian? may be 
written as 


R= —{¥ wrMet3d Y Jrsle-Is}. (1) 
R R SAR 

We have assumed here that we are dealing with dif- 
ferent groups of equivalent nuclei. Each group, denoted 
by a letter R, S, ---, is characterized by the fact that 
the shielded magnetic field acting upon the nuclei in 
the group has the same value so that in the absence of 
coupling between nuclei it would lead to a common 
resonance frequency, we, for all nuclei in group R. The 
spin operator Ip with the z-component Me chosen in 
the direction of the applied field has the significance of 
representing the total spin of the group R and is given 


by 
In=>d Ipr. (2) 


Its magnitude can assume all non-negative values 
nrI rr, WRI rr—1, NrIrr—2, +++, where mr is the 
number of nuclei in group R and Jp, is the common 
magnitude of their spin. The constant Jers charac- 
terizes the strength of the spin coupling between any 
nucleus, r, in group R and any nucleus, s, in group S. 
Since Jrs=Jsr, each term in the sum of Eq. (1) 
appears twice, which accounts for the factor 1/2 before 
the sum. The energy levels and transition frequencies 
of this Hamiltonian are discussed further in Sec. II. 

In the study of proton magnetic resonance spectra 
some evidence has been found indicating that the 
natural line widths of various lines in the spectra of 


5 F. Bloch, this issue [Phys. Rev. 102, 104 (1956)], see Sec. 5. 
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some chemical compounds are not identical. The 
question of natural line widths is treated in detail by 
Bloch in the accompanying paper. However, up to the 
present time, magnetic field inhomogeneities have 
prevented accurate measurements of the natural line 
widths. The evidence of different line widths within a 
spectrum is presented and discussed in Sec. V. 

A method suggested by Bloch* whereby one may 
identify a spin coupling with a definite group has been 
demonstrated. The method, which is applicable when 
the chemical shift is large compared to the correspond- 
ing spin coupling, consists in affecting one group of 
nuclei with a relatively high radio-frequency power 
while simultaneously observing the other group with a 
small radio-frequency field. The spacing of the different 
resonance lines, produced by the spin coupling between 
the two groups is then greatly reduced. 

One may see in a qualitative way how this reduction 
of the spacing arises from the following argument: 
Consider a molecule with two groups of nuclei denoted 
by A and B. Assume that one applies a large radio- 
frequency magnetic field of magnitude H,, rotating in 
the x—y plane with angular frequency w:w,; simul- 
taneously the transition frequencies in the vicinity of 
wp are investigated by producing resonance with a weak 
radio-frequency field of magnitude H2 and of angular 
frequency w2; H2 shall be small enough so that it does 
not appreciably perturb the stationary states of group 
B. The problem may be reduced to a time independent 
one by transforming to a coordinate system rotating 
with angular frequency w:. It can be shown’ that the 
effective field in a system rotating with angular velocity 
w; is equal to the field in the laboratory system reduced 
by the resonance field w;/. Including the contribution 
by the radio-frequency field H, in the rotating frame 
where it is assumed to point in the x-direction, the 
Hamiltonian is then given by 


olan { (wa—on)Mat+yHilaz 


+(we—o1)Mpt+Jasla-Ip}. (3) 
It may be seen that if ww, and |yH:|>|Jas|, the 
effective field seen by the nuclei in group A is pre- 
dominantly in the x-direction and thus the average 
value of the total spin I, will lie essentially in this direc- 
tion. Also if |ws—w4|>>|J4z| then the effective field 
seen by nuclei in group B will be predominantly in the 
z-direction, so that the average value of the scalar 
product is nearly zero. The last term in Eq. (3) can, 
therefore, be neglected and the corresponding splitting 
in this approximation disappears. 

Bloom and Shoolery* have presented an approximate 
treatment, valid in the limit of large separation of the 
resonance frequency between two groups; while con- 


* F. Bloch, Phys. Rev. 93, 944(A) (1954). 

7 Rabi, Ramsey, and Schwinger, Revs. Modern Phys. 26, 167 
(1954). 

8 A. L. Bloom and J. N. Shoolery, Phys. Rev. 97, 1261 (1955). 
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firming the above conclusion in the limit of large radio- 
frequency amplitudes, they show that for intermediate 
radio-frequency amplitudes the multiplet structure of 
the spectrum of the undisturbed nuclear group often 
increases in complexity. A consistant theory of the effect 
has been presented by Bloch® which takes into account 
the modification by the strong radio-frequency field of 
the line width, intensity, and frequency of the reso- 
nances in the weak radio-frequency field. He shows that 
in the limit of large radio-frequency amplitudes one 
may still have a residual splitting of the order of J?/é5 
where J is the spin coupling constant and 6 the corre- 
sponding chemical shift. 

The apparatus and the experimental techniques 
employed in these double irradiation experiments are 
more fully described in Sec. III and Sec. IV, respec- 
tively. The technique is demonstrated with several 
chemical compounds in Sec. V. 

As pointed out in Sec. VII of the accompanying paper 
by Bloch the principle of simultaneous application of a 
strong and a weak radio-frequency field with different 
frequencies w; and we, respectively, can also be applied 
to a spin system where all nuclei are equivalent and can 
here be used for calibrating the amplitude of the strong 
radio-frequency field purely in terms of measured fre- 
quencies. This principle of calibration has been success- 
fully applied here. 

The fact that there are two values of the resonance 
frequency we of the weak field, satisfying the equation 


(w2—w1)?= (wa —w1)*+ (yA1)’, (4) 


is shown in Appendix I by the phenomenological equa- 
tions. Qualitatively, it can be derived by considering the 
spin system in a coordinate frame rotating with the 
angular velocity w; of the strong radio-frequency field. 
In this case the Hamiltonian in the rotating frame is 
given by Eq. (3) upon omitting the terms associated 
with group B. 


H=—{(wa—w1)Mat+yAil az}. (5) 


The magnitude of the effective magnetic field in the 
rotating frame is 


Hets= { (yH1)?+ (@a—«1)"} 4/7, (6) 


and the magnetic moment can therefore perform a free 
precession with angular frequency yHer:. As shown in 
Fig. 1, the projection of this precession upon the x’—y’ 
plane of the rotating frame describes an ellipse and can 
be decomposed into two components of different mag- 
nitude rotating in opposite directions with the same 
angular frequency yH 4. Going back into the laboratory 
system the free precession contains therefore two fre- 
quencies, w:-+yH er;. The angular frequency of the weak 
radio-frequency field, w2, must be made equal to one of 
these frequencies in order to produce resonance, and 
consequently one obtains the resonance condition given 
by Eq. (4). 
* F. Bloch, reference 5, Sec. 7, in particular see Eq. (7.121). 
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Experimentally it is convenient to hold w; and w»2 
fixed while w,4 is continuously varied. It must be noted 
that Eq. (4) is likewise satisfied for two values of wa 
if (we—w1)?> (yH;)?. By observing the successive occur- 
rence of both resonances and extrapolating to their 
coincidence for (w2—w:)?= (yH;)’, it is thus possible to 
determine H,. The experimental procedure is discussed 
in Sec. IV. 

In practice the small auxiliary radio-frequency field 
may also be realized by either an amplitude modulation 
of the applied magnetic field or by a frequency or am- 
plitude modulation of the radio-frequency field. For 
a small index of modulation any of these methods 
produce essentially two sidebands placed symmetrically 
about the strong radio-frequency field. The resonance 
condition of the sidebands is thus given by 


w= (wa—w1)?+ (yH1)’, (7) 


where w’ is the frequency of the modulation. 


II, CALCULATIONS OF TRANSITION FREQUENCIES 
AND LINE INTENSITIES 


We shall in this paper consider the cases where each 
group contains only equivalent nuclei. The Hamil- 
tonian is then given by Eq. (1). By defining the opera- 
tors Mr*=Irz+il pr, the Hamiltonian may be written 
in the following form: 


=—D){weMret} © Jrs(MeMstMpetMs-)}. 
R SR 
(8) 


Using the well-known matrix elements” for Mp and 
M p* in the representation in which (Ip)? and Mp are 
diagonal with eigenvalues Jp(Jp—1) and mp, respec- 
tively, the matrix elements of the Hamiltonian (8) are 
given by 


(ma, mp,*** | Ie| ma, mB, ** ‘) 
=— > {wemet+} & Jrsmems}, (9) 
R=A,B,.:- S#R 
and 


(-++mg, mr, «++ |5C|---ms—1, mrt, ---) 
= —$J sr{ (Is—ms+1)(Is+ms) (Ir—mr) 


X (Ir+mr+1)}', (10) 


with all other matrix elements of 3C equal to zero. 
Since according to Eq. (10) there exist nonvanishing 
matrix elements only between states for which one of 
the quantum numbers mg differs by +1 while another 
quantum number my differs by +1, it is seen that 
m=) r Mr is a good quantum number. The eigenvalues 
of the matrix given by (9) and (10) shall be denoted by 
E(k) and the corresponding diagenalizing spin functions 
by 2(R). 


1% See for example L. I. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1949), first edition, p. 143. 
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Fic. 1. (A) In the coordinate frame rotating with the frequency 
of the large radio-frequency field, the magnetic moment carries 
out a free precession about the effective field He¢e with an angular 
frequency yHerr. (B) The projection of this magnetic moment on 
the x’—,/ axis of the rotating frame describes an ellipse. (C) This 
ellipse is decomposed into two components of different magnitudes 
rotating with the same angular frequency but in opposite direc- 
tions. 


The perturbing Hamiltonian 3’ due to the radio- 
frequency field in the x-direction may be expressed as 


KH’ = —7H, cos(wit)or(Met+M er). (11) 


Resonance occurs when the frequency w, of the radio- 
fre quency field satisfies the condition --w;= E(i)— E(j). 
Under the conditions met in this investigation one can 
use the result derived by Bloch" that the integrated 
intensity of each resonance line is proportional to the 
absolute square of the corresponding matrix element 
of M+=>>p Mgt or M-=Dr Mx. The calculation of 
the maximum height of the lines poses a far more dif- 
ficult problem in so far as it involves a knowledge of the 
line widths. However, to the extent to which one may 
assume the widths of the different resonance lines in a 
spectrum to be equal, one is allowed to use the expres- 
sion for their integrated intensity also as a measure for 
the maximum line height. 

The calculation of the transition frequencies and line 
intensities are particularly simple if only two chemical 
groups are present and if one of the groups has a 
maximum spin of 4. In this case one need only solve 
quadratic equations to find the energy levels.” The 
simplest case is that of two groups of nuclei with each 


1 F, Bloch, reference 5, see Eq. (5.10). 
( ‘ oaneriee, Das, and Saha, Proc. Roy. Soc. (London) A226, 490 
1 ; 
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Taste I. Theoretical transition frequencies and relative line 
intensities for two groups of nuclei with spin $ with one nucleus 
in each group. The chemical shift is denoted by =ws—waz and 
the spin coupling constant by J. 





Transition in 
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ma mpe—ma’ mp’ 


EEE 


oi OE Ma 


Relative 
frequency 
of lines 


J+4O+P) 
—HJ+H4O+P 
J-F(E+P) 
—iJ—-4P+ Pt 


Relative 
intensity 
of lines 
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group containing only one nucleus of spin 3. The 
transition frequencies and line intensities for this case 
were first given by Hahn and Maxwell’ and are sum- 
marized in Table I. In Sec. V, experimental spectra of 
two different chemical compounds are compared with 
these results. The transition frequencies and intensities 
for the case of two chemical groups with one proton in 
one group and two protons in the other group has also 
been treated by Hahn and Maxwell. Results of this 
calculation are summarized in Table II and compared 
with experiment in Sec. V. 

By using the procedure outlined above, numerical 
calculations have been made for two special cases, that 
of 8-propiolactone which has two protons in each of 
two groups and that of ethyl bromide which has two 
protons in one group and three protons in the other. 
The results for these molecules are given in Tables ITI 
and V respectively, which are found in Sec. V. 

A perturbation calculation is indicated when the spin 
coupling parameter is small compared to the chemical 
shift. Such a calculation keeping terms up to third order 
in the energy levels and to first order in the transition 
probabilities is given in Appendix II. The calculation 
is made for an arbitrary number of chemical groups and 
each group with an arbitrary total spin. However for the 
purposes of discussion it is convenient to consi.le: 
chemical compounds which have only two groups, A 
and B, of equivalent nuclei. The Hamiltonian in this 
case is 

R= —{wsMatwpM ptJ spl, Ip}. (12) 


Gutowsky, McCall, and Slichter* have shown that for 
|Jaz|<|ws—wg| one obtains in first approximation 
for the energy levels of the spin system 


(13) 


where m,, mp are the eigenvalues of M4, Mz. The 
selection rules of transitions are AJ4=AJ,=0 and 
further in this approximation Am4=+1, Amg=0, or 
Am,=0, Amg= +1. 

Considering transitions of the nuclei in group A, we 
note that for a given total spin J, there are (274+1) 
equally spaced energy levels with spacing equal to the 
transition frequency wa+ Jems. Since mg can assume 
2(Ig)maxt+1 different values, there are this many dif- 
ferent spectrum lines associated with transitions in 
group A with their frequencies separated by the amount 


E=—{wam,t+wpmpgt J apmams}, 
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Jz. The intensity of each line is proportional to the 
statistical weight of the corresponding value of mp. 
Levels which differ only in the total spin quantum 
numbers J4, Ig, are degenerate in this approximation. 

In Appendix II the energy terms in second order are 
calculated with the result that for the case of two 
groups of equivalent nuclei one has to add to the 
expression given in Eq. (12) the term" 


(Jaz)? 
E® = —————_{ ma (I 5°+I p— mz") 
2(wi—wep 


—mp(I42+I4—mz,*)}. (14) 


In this approximation the 2/,4+1 energy levels of 
group A are no longer equally spaced since there is a 
term proportional to m,. Thus for a given assignment 
of the total spin quantum numbers J, and J each line 
of group A is further split into 2/4 lines, the separation 
being of the order of (J48)?/(wa—wa). For the case of 
mp=0 there is an exception to this rule and the levels 


TaBLE II. Theoretical transition frequencies and relative line 
intensities for two groups of nuclei of spin $ with one nucleus 
in group A and two nuclei in group B. The chemical shift is 
denoted by =w4—wz, and the spin coupling constant by J. 
wa is arbitrarily called zero on the frequency scale and the 
abbreviations S=}J+$(#+8/+9/2/4)), S'=—1/+-4(8—-—aJ 
+9J*/4)t, T=J/(6+2S), and T’=J/(6+25") are used. 








Transition 

frequency 
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J-—0 


Relative line 
intensity 


(i—27T 
1427 
(1—27'427) 
—8+S+S" ; 
(14+27?)(1+27") 
{ 
(1427"9 
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214174277") 
(14279)(1-427) 
2147) 
14ar 
2(1—-T-+27T"? 
(14273)(1427%) 
201-7"? 
1427 
4(I"—T-TT’? 
(1427)(14-27") 
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—h+4I+S 


h— 4 +S’ 


~§-J+5S-S 


—+J-S 


—b+J—S+S’ 


—-—J-S’ 


—i-S-S’ 








* Transition with Jz =0, all others with Jz =1. 


3 This result has also been derived by F. Bloch, this issue 
[Phys. Rev. 102, 104 (1956) ], see Eq. (6.36). 
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of group A are still equally spaced. However if the total 
spin quantum number Jz may assume more than one 
value, the transitions with different total spins J, will 
have different frequencies; these separations are also 
of the order of (J42)?/(wa—wp), while two transitions 
described by a set of quantum numbers which differ 
only in J 4, still have the same frequency. 

Including second-order terms the frequency of a 
transition between a state with energy E(m,,ms,) and 
another with energy E(m,4—1, mz) is 


Ja8’ 


w=watJapmat+ 
2(wa—wa) 


X {7 e(Te+1)—mp(mpt+1)+2mamp}. (15) 
It is of interest to note that the spectrum of a chemical 
compound does not allow the determination of the sign 
of the spin coupling constant. However if a chemical 
group is coupled to two other groups and if the spectrum 
is sufficiently well resolved to be able to observe the 
effects predicted by second-order perturbation theory, 
then the relative sign of the two spin coupling constants 
may be determined. 

The energy corrections to third order have been cal- 
culated with the results given in Appendix II. In third 
order almost all transition lines are described by a 
unique set of quantum numbers. One exception arises 
in the special case where the total spin ],=0. Of course 
in this case the levels of group A are equally spaced 
even in an exact analysis. 

The transition probabilities between two states of 
the nuclear spin system under resonance conditions 
when a small radio-frequency perturbation is applied, 
are calculated (see Appendix II) using for the initial 
and final wave functions the expressions obtained in the 
first approximation. For the case of two groups of 
equivalent nuclei, the signal intensity for a transition 
in group A between the energy levels associated with 
the quantum numbers m, and m,—1 is found to be 
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We note that in a given multiplet the lines with a 
frequency further away from those of the group which 
causes the splitting have been reduced in intensity 
while the lines closer to this group have greater in- 
tensity. This fact may be of some help in identifying 
spectra of complicated molecules, provided that the 
chemical shift is not too large compared to the corre- 
sponding spin coupling. 


Ill. APPARATUS 


The apparatus used in obtaining high-resolution 
recordings is described by Arnold.! When double irradi- 
ation experiments were performed the oscillator and 
amplifier shown in Fig. 5 of Arnold’s paper were replaced 
by the double transmitter system shown in Fig. 2. The 
two oscillators were crystal controlled and operated at 
different submultiples of the final frequency in order to 
avoid “pulling” due to coupling between them. The 
output of the oscillators was multiplied, one by four, 
the other by five, in the amplifiers. The power output 
of the two amplifiers could be varied independently 
and was fed into the nuclear resonance head. 

It is well known that a crystal oscillator may be 
“pulled” up to about 0.01% by placing a suitable 
reactance in the crystal circuit. One of the two crystal 
oscillators was, therefore, controlled by a variable 
reactance circuit in such a manner that the frequency 
difference of the two oscillators after multiplication was 
maintained at a fixed value. This was accomplished by 
mixing the outputs of the two amplifiers to obtain their 
difference frequency. This difference frequency was 
then fed into a phase-sensitive detector whose reference 
was derived from an audio-oscillator. When the dif- 
ference frequency was equal to the frequency of the 
audio-oscillator, the output voltage of the phase 
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detector was determined by the phase difference of the 
two frequencies. This output voltage was filtered to 
remove the audio-frequency components. It was then 
fed into the reactance circuit which controlled the 
radio-frequency oscillator in such a manner as to tend 
to keep the phase difference at a constant value. 

It was possible to ascertain whether the frequency 
difference was actually maintained by observing a 
cathode-ray oscilloscope which had the mixer voltage 
applied to the vertical axis and the audio-oscillator 
voltage applied to the horizontal axis. A nonrotating 
ellipse was observed under proper operating conditions. 
The radio-frequency oscillator could be brought within 
the controlling range of the control circuit by means of 
a variable capacitor connected in the crystal circuit of 
one of the oscillators. 

In the double-irradiation experiments the variable 
reactance circuit was used to control the frequency of 
the stronger of the two radio-frequency outputs. The ref- 
erence voltage for the receiver phase detector was 
derived from the weaker of the two radio-frequency 
outputs. 


IV. EXPERIMENTAL PROCEDURE 
A. High-Resolution Traces 


The high-resolution traces were taken under slow 
passage conditions and with sufficiently low radio- 
frequency power to avoid saturation. They were 
recorded on paper tape with a Sanborn Model 127 
recorder. A standard tape speed of 1 millimeter per 
second was used, although a few traces of the complete 
spectrum of a compound were made at a speed of 3 
millimeter per second. The magnetic field was always 
swept from high to low field so that resonances which 
occur at the higher magnetic field appear to the left 
side of the trace. The radio-frequency was fixed at 
about 30.5 Mc/sec. The traces would appear the same 
if the magnetic field were fixed and the radio-frequency 
field swept toward higher frequencies toward the right 
side of the trace. 

Only the spectra of protons in liquid samples have 
been studied. The observed width of most of the 
resonance lines of the various compounds had to be 
attributed to inhomogeneities of the applied magnetic 
field. 


B. Calibration of Traces 


One of the simplest methods of calibrating the fre- 
quency difference of the various resonances of a spec- 
trum consisted in applying a sinusoidal modulation of 
the applied field. It is shown in Appendix III that if 
if the amplitude of the radio-frequency field is far 
below saturation, a series of equally spaced resonance 
lines appear for each resonance line in the unmodulated 
spectrum. The frequency spacing between correspond- 
ing lines is equal to the frequency of the modulating 
field and thus these lines serve as a calibration for the 
spectra lines. 
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The amplitude of the sideband resonances depends 
upon the magnitude of the modulation and upon the 
mode of detection. The resonance signal of each side- 
band contains the transmitter frequency and all fre- 
quencies which differ from it by an integral multiple of 
the modulation frequency. Since the phase-sensitive 
detector in the receiver derived its reference voltage 
from the transmitter, only the component which had 
the same frequency as the transmitter appeared as a 
direct current signal in the output, the other com- 
ponents were removed by filtering. It is shown in 
Appendix III that under these conditions the mth 
sideband has a relative amplitude of J,,?(w»/w’), where 
wm is the peak amplitude of the modulating field 
measured in units of angular frequency by multiplying 
the field by 7; w’ is the angular frequency of the modu- 
lating field, and J,,(w»,/w) is a Bessel function of the first 
kind. 


C. Double Irradiation Experiments 


In some cases it is desirable to affect strongly one 
group of nuclei while observing another group with a 
small radio-frequency field. In the approximation of the 
chemical shift large compared to the spin coupling any 
structure due to the spin coupling with the strongly 
affected group disappears, leaving only structures which 
may exist due to spin couplings with other groups. 

The experiment was performed by keeping fixed the 
difference between the frequencies of the strong and 
of the weak radio-frequency fields and sweeping the 
magnetic field. The reference voltage for the phase- 
sensitive detectors was derived from the source of the 
weak radio-frequency field so that only transitions due 
to the weak radio-frequency field were observed as a 
direct current signal on the trace. The signal from the 
strong radio-frequency field appeared as an alternating 
voltage of a frequency equal to the difference frequency 
of the two transmitters. 


D. Calibration of the Radio-Frequency Field 


An indication of the magnitude of the strong radio- 
frequency field could be obtained by measuring the 
direct current voltage which was produced by a crystal 
diode connected to the input of the head. However, 
since the diode output voltage was an unknown function 
of the radio-frequency voltage, it could not be used for 
calibration, which was carried out by the following 
procedure. 

A water sample with the proton resonance lines 
broadened by the addition of paramagnetic salts was 
placed in the head and the signal height was plotted as a 
function of the diode output voltage. The measurement 
was carried out far below saturation so that the signal 
height could be expected to be proportional to the mag- 
nitude of the radio-frequency field. 

The absolute magnitude of the radio-frequency field 
was determined by a double irradiation experiment (see 
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Sec. I) using a distilled-water sample. Let w; and H; be 
the angular frequency and magnitude of the strong 
field to be measured. The weak field shall have an angu- 
lar frequency we and it shall be of sufficiently low ampli- 
tude so as not to perturb the system appreciably. 
Actually, it was the difference w2—w; which was kept 
closely constant and determined by an audio-oscillator. 
As pointed out in Sec. I and shown in Appendix I the 
resonance condition for the weak radio-frequency field 
is given by (w2—w1)?= (wa—w1)?+ (7H). In the meas- 
urements the magnetic field was swept linearly with 
time which corresponds to a linear change of the 
resonance frequency wa. For (w2—w:)?>(yH;)’, the 
resonance equation above is satisfied for two different 
values of w4 which are situated symmetrically about 
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Fic. 3. Transitions produced by a small radio-frequency field 
of angular frequency w. when water was simultaneously irradiated 
by a large radio-frequency field of angular frequency w;. The 
number below each trace is the frequency difference of the two 
fields (w2—w,)/(2m). The relative magnitude of the two signals 
is here immaterial and distorted since the receiver was over- 
oaded by the large radio-frequency field. 
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Fic. 4. Plot of the square of the distance D, between resonances 
of each trace shown in Fig. 3, using the square of the difference 
frequency (w2—w1)/(27) as the abscissa. Each point is labeled by 
the frequency difference of the two fields, (w2—w1)/(27). 








the frequency w, of the strong field. If the magnitude 
of the difference w2—w is decreased in successive traces, 
the two resonances appear closer together. At the 
limiting value of (w2—w:)?= (yH;)’, the two resonances 
coalesce, and for differences w2—w, smaller than this 
amount no resonance is observed. Such a series of 
traces is shown in Fig. 3. Below each trace is given 
the difference frequency (w2—w;)/2m of the strong and 
weak fields. The square of the distance D on the trace 
between resonances for different values of (w2—w,)/2r 
has been plotted in Fig. 4 using (w2—w;)?/(2m)? as the 
abscissa, the data being taken from the traces shown in 
Fig. 3. To the extent to which the sweep field varies 
linearly with time and has the same rate of change for 
all the traces the points on this graph should lie along 
a straight line, intersecting the abscissa axis at 
(yH;)?/(2x)?. This fact has been ascertained within the 
experimental error, yielding in this case the value 
H,=3.5+0.2 milligauss. 

It is interesting to note that when the difference fre- 
quency w2—, is made larger, one of the resonance lines 
becomes weaker and the other becomes stronger. In the 
limit of a very large difference frequency, one of the 
resonances disappears and the other resonance fulfills 
the usual resonance condition w2=wa. 

The absolute magnitude of the radio-frequency field 
has also been determined by applying magnetic field 
modulation in place of the weak radio-frequency field. 
In this case the index of modulation was made suffi- 
ciently small so that the resonances of the sidebands 
do not perturb the system appreciably. Under these 
conditions only the first sidebands produce observable 
signals. The frequency of these signals differs from the 
transmitter frequency by the modulating frequency, w’, 
and thus these signals appear as an alternating voltage 
at the output of the phase-sensitive detector. The 
resonance condition for the sidebands is given by 
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Fic. 5. Spectrum of 2-bromo-5-chlorothiophene. The theoretical s 
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trum below was calculated from the expressions given 


in Table I with the ratio J//6=0.835. The labeling of the lines is identical to that given in Table I. 


w’*= (w4—w1)*+ (7H). Thus if one plots the square of 
the distance between these two resonances as a function 
of the square of the modulation frequency w’ one 
obtains a graph similar to that of Fig. 4, with wi—w» 
replaced by w’. 


V. RESULTS AND DISCUSSION 


The procedure described above has been applied to 
a number of hydrocarbons. Their choice was motivated 
by the desire of dealing with simple systems which, at 
the same time, exhibit some of the more interesting 
features in their magnetic resonance spectra. The first 
two molecules are of the simplest imaginable type, con- 
taining only two groups with one proton in each group, 
while the following cases show a stepwise increasing 
complexity of the spectrum, due to the presence of 
additional protons and proton groups in the molecule. 

The results obtained for various compounds are 
presented below. The structural formula for each com- 
pound, together with photographs of the recorded 
traces, are shown on the corresponding figures. 


A. 2-bromo-5-chlorothiophene : SCBr: CHCH: CCl 
eS eae 


The proton resonance of this molecule was first inves- 
tigated by Hahn and Maxwell® by studying the modu- 
lation of the spin-echo. They found that the chemical 
shift, 6, and the spin coupling, J, are in this case of 
comparable magnitude. This fact is clearly manifested 
in the spectrum, shown in Fig. 5. The theoretical 
spectrum for the two proton case is summarized in 
Table I. Averaging data from five separate recordings 
the following values were determined for the chemical 
shift and the spin-spin interaction : 


5/(2e)=4.740.2 cps, J/(2xr)=3.920.2 cps. 


Using these values of J and 6 the relative line intensities 
have been calculated yielding the value of the ratio 
of intensity R=0.22+-0.01 of either outer line compared 
to either inner line. This number agrees to within the 
experimental error with the corresponding line area 
ratios which have been measured in a number of re- 
cordings yielding an average value of R=0.195+0.020. 
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Fic. 6. Spectrum of dichloroacetaldehyde. The small peaks are due to impurities. The theoretical spectrum was calculated 
assuming that J/5=0.029. 


The results of Hahn and Maxwell corrected for the 
difference in the external field at which they were 
obtained, are 


5/(2m)=5.340.2 cps, J/(2r)=3.940.2 cps. 


While there is good agreement for the values of J there 
exists a slight discrepancy of unknown origin for that 
of 6. 


B. Dichloroacetaldehyde, CHC1],CHO 


Dichloroacetaldehyde, which was likewise previously 
investigated by Hahn and Maxwell,’ has a spectrum 
shown in Fig. 6. The small peaks are due to impurities 
which comprise about 10% of the volume according 
to the manufacturer’s data. 

The chemical shift and the spin coupling have been 
measured and the following values determined : 


5/(2r)=100.041.0 cps, J/(2r)=2.9+0.3 cps. 
They are in good agreement with the values 
5/ (2x) =99.045.0 cps, J/(2r)=2.7+0.2 cps, 


found by Hahn and Maxwell.’ 

The relative line heights of the two lines on the right 
hand (low field) side of the trace check with the line 
intensities predicted by theory, however the impurities 
present in the sample prevent accurate measurements 
of the heights of the other two lines. 

Since the chemical shift of this two-proton compound 
is about thirty times larger than the spin coupling, it 
has been used to demonstrate how the structure, due to 
spin coupling, disappears in this case by affecting one 
of the groups with radio-frequency power while ob- 


serving the other group with a small radio-frequency 
field. Figure 7 shows a series of traces with the signals 
arising from transitions produced by the weak radio- 
frequency field while the strong field was fixed at about 
1} milligauss, roughly twice the spin-coupling constant 
when expressed in magnetic field units. The frequency 
difference between the strong and weak fields was 
changed between traces. Practically complete disap- 
pearance of the structure is observed when the frequency 
difference is equal to the chemical shift. The width of 
the trace lines is produced by the vibrations of the 
spinning sample holder. These vibrations modulate 
the radio-frequency power picked up by the receiver 
coil in the head so that a relatively large radio-frequency 
field produces a correspondingly large alternating 
voltage in the detector. 


C. 1,1,2-trichloroethane, CHC1,CH,C1 


This compound, also investigated by Hahn and 
Maxwell,’ has the spectrum shown in Fig. 8 and com- 
pared with the theoretical results summarized in Table 
II. From calibration traces the following values were 
determined for the chemical shift and the spin-spin 
interaction : 

6/(2m)=55.541.5 cps, J/(2r)=5.7+0.5 cps. 
The results of Hahn and Maxwell are 
5/ (2%) =61.0243 cps, J/(2r)=6.0+0.3 cps. 


Here the two values of J are just within the estimated 
error; the values of 5 are just outside the estimated 
error without, however, representing a significant dis- 
crepancy. 
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Fic. 7. Resonance in the group appearing at the lower field in 
dichloroacetaldehyde produced by a small radio-frequency field 
of angular frequency we, while a strong radio-frequency field of 
angular frequency w: is applied near the resonance frequency of 
the other group. The amplitude of the strong field is about 14 
milligauss. The frequency difference of the two fields (w2—w)/(27) 
is given below each trace. The small peak on the left of each trace 
is the result of an impurity, and it may be used as a reference 
mark. 


This compound has two groups of protons with two 
equivalent protons in one group, B, and one proton in 
the other group, A. The two peaks on the left-hand side 
in Fig. 8(A) are associated with transitions of the two 
equivalent protons in group B, the two lines arising 
from the two possible states states m4= +4. According 
to theory, each of these lines should be doubled as is 
explained in Sec. II; however this splitting amounts to 
less than 0.4 cps and is not resolved. 

The group of lines at the right-hand side of Fig. 8 is 
associated with transitions in the group A, the three 
main lines arising from the three possible values of 
m,= +1 or 0. The central line is double, arising from 
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the fact that mg=0 can be obtained both for the case 
total spin J;=1 and Jg=0, and that the energy values 
depend not only on mz but also upon J. 

It is of interest to note that while the relative line 
height of the three lines associated with Jg=1 agree 
with the predicted line intensity, the line associated 
with Jz=0 is 50% higher than the theoretical line 
intensity. It is reasonable to suppose that this increase 
in height is accompanied by a proportional decrease in 
width, which is seen in a qualitative way in Fig. 8(C). The 
width of this line cannot be accurately measured since 
the two lines for mg=0 are not completely resolved; 
however, the combined area of the two lines has been 
measured and found to be in agreement with the theo- 
retical relative intensity. 

The observation of different line widths may be 
understood in a qualitative way by noting that the 
widths of lines in one group will be affected by the 
lifetimes of states of the other group.“ Applying this 
consideration to this case one finds that the state asso- 
ciated with J3=0, mg=0 is relatively long lived com- 
pared to the states associated with J3,=1, mp=0 or +1. 
This fact indicates that changes of the total spin Jz are 
relatively infrequent, a circumstance which can be 
explained by assuming that the molecular surroundings 
are very nearly symmetrical in the two protons of this 


group. 


D. §-propiolactone, CH,.CH.COO 
| | 


This compound has the spectrum shown in Fig. 9. 
This spectrum is in agreement with the assumption that 
there are two groups of equivalent protons with two 
protons in each group. With this assumption the 
theoretical line spacings and intensities have been cal- 
culated for the ratio J/6=0.265 and is compared with 
experimental values in Table ITI. 


TABLE III. Relative transition frequencies and line intensities 
for the case of two groups with two protons in each group for the 
case of J/6=0.265 are calculated and compared with measured 
values taken from the trace of 8-propiolactone shown in Fig. 9. 
Only relative transition frequencies for group A are listed; those 
of group B are of equal magnitude but of opposite sign to those 
of group A. 








Calculated values 


Relative Measured values 


Relative Relative 
Relative line 
intensity spacing 


1.06 0.832 
1.27 0.756 
1.48 0.596 
1.78 0.526 


4.00 0.500 


2.93 0.302 
3.44 0.255 


Transition in 
limit of J-0 frequency 
mat—ma—1 in units 
MA mB of 6 


0.8319 
0.7528 
0.6011 
0.5327 
a 0.5000 
-1 0.3019 
al 0.2570 
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® Transition with Ja =1, Jz =0; all other transitions with /4 =1, Jp =1. 


4 F. Bloch, this issue [Phys. Rev. 102, 104 (1956) ], Sec. 6. 
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Fic. 8. Spectrum of 1,1,2-trichloroethane. (A) Total spectrum with theoretical line spectrum below. The theoretical 
spectrum was derived from the expression given in Table II assuming J/5=0.105. The lines occuring at the higher 
frequency appear at the right-hand side of the trace. Although each of the two lines in group B should be doubled, 


the splitting is too small to be resolved. Single lines 


are therefore drawn in the theoretical intensity pattern 


each with a length equal to the sum of the lengths of the two lines which they represent. (B) The spectrum of each 
group obtained by sweeping the magnetic field more slowly. (C) The spectrum of group A under better resolution; 
however, the right-hand peak appears somewhat distorted, probably because of nonlinearities in the rate of sweep 
of the magnetic field. In this trace one of the two central lines is associated with the state J3=0, mp=0 of group B 
and it definitely appears narrower as well as higher than the adjacent other line, associated with the state 73=1, 


mp=0. 


The extremely good agreement would suggest that 
the above assumption of the protons within each group 
being equivalent is justified. It is generally believed 
that this molecule has a plane of symmetry with the 
carbon and oxygen atoms lying in this plane and the 


protons placed symmetrically above and below the 
plane. If there is no exchange of protons there would be 
no @ priori reason to expect that a proton in one group 
would have the same spin-coupling constant to each 
of the protons in the other group. The calculation of 
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Fic. 9. Spectrum of 8-propiolactone. The theoretical line spectrum below was calculated in the manner outlined in Sec. II 
for the case of J/6=0.265 with the results given in Table IIT. 


the energy levels in this more general case is more com- 
plicated since the protons in each group are not equiva- 
lent and thus the total spin of a group is not a good 
quantum number. However, since there is a plane of 
symmetry it is convenient to choose initial wave- 
functions which preserve this symmetry.'® These calcu- 
lations show that there would be additional lines in the 
spectrum if the protons in each group were not closely 
equivalent. 

The absolute value of the chemical shift and the spin 
coupling have been determined and found to be 


8/(2m)=23.041.0 cps, J/(2n)=6.1+0.3 cps. 


E. 2,3-dibromopropene, CH,: CBrCH,Br 


The spectrum of this compound, shown in Fig. 10 
shows that there are three groups of nonequivalent 
protons. The protons bound to the double-bonded car- 
bon atom are nonequivalent because the double bond 
prevents free rotation of this group, so that one proton 
is always on the same side of the double bond as the 
bromine atom (cis) and the other proton is across from 
the bromine atom (trans). 

The two protons associated with the CH,Br group 
are equivalent. Transitions of protons within this group 
appear to the left (higher-field side) of the trace in 
Fig. 10(A) as may be deduced by the fact that the total 
line intensity of this multiplet is about twice that of 
either of the two other multiplets. It is not possible to 
determine from the spectrum which of the other two 
multiplets is associated with the ¢rans group and which 
with the cis group. The fact that the furthest line to the 
left side of the trace is higher than the adjacent line 
contrary to what is expected theoretically is believed 
to be due to impurities within the sample. 


4 Problems similar to this one are treated by McConnell, 
McLean, and Reilly, J. Chem. Phys. 23, 1152 (1955). 


In order to associate beyond doubt the fine structure 
on the right-hand multiplet of Fig. 10(A) with a definite 
spin coupling, a double irradiation experiment was 
performed. When the CH2Br group was irradiated with 
a large radio-frequency field while observing the right- 
hand multiplet with a small field, the five-line pattern in 
Fig. 10(B) reduced to two lines, as shown in Fig. 10(C). 
This residual structure must be due to the spin coupling 
between the two single protons and shows that the 
higher multiplicity, shown in Fig. 10(B), has to be 
ascribed to the other proton group. From calibration 
traces the values of the various chemical shifts and 
spin couplings have been determined. The groups are 
denoted by letters A, B, C in the order of increasing 
values of their resonance fields ; the resonance of group A 
occurs at the lowest field [the right-hand side of the 
trace in Fig. 10(A)], and the shifts are denoted by 
drs=wr—ws. 

543/(2r)=13.041.0 cps, Jaz/(2r)=2.2+0.3 cps, 

5ac/(2r)=56.041.0 cps, Jac/(2r)=1.0+0.2 cps, 

5pc/(2r)=43.0+1.0 cps, J gc/ (2m) <0.3 cps. 
We have not been able to determine the relative signs 
of the above spin couplings. In order to determine these 
signs one must have sufficient resolution to see the 
effects which are given by second-order perturbation 
theory. 

The theoretical line intensities using first-order per- 
turbation theory are compared to the measured inten- 
sities in Table IV. 


F. Ethyl bromide, CH;CH,Br 


This compound has the spectrum shown in Fig. 11. 
With two protons in one group and three in the other 
this spectrum has an appearance very similar to the 
corresponding groups of ethyl alcohol and yields a 
number of closely spaced resonance lines. 
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Fic. 10. Spectrum of 2,3-dibromopropene. (A) Total spectrum with the theoretical line spectrum below. The theoret- 
ical spectrum was derived using the first-order perturbation theory developed in Appendix II with the results listed in 
Table IV. The transitions which occur at the higher frequency appear at the right-hand side of the trace. (B) Spectrum 
of groups A and B made just before group C was irradiated with a large radio-frequency field. (C) Spectrum of groups 
A and B investigated with a small radio-frequency field while a large radio-frequency field was applied at a frequency 
which was lower by 56 cycles per second. Thus while group A was in resonance, group C was being strongly affected 


by radio-frequency power. 


Labeling the group with 2 protons by the letter A 
and the group with 3 protons by the letter B, we note 
that the spin J, may take the values of 1 or 0 and the 
spin Jz the values } or 3, the latter state having a 
statistical weight of 2. Since the spins of each group 
are good quantum numbers the problem of solving the 
energy levels, transition frequencies and line intensities 
may be broken into three parts: (1) J4=0, Ip=$; 
(2) Ia=1 or 0, Ip=4; (3) J4=1, p=}. The first part 
is trivial yielding a single transition frequency wg. The 


second part is identical to the problem with 2 prot on 
in one group and one in the other which is discussed 
above with the results given in Table II. The solution 
to the third part involves two cubic equations which 
have been solved numerically for the ratio //5=0.136. 
The results of all three parts of the calculation are 
summarized in Table V and compared with the observed 
transition frequencies and line heights. 

From measurements of the line spacings the values 
of the chemical shift and the spin coupling have been 
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TaBLe IV. Using the expressions derived in Appendix II in 
first order, the transition frequencies and line intensities are 
calculated for 2,3-dibromopropene. They are compared to the 
measured line heights, the data being taken from the trace in 
Fig. 10(A). 








Relative 
intensity 
(calculated) 


Measured 


Transition Frequency height 





Ama=+1, msp mc 
wat+2.1 cps 
0 wa+1.1 cps 
—1 wa+0.1 cps 
—4 wa—0.1 cps 
—$ 0 wa—1.1 cps 
—$ -1 wa—2.1 cps 


ma mc 
1 


wet+1.1 cps 
—1 


wp—1.1 cps 
Amc= +1, 

wce+0.5 cps 

we—0.5 cps 








determined and found to be 
5/(2m)=52.741.5 cps, J/(2x)=7.2+0.5 cps. 


In this molecule there is also evidence of different 
linewidths. Perhaps these differences are most easily 
detected by observing the transient oscillations'* which 
occur after passing through some of the resonances and 
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Fic. 11. The spectrum of ethyl bromide. (A) The entire spec” 
trum. The transitions which occur at the higher frequency appear 
at the right-hand side of the trace. (B) The spectrum of each 
group obtained by sweeping the magnetic field more slowly. The 
theoretical line spectrum drawn below was calculated in the 
manner outlined in Sec. II for a ratio J/6=0.136 with the results 
given in Table V. 


16 B. A. Jacobsohn and R. K. Wangsness, Phys. Rev. 73, 942 
(1948). 
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not others. The most pronounced transient occurs after 
the transition at frequency wg, corresponding to the 
state 74=0. This indicates that this line is narrower 
and thus should be correspondingly higher which may 
be seen by the comparison of line heights in Table V(A). 
Small transients also appear after the transitions in 
group A corresponding to J»=}, indicating that these 
lines are narrower than the lines with J3=%. Unfor- 
tunately at present the resolution is not sufficiently 
high to permit any quantitative measurements. 


VI. CONCLUSIONS 


It has been demonstrated that the many fine features 
of the proton spectra of hydrocarbons which we have 
observed with increasingly high resolution may be 
explained by a relatively simple Hamiltonian. Although 
the compounds studied were of known structure the 
results obtained here may serve as a useful guide for 
nuclear magnetic studies of other and more complicated 
molecules. The occurrence of different line widths in the 
same spectrum appears to offer additional information 
about relaxation mechanisms and it would appear to 
justify further efforts to improve the resolution until 


TasBLe V. The transition frequencies and line heights of the 
ethyl bromide spectrum in Fig. 11 are compared to a calculated 
spectrum with two protons in group A and three protons in group 
B and the ratio J/6=0.136. 








A. Transitions in group A. 
Calculated values 
Frequency 
in units of 
é measured 
from wa 


Transition in 
limit J 0. 
matc—ma—i 

MA 


Measured values 
Relative Relative 
frequency height 


0.227 
0.201 
0.110 
0.086 
0.073 
0.070 


— 0.030 


—0.061 


—0.178 
—0.199 


Relative 
intensity 
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B. Transitions in group B. 
Calculated values 


Frequency 

in units of 

6 measured 
from ws 


0.1407 
0.1262 
0.1227 
0.1106 
0.0000 
—0.0097 
—0.0157 
—0.0184 
—0.0289 
—0.1251 
—0.1411 
—0.1466 
—0.1649 


Transition in 
limit J -0. 
mpe—ms—1 
mA mB 

—1/2 

1/2 

1/2 

3/2 

3/2 


Measured values 


Relative Relative 
frequency height 


0.140 4.0 
0.122 8.1 
0.111 5.6 
0.003 18.7 
—0.016 7.9 
—0.027 3.9 
—0.126 2.5 
—0.145 4.7 
—0.165 2.2 


Relative 
intensity 
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* Transitions with Jz =1/2; others with Jp =3/2. 
> All transitions of group B with I4 =0. 

















one observes the natural line width rather than that 
determined by the inhomogenities of the applied field. 
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APPENDIX I. DERIVATION OF RESONANCE CONDI- 
TION WHEN TWO SIMULTANEOUS RADIO-FRE- 
QUENCY FIELDS ARE APPLIED TO A GROUP 
OF UNCOUPLED NUCLEI OF SPIN 1/2 


Consider the phenomenological equations!’ with 
m=M,+iM,, h=y(H.+iH,), andws=~7yH,. The equa- 
tions are then 





m+iwsm—ihM ,+m/T,=0, 
M,+Im(mh*)+M,/T1=M0/T), 
where Im stands for the imaginary part, and * for the 
complex conjugate. Let 
k= hy exp(—iwt) +he exp (— iwel) 
= {hy +h, exp(—tw’t)} exp(—iwit), 


where w’=we—w;. Assume fy>>he and hy, he to be real, 
and further let 


m= {m,+m2(t)} exp(—iwit), M.=M,+M,(b), 


where m, M, are constant in time and me, M2 are small 
perturbations. The terms with subscript 1 are of zero 
order in the perturbation, and those with subscript 2 
are of first order. The zero-order equations are 
iAwm,—ih\M ,+m,/T2=0, 
Im (mh) +Mi/T,;=M)/T, 
where Aw=wa—w;. These equations yield the usual 
slow passage solutions to the phenomenological equa- 
tions. The first-order perturbation equations are 
mMo+iAwms— 1M sho exp(— tos’ t) stat iM 2h, +m2/T2.= 0, 
Mo+Im{myhp exp (iw't) +m} +M2/T1=0. 
A solution of the following form is assumed: 
m2= A exp(—iw’t)+ B* exp(iw’), 
M2=C exp(—iw't)+C* exp(iw’?). 


Upon substituting the assumed values into the dif- 
ferential equations and equating coefficients of the 
exponentials one finds three complex equations for the 
coefficients A, B, and C. These equations expressed in 


17 F. Bloch, Phys. Rev. 70, 460 (1946). 
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matrix notation have the following form: 





1+i(Aw—w’)T 0 —ihT,) (A 
0 1—i(Awtw’)T, imT? | 
—FhihT; sihT 1—iw'T; LG 
1M jhoT 2 
te) 
— himy*hT, 


The solution for the constant A may be written as the 
quotient of two determinants 





ih2T 2M 0 —ihT> 
0 1—1(Aw+w’) T2 thT> 
— diheT ym\* dihy T; 1- iw’'T} 
A= ae nt . 
1+7(Aw—w’)T2 0 —ihyT> 
0 1—i(Awtw')T, iT? 
—tihT, 4ihT, 1—iw'T> 











Resonance will occur when the determinant in the 
denominator has its minimum value, provided that the 
determinant in the numerator is not at the same time 
vanishingly small. For long relaxation times we need to 
keep only the terms with the highest powers of 7, and 
T2. The determinant, D, of the denominator then has 
the approximate value 


D= iw! TT? (w"?— Aw?— hy?) + TT 2(hP— 2") 

+T?(Aw’—w")+---. 
Resonance occurs when the coefficient of the highest 
power of 7}, T: vanishes, i.e., when (Aw*)=w?—h,’. 
With Aw=wA4— 1, h=yH,, and w’ = we—w, the reso- 
nance condition is 


(we—we)?= (wa —w)*+7°Ay. 


as stated in (4) in Sec. I. 
The value of A at resonance has been determined 
using the same approximation of long relaxation times. 


A +iheT;T2M cos6(1-+-cos@)? 
” ee 
2{71(1+c0s*)+ 7? sin’6} { T2 cos’*?+T7); sin} 





where Ap denotes the value of A at resonance and 
sind=h,/w’'. The upper sign is taken when w’ and Aw 
have like signs and the lower sign taken when they 
have unlike signs. It is seen in the limit w’>/ that 
6—0 and one resonance becomes vanishingly small while 
the other resonance fulfills the usual resonance condition 
wz—wa With the usual resonance amplitude +i/2T2Mo. 

The height of the signal produced by the weak radio- 
frequency field is proportional to A and the shape of 
the signal near resonance is thus given by 


A=A(I'/(I'+ie), 


where I is the line-width parameter and e is the devia- 
tion from the responance expressed in units of angular 
frequency. If resonance is produced by sweeping the 
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frequency w2 of the weak radio-frequency field, then 
is given by 

e=w' +{Au*+h,"}}, 


and the line-width parameter I’ given by 
r= 1/T.—4(1/T.— 1/T;) sin’6. 


This result agrees with that of Eq. (7.96) in the accom- 
panying paper by Bloch, where it was derived in a 
somewhat different manner. However in the experi- 
ments considered in this paper the magnetic field was 
swept through resonance and thus the observed line 
width I” is not that given by the equation above. For 
this case the deviation from resonance may be expressed 
by 
é = Aw {w”"— hy} 


and the observed line width I” has been calculated and 
found to be given by the following expression : 


I’ ={1/T2—43(1/T2—1/T)) sin*6} /cosé. 


It may be noted that as the two resonances approach 
each other the observed line width becomes greater, a 
fact which may be observed in a qualitative way in 
Fig. 3. 


APPENDIX II. PERTURBATION CALCULATION OF THE 
ENERGY LEVELS AND LINE INTENSITIES FOR 
AN ARBITRARY NUMBER OF NUCLEAR 
GROUPS BUT WITH ONLY EQUIVA- 

LENT NUCLEI IN EACH GROUP 


The unperturbed Hamiltonian is that of an arbitrary 
number of uncoupled groups, 


HO =—P rp weM pe, 
with a total energy of 
E® (m4,mp,° . -)= — dr WRMR. 


We assume the spin coupling 


HX=—3> Y Ies{MeMstMetMs"} 


R S#R 


is a small perturbation. The first order correction to the 
energy levels are the diagonal matrix elements of the 
perturbation 


E® (maymp,:*-)=—-3 2X LD Jrsmems. 
R SR 


The second-order perturbation correction to the energy 
is 


(4| 5 | 7)(j|5C |) 


E®(i)= 
@=2 E (i)—E(j) 


ii 





where the indices i, j refer to all of the quantum 
numbers J4, Ip, ---, ma, mp, ---, of the unperturbed 
system. The nondiagonal matrix elements (i| 3¢| 7) 
are identical with those of the total Hamiltonian and 
are given by (10) of Sec. IJ. Upon substituting the 
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values for the matrix elements, one obtains after sim- 
plifying: 


Irs 
E®) (ma,mp,° % ‘)= —} 


gui B..> Rs 
SHR (or—ws) 


X{me(I3?+Is—ms*)—ms(In?+-Tr—me’)}. 


Thus for the case of only two groups one obtains (14) 
of Sec. IT. 

Including second-order terms the frequency of a 
transition between a state with energy E(m,,mz,:--) 
and another with energy E(m,—1, mz, ---) is 


Jar’ 
a entrniniseneneteins 


R¥A (w4—wr) 


w=wat > Jarmert+} 
RHA 


X {Tr(Ir+1)—me(met+1)+2mamp}. 


Small deviations in some of the lines were found 
upon comparing the frequencies predicted by this 
equation to those found in the spectrum of ethyl 
alcohol.'! To determine if these deviations arose from 
higher order terms, the energy correction in third order 
was calculated. 

The third-order perturbation correction to the energy 
levels is 


(¢]5C | f){ (FHC | k)-— EMG j.} 


asia => ~ E® (i)—E® (j) 


iAt ki 





(k| 5 |i) 
E(i)—E(k) 





Upon substituting the values of the matrix elements 
and simplifying, one obtains 


Tes'F(R) 
E® (mams,--)=E LD ———— 
ESR 2(ap—ws)? 


X {$F (S)+ms(1—ms+me)} 


Jrs’J ermr 
+P 2 — IF (S)ma— F(R) ms} 


R 8#R T#R,S 2(wr—wg 


JrsJ srJ rrF(T)mams 





The 


R SARTAR,S 2(ws—wr)(wr—wr) 
F(R)=(Ir—mr)(Ir+met1). 


When these third-order corrections are included, a 
much better agreement was found between the experi- 
mental and the calculated spectrum of ethyl alcohol.' 

The first-order perturbed wave functions »(i) are 
given by 


goiiniys u(j)(j|5e |i) 
v(=u+d E(i)—E®(J)’ 
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where u(i) represents the spin functions of the unper- 
turbed system. Upon substituting the values of the 
matrix elements one finds 


Jrs 
v(ma,mp,:++)=u(ma,mp,--+)— 2) ————~ 
R S#R (wr—ws) 


X{G(mr)G(ms+1)u(--+, me—1, ms+1, ---) 


i —G(mg+1)G(ms)u(---, me+1, ms—1, --+)}, 
wit 
G(mr)={ (In—me+1) (Ir+me)}}*. 


Following the same reasoning outlined in Sec. II we 
assume that the line intensity is proportional to the 
square of the matrix elements of 


M+= (dor) Met. 


Using the first-order wave functions above and keeping 
only terms to first order when expanding the square, one 
finds that the line intensity for a transition between a 
state with energy E(m,,mz,:--) and one with energy 
E(m,4—1, mg, -::) is proportional to 


2] 4rmr 
(a~math)(Lartms)| 1 2, ; 


R#¥A WA—WR 
For only two groups this reduces to Eq. (16) of Sec. II. 


APPENDIX III. EFFECT OF APPLYING A SINUSOIDAL 
VARIATION TO THE MAGNETIC FIELD FOR SMALL 
RADIO-FREQUENCY FIELDS 


If the applied radio-frequency field is sufficiently 
small so as not to approach saturation one may replace 
M, by Mp in the first equation of Appendix I. With 
m=m, exp(—iwt) and h=h, exp(—iwt), this equation 
becomes 

M+i(w4—w) my +m), /T2= thyM. 
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Let the field modulation take the form 
W4 = Wotwm COS (w'l) 


and define Aw=wo—w. The differential equation has 
then the solution 


t v 
m= ihMo f en f {1/T2+idwt+iwn cos(w't”’) } deat’. 
—o t 


If the variation of Aw is sufficiently slow, one obtains 
upon integrating within the exponential : 


mi=ihiMe f [exp{ (1/T:—idw) (t/—1) 


+8 sin (w’t’)—i8 sin(w’t)} Jd?’, 
with B=w,,/w’. This equation may be integrated with 


the help of the identity 


exp{i8 sin(w’t)} = y J (8) exp(inw’t), 


n=o 


where J,,(8) are Bessel functions of the first kind. Upon 
integrating, one obtains 


“ Jk (8) J n(8) exp{ —i(k—n)w't} 
14 i(Aw+ no’) Ts 





m= ihyT 2M p 


k=O n=—o 


with one of the terms in the summation over n being 
dominant when w= —mw’, where n is any positive or 
negative integer. 

Experimentally we have selected only the component 
with the frequency of the radio-frequency field w. Thus 
the signal output of the mth sideband is proportional 
to J,(8) as is stated in Sec. IV. 
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Alignment of Hydrogen Molecules by High Pressure*} 
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Hydrogen molecules may be oriented by compressing solid hydrogen. If such orientation should prove 
practicable it would provide a mechanism producing very low temperatures by adiabatic compression of 
solid HD. The pressures necessary are estimated to be of the order of 10 000 atmos. 





INTRODUCTION 


T is well known that the H, molecule has a very wide 
separation of its rotational levels because of its very 
small moment of inertia. The ground state (angular 
momentum J=0) and the first excited state (J=1) are 
separated by an energy difference AE/k=170°K. Com- 
pared with this level difference the evaporation energy 
of solid hydrogen at 0°K is much smaller, 183 cal/mole, 
which corresponds to 92°K in terms of degrees. The 
heat of fusion corresponds to only 14°K. From these 
facts Pauling’ inferred that the H, molecules should be 
expected to rotate almost freely in the solid state. This 
view is supported by the observation of Raman lines 
in condensed hydrogen at frequencies which closely 
correspond to energy differences of the rotational states 
of gaseous hydrogen.? It can also be verified by an 
entirely theoretical argument based upon a calculation 
of the Van der Waals forces between hydrogen molecules 
that for the large mole volume of solid hydrogen® the 
anisotropy of the intermolecular forces‘ is far too insig- 
nificant to hold the molecules in any preferential 
orientation. The difference in potential energy between 
different orientations of one molecule in the field of its 
neighbors would be of the order of one millivolt, if the 
neighbors are unrealistically supposed fixed in position 
and orientation. This little anisotropy of the inter- 
molecular force field could cause only a very small 
disturbance of the free rotational states, but could not 
produce a general orientation of the molecules. 


* Research supported in part by the Office of Naval Research 
and the National Science Foundation. 

t This paper represents a slightly edited version of a manuscript 
left by the late Fritz London. He himself wanted to study the 
subject somewhat more before publication, but this was prevented 
by his untimely death. It has now been decided by a group of his 
friends and colleagues (M. J. Buckingham, W. M. Fairbank, 
H. Fréhlich, H. London, and L. W. Nordheim) that it would be 
preferable that this paper be published in this preliminary form 
rather than that a very original idea be lost. 

The experimental possibilities mentioned in the paper were the 
subject of detailed discussions between London and W. M. 
Fairbank, and experiments to test the various aspects involved are 
in progress at Duke University. 

1L. Pauling, Phys. Rev. 36, 430 (1930). 

2 J. C. McLennan and J. H. McLeod, Nature 123, 160 (1929). 

* 22.65 cm*/mcele, as given by F. Simon and H. Megaw, Nature 
138, 244 (1936). This means a molecular distance of 3.75 A, for 
which large value the zero-point energy of translational motion is 
11093), responsible; compare M. Hobbs, J. Chem. Phys. 7, 318 

1939). 

*See for example, Hirschfelder, Curtiss, and Bird, Molecular 
Theory of Gases and Liquids (John Wiley and Sons, Inc., New 
York, 1954). 


By applying sufficiently high pressures, however, it 
ought to be possible to arrive at such a small mole 
volume that the anisotropy of the Van der Waals 
repulsion becomes the decisive factor in determining 
the molecular arrangement. Then the movement of the 
molecular axes, simply by lack of space, will be re- 
stricted to the neighborhood of well-defined orienta- 
tions. The molecules will ultimately interlock and 
prevent each other by almost infinitely high potential 
barriers from flipping over into their inverse orientations. 


TRANSFORMATION OF THE ROTATIONAL LEVELS 


Figure 1 gives a qualitative scheme of the expected 
transformation of the rotational levels of a free H» 
molecule (left side of the scheme) to a state where the 
molecule is squeezed into a cavity more or less shaped 
by the space requirements of the molecule (right side). 
We suppose that the effective field of the neighbors 
forms a potential barrier at the angle }=2/2, where 3 
measures the deviation of the molecular axis from its 
equilibrium position. Furthermore we imagine the 
effective field to have axial symmetry around the axis 
of the cavity (8=0) and to be symmetric with respect 
to the plane d= 2/2. 

Then at any stage of the transformation the eigen- 
functions can be classified by |M|, the absolute value 
of the rotational angular momentum in the direction 
of the axis of the cavity. Furthermore they have to be 
either symmetric or antisymmetric with respect to a 
reflection on the plane d’=2/2. The antisymmetric 
functions have of course a node in the plane ?=2/2. 

In the limit of an infinitely high barrier, all eigen- 
functions have to vanish at #=2/2. Those which 
originally had a node for }=7/2 will not be disturbed 
very much by the erection of this barrier. However, 
for all the other states the barrier will have the same 
effect as a new boundary condition and this will mean 


J Im-ng] ny+ng 


Fic. 1. Transfor- 
mation of rotational 
states by compres- 
sion. 
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that their eigenvalue will rise, actually to the level of 
the next higher state with the same | M|, but which has 
already a node in the plane )=2/2 because it is anti- 
symmetric with respect to the reflection on the plane 
8=7/2. Consequently, in the limit of a prohibitively 
large barrier all states will become doubly degenerate, 
each level originating from a symmetric and an anti- 
symmetric state. In this limiting case the energy levels 
form the spectrum of a two-dimensional isotropic har- 
monic oscillator 


Enj,n2= (m1+net+ 1)hy, 


where m1, m2=0, 1, 2, ---, and the angular momentum 
M in the direction of the symmetry axis is given by 


|M|=|ni—nzl, 


whereas for the free molecule |M| is subject to the 
well-known rule 


Bf) ea, 1,2, +209 de 


The principle of continui.v of symmetry defines an 
unambiguous coordination of the rotational states with 
those of the two-dimensional oscillator. This coordina- 
tion is shown in Fig. 1 by the connecting lines. Actually, 
for solid hydrogen, we need consider only the two 
lowest states J=0 and J=1. All the other states would 
have an energy too large to be excited at solid hydrogen 
temperatures. 

So far we have not yet considered the nuclear spin. 
It is well known that as a consequence of the Pauli 
principle the states with an even value of J (being 
symmetric with respect to an exchange of the space 
coordinates of the two protons) must have a resultant 
nuclear spin J=0 (parahydrogen). On the other hand, 
the states with an odd value of J are antisymmetric 
and consequently have a resultant spin J=1 and have 
thus the weight 3 corresponding to the three values 
M,=+1, 0 of the projection of J in a given direction 
(orthohydrogen). In the scheme of Fig. 1 we have 
omitted the level separation which is due to the nuclear 
spin-spin interaction, which is of the order 3X 10~® °K. 


COOLING METHOD 


The scheme shows that under sufficient compression 
in every case a parastate and a threefold orthostate 
coalesce to form a fourfold state. Thus, in particular 
the simple level of the ground state (J=0, M=0, J=0) 
coalesces with the threefold state J=1, M=0, J=1. 
Consequently, when the compression of solid para- 
hydrogen is done isothermally and thermal equilibrium 
is reached, the entropy per mole of hydrogen has in- 
creased by R |n4; that means a heat RT In4 must have 
been withdrawn from the surroundings. On the other 
hand, if the compression is done adiabatically, its tem- 
perature must fall to a value corresponding to the 
nuclear magnetic fine structure separation, that is, to 
about 3X 10-® °K. 
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However, it might not be easy to attain thermal equi- 
librium within a practicable time. It is well known that 
because of the symmetry of the H, molecule the ortho- 
para conversion proceeds normally very slowly. The 
possibility of the transition depends entirely on the 
presence of an inhomogeneous magnetic field. The con- 
version rate can be speeded up considerably by the 
presence of suitable paramagnetic substances. This 
problem would evidently require a future investigation 
by experiment. 

For the unsymmetric HD molecule this obstacle to 
attaining thermal equilibrium does not exist. Each 
rotational state of HD has six nuclear spin states corre- 
sponding to the 2X3 orientations of the nuclear spins 
} and 1 for H and D, respectively, and there is no special 
selection rule restricting the transitions. However, the 
very asymmetry of the molecule here sets a limit to 
the fusion of the levels /=0 and J=1. Since the HD 
molecule rotates or oscillates around its center of mass 
rather than its geometrical center, it will ultimately dig 
itself a cavity between its neighbors which will have no 
symmetry plane at ’=7/2, unlike the case of the H: 
molecule. Consequently the two positions of the mole- 
cule in this cavity will have quite different energy 
levels. This spacing has nothing to do with the nuclear 
spin interaction. 

Actually the asymmetry of the field is an effect of 
interaction and of rearrangement of the neighbors and 
can accordingly appear only after a kind of order- 
disorder transition has brought forth a preferential 
orientation for each molecule throughout the whole 
crystal. The realization of this orientation will pre- 
sumably manifest itself by a kind of \-point transition, 
in which the sign of (0S/0P)7r would suddenly change 
from a positive to a negative value. However, before 
this transition is reached, the levels J/=0 and J=1 
might come very close to each other because the move- 
ment of each molecule must first be oscillatory before 
it can prefer one of the two orientations. The level 
separation will probably be much closer than the kT of 
liquid helium temperatures and in this case we would 
have a powerful cooling mechanism, though the tem- 
perature to be reached is not given in this case by the 
nuclear spin interaction. The entropy in question would 
be R Ini2—R In6= R In2. 


ESTIMATE OF THE PRESSURE REQUIRED 


Recent measurements of the compressibility of solid 
H, and Dy» between 0 and 4000 kg/cm? at 4°K by 
Stewart and Swenson’ may be used to estimate the 
minimum pressure required to arrest the rotational 
motion. They found that the compressibility of H, and 
Dz, decreases by a factor 10 when the pressure is in- 
creased from 0 to 2800 kg/cm*, an unusually large 
decrease, which presumably is connected with the fact 


5 J. W. Stewart and C. A. Swenson, Phys. Rev. 94, 772 (1954) 
and 94, 1069 (1954). 
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Fic. 2. Energy in cal/mole of solid H, and D2 at 4°K asa 
function of pressure. 


that the initial work of compression is mainly used to 
reduce space for the molecules by confining their 
rotational motion to a smaller angle rather than to 
drive the molecules deeper into their mutual Van der 
Waals repulsion field. Stewart and Swenson’s measure- 
ments can be represented by the formula® 


P= Po(eV-Yh— 1), 


with Vo=22.65 cm*/mole, }=2.96 cm*/mole, and 
Po=245 kg/cm? for H2; Vo=19.56 cm*/mole, b= 2.57 
cm*®/mole, and Po= 387 kg/cm? for D2; where V cm?/ 
mole is the volume at pressure P kg/cm?. This equation 
represents the data in their whole range within the 
experimental error. Using this formula we calculate the 
energy as a function of the volume and of the pressure 
(Fig. 2). We assume that for the low temperature 
of 4°K the thermal expansion coefficient vanishes,’ 
(8V/dT) p=0, and obtain: 


E=bP [ee *— (Vo—V)/b—1] 
=b[ P— Py In(1+P/P»)]. 


For P>Po, Eq. (1) gives the energy as an almost linear 
function of P. 

In order to quench the rotational motion by com- 
pression an energy must be supplied a# Jeast sufficient to 
lift the ground state (J=0) to the level of the first 
excited rotational state (J=1). This means an energy 
of about 340 cal/mole for Hz and 170 cal/mole for De. 
If the work of compression were entirely used for this 
purpose then, according to (1), a pressure of 5500 
kg/cm? for Hz and one of 4000 kg/cm? for D. and an 
intermediate value for HD would be needed. Actually a 
part of the energy of compression will of course be 
spent to overcome the Van der Waals repulsion. More- 
over, the upper level (J=1) will also be disturbed by 
the compression of the solid; it will move toward higher 


(1) 


* The values given for the parameters have been altered slightly 
from those originally determined by Professor London in order to 
achieve better agreement with later experimental results which 
now extend to 10 000 kg/cm’. 

7 Actually (8V/8T)p=—(0S/d8P)r must become negative for 
the pressures for which the energy levels coalesce. However, for 
small pressure 0V /8T will be positive and very small. 


values. Hence the above pressures are to be considered 
as lower limits. We would think that a pressure of the 
order of at least 10000 kg/cm? would be needed to 
bring forth the entropy increase discussed above. 


RADIO-FREQUENCY RESONANCE 


In the case of HD, any molecular alignment by ex- 
ternal pressure should be observable by the occurrence 
of a radio-frequency resonance. The spin interaction 
between the H and the D atoms belonging to the same 
molecule is given by the following Hamiltonian: 


Mo'gng Mo'gug 
=———“fo4-0:— (3/R®)(0,- R)(o1-R)]= 9, 
R R3 


/ 


where yo=5.049X10-* is the nuclear magneton; 
gu=5.587 and gp=0.8576 are the g-factors of the H 
and the D nucleus; R is the radius vector from one 
nucleus to the other one (|R|=R=0.75X10-* cm); 
o, and o; are the well-known operators of the spin 
angular momenta $ and 1 (in units of #). The operator 


Q= (0;-0:)—3(e;- R)(o1- R)/R? 
has the three still twofold degenerate eigenvalues 
2=—1 for |m,|=3, 
Q=$[1+v3] for |m,| =}. 
Furthermore we calculate the numerical factor in 3¢’: 
bo’gugp/R*h=43.7 kc/sec. 


Accordingly there should be three characteristic fre- 
quencies at 27.7, 75.6, and 103.3 kc/sec. 

This holds only for the case where the radius vector R 
has a sharply defined value which means in particular 
also a well-defined direction, so that the vector R can 
be considered as constant. Actually R is a dynamical 
variable, which is determined only statistically by a 
wave function, y. The latter, even if we consider the 
molecular distance R as approximately constant, will 
still depend on the angles # and ¢. Since 3’ is only a 
very small perturbation, we may regard y¥(#,¢) as 
approximately independent of 3’ and calculate the 
magnetic fine structure as given by the operator 


(w= SYR sind dd do. 


Suppose that the potential acting on a given molecule 
has axial symmetry and let # be the angle between this 
symmetry axis and the axis of the molecule. Then we 


n kc/sec 


52.6 





Ye (WS) 

Fic. 3. Nuclear 
spin spectrum of ori- 
ented HD molecules. 


REA 
Ye (1-3) 
=) 





te - whe 1 - - - — — 
+ -4~4------» 








ALIGNMENT OF HYDROGEN MOLECULES 


may write 


(2)u=[ (04-01) — 35451] (G{cos*8)— 4), 
where ¢; is the z-component of the operator o; in a 
coordinate system which has the symmetry axis as 
z-axis. Evidently for entirely free molecules in the state 
J=0, which is well known to be isotropic, (cos*?)y=4 
and hence 
(3) =0. 

Consequently no resonance for the free rotating HD 
molecule in its ground state can be expected and indeed 
none has been found experimentally® in solid HD, 


8 F. Reif and E. M. Purcell, Phys. Rev. 91, 631 (1953). 
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another proof that in solid hydrogen the molecules are 
rotating practically as freely as in the gaseous state. 

Any anisotropy which may be produced by com- 
pression could, however, be traced by the appearance 
of a radio-frequency resonance. The spectrum would be 
given by the eigenvalues of 


(3C'/h) w= (3{cos*9)w— 3) X 43.72 kc/sec, 


where @ has the eigenvalues —1, $(1+3). The fre- 
quency observed measures directly the degree of devia- 
tion from random orientation, that is the deviation of 
{cos*3),, from the value 4. 
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SypDNEY GELTMAN 
A pplied Physics Laboratory, The Johns Hopkins University, Silver Spring, Maryland 


(Received November 9, 1955) 


The behavior of the cross section for ionization by electron impact is investigated in the vicinity of 
threshold by means of the quantum theory of inelastic scattering. A Coulomb-modified form of the Born 
approximation is used to calculate the S-wave ionization cross sections for H+, He*+, and He**. The electron- 
nuclear interaction is included in the unperturbed Hamiltonian for the problem while the interaction between 
the incident and atomic electrons is considered as the perturbation. It can be shown that the limiting law 
for the ionization of a hydrogen atom has a linear dependence on the excess incident energy. The absolute 
cross sections evaluated are in good agreement with experiment. Generalization of the excess energy de- 
pendence of the threshold law to the case of multiple (n-fold) ionization is found to yield the forms E..* 
for ionization by electron impact and E,.*" for photoionization. 


I. INTRODUCTION 


N recent years the development of techniques for 
obtaining better ionization threshold curves'—* has 
aroused interest in the theoretical side of this problem. 
Most previous calculations*:® of ionization cross sections 
by electron impact have attempted to explain the gross 
features of the ionization probability curve over a very 
large electron energy range (~300 volts). In those cases 
the ordinary Born approximation was used to evaluate 
the direct ionization amplitude. The exchange ampli- 
tude was neglected since it is usually large only near 
the threshold. 

Wannier® has derived a threshold law for single 
ionization which has the form of the 1.127th power of 
the excess energy. He obtained this via an approximate 
solution of the classical three-body problem coupled 
with certain statistical-mechanical arguments. A disad- 
vantage of Wannier’s result from an experimental point 

*This work was supported by the Bureau of Ordnance, De- 
partment of the Navy, under NOrd 7386. 

1 Foner, Kossiakoff, and McClure, Phys. Rev. 74, 1222 (1948). 

? Fox, Hickam, Kjeldaas, and Grove, Phys. Rev. 84, 859 (1951). 

3E. M. Clarke, Can. J. Phys. 32, 764 (1954). 

4H.S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. (London) 
140, 613 (1933). 


5B. Yavorsky, Compt. rend. acad. sci. U.R.S.S. 49, 250 (1945). 
*G. Wannier, Phys. Rev. 90, 817 (1953). 


of view is that there is no way of knowing how far 
above the threshold this power law is supposed to be 
applicable. From a theoretical point of view, it appears 
more desirable to approach this problem within the 
conventional framework of the quantum theory of 
inelastic collisions so that all approximations made may 
be clearly delineated. 

In the present calculation a modified form of the 
Born approximation is employed to obtain both the 
direct and exchange ionization (scattering) amplitudes. 
One a priori reason for expecting meaningful results 
from such a calcylation is Wigner’s’ proof that the 
correct energy dependence of the cross section in the 
neighborhood of the threshold of a two-particle reaction 
is independent of the reaction mechanism but depends 
only on the long-range interaction of the product par- 
ticles. In the concluding section we shall further discuss 
the justification for this procedure. 

The method is here applied to the single ionization of 
hydrogen (atomic) and helium and to the double ioniz- 
ation of helium. Its formulation is described in detail 
for the hydrogen case. Its extension to helium follows 
in a parallel manner. 


TE. P. Wigner, Phys. Rev. 73, 1002 (1948). 
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Il. FORMULATION OF METHOD 


The Schrédinger equation for two electrons (incident 
and bound) in the field of a fixed proton is 


{V2+V/— U(n)— U(r2)+ U (112) +R} (11,82) =0, (1) 


where k?=(2m/h*) times the total energy and U(r) 
= (2m/h*)(— é/r), Expanding® the total wave function 
in terms of hydrogen atom eigenfunctions y,, 


¥(n1)= evan) + (I+ f )Fateivals, (2a) 


vinut)= (E+ f )etorwa(e, (2b) 


multiplying by continuum wave function y,* (which 
corresponds to ionization), and integrating over one of 
the position vectors gives the following two integro- 
differential equations (corresponding to direct and 
exchange ionization) : 


{V2—U (ni) +h —«}F, (11) 
== frre (ny¥(rutidrs, (3a) 

— U(r.) +8 —2}G,(12) 
=~ fereU(ny¥(reddr, (3b) 


where x’?=(2m/h?) times the energy of the ejected 
electron. 

In the problem of excitation and in past treatments*® 
of the ionization problem, the interaction potential 
appearing in the right of (3a, b) was taken as U (ri or 2) 
— U(r) and a plane wave operator appeared on the 
left. The use of an interaction potential which is asym- 
metrical in the two electrons has led in the past to the 
so-called “post-prior discrepancy’® in the case of 
exchange scattering. Several authors!" have recently 
shown that the discrepancy vanishes when exact bound 
state wave functions are used but the situation is still 
unclear for the case of continuum states." In the present 
case of ionization near threshold, the scattered electron 
as well as the ejected electron is under the influence of 
the Coulomb field of the ion core at all distances. Thus, 
the ion-electron interaction is regarded as part of the 

8 N. F. Mott and H. S. W. Massey, The Theory of Atomic Col- 
ie mo University Press, New York, 1949), second edition, 

Pp 
1 Fundaminsky, and Massey, Trans. Roy. Soc. (London) 

wS. cake and B. Friedman, Phys. Rev. 89, 441 (1953). 

"S. Altshuler, Phys. Rev. 91, 1167 (1953). 

2S. Borowitz, Phys. Rev. 96, 1523 (1954). 

BE. Corinaldesi and L. Trainor, Nuovo cimento 9, 940 (1952). 

4 Note added in proof —I am indebted to Dr. S. Borowitz for 
bringing to my attention the fact that the “post-prior discrep- 
ancy” also vanishes for continuum states when exact atomic wave 


functions are used. See A. Dalgarno, Phys. Rev. 91, 198 (1953); 
S. Borowitz and B. Friedman, Phys. Rev. 93, 251 (1954). 
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unperturbed Hamiltonian of the scattered electron by 
including this term on the left-hand side of (3). No 
“post-prior discrepancy” arises here since we have a 
symmetrical electron-electron interaction as the pertur- 
bation. This formulation of the problem was first ap- 
plied to atomic scattering processes by Borowitz” in a 
calculation on the elastic scattering of electrons by 
hydrogen. 

We expand the right-hand sides of (3a) and (3b) in 
spherical harmonics (suppressing the subscripts identi- 
fying the electrons) : 


~ f Ve (r')U(\r—r'|)¥(4,2')dr’ 
~ I 
=2 i Am O)Pin(com)ems, 


“ f v.*(r)U(\r—r'|)¥(r',n)dr’ 


(4a) 


ak > Ci™(r) Pi (cosd)e™?, 


l=0 m=—l 


(4b) 


where the polar axis is taken in the positive Z-direction, 
the direction of the incident beam. If we similarly 
expand F,(r) and G,(r), 


F,(r)= r 3 By"(r)Pi™(cosd)e™* , 


l=0 m=—1 


(Sa) 


G.)=E 3 Dy"(r)P™(cos)e™*, (Sb) 


substitute these expansions into (3a) and (3b) and inte- 
grate over angle, the following radial equations result : 


ls 5) the a 


10-7] By 
id 


d 
en 
redr\ dr 


= A ng (6a) 


1(1+1) 
—U(r ag De =C;", (6b) 


where k?=k?—x?=(2m/h*) times the energy of the 
scattered electron. The Green’s function solutions of 
these equations which vanish at the origin and are 
purely outgoing at infinity are 


B= ~ aa | HA Yrdr— belts LiA i™rdr, (7a) 
r 0 


Dm=—k,Li f HiCrrdr—k Hi f Lirrdr, (7b) 
r 0 


where L; is the solution of the homogeneous equation 
in (6) which vanishes at the origin and H, is the solution 
which is purely outgoing at infinity. The regular and 
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irregular solutions'®.'* of the Coulomb radial equation 
have the following asymptotic forms, respectively : 


Ly~ (ker) sin (kor — avg In2k x — 4lar+m), 

Ky~ (ker) cos(kor—ag In2k gr —4lar+m1), 
where ag= —Zme*/h*k,, m=argl (l+1+ia,), and Z is 
the charge of the ion core. The linear combination 
Hi=K,t+ily~(ky)— exp[i(kr—a, In2kr—$ler+m) ] 


has the desired outgoing form at infinity. Upon sub- 
stituting into (7), the asymptotic forms of the desired 
solutions to Eqs. (6a) and (6b) are 


By~—r- exp[i(kgr—ay In2ker—4lr+n1) ] 
x f 3 LiA;"r'dr, (8a) 
0 
Dyr~—r™ exp[i(kgr—a, In2kr—4lr+n)) | 
x f c LC yrdr. (8b) 
0 


The direct and exchange ionization amplitudes are 
defined as the amplitudes at infinity of the outgoing 
scattered wave, that is, 


F,(r)~—r" expli(kyr—a, In2kgr) |f.(0,¢), (9a) 
G.(r)~—r" exp[i(kor—a, In2kr) |g. (6,¢). (9b) 


Combining (5), (8), and (9), we have the following for 
the amplitudes: 


f<6,9)= 3 y exp[i(—}/r+m) ] 


l=0 m=—l 


x| f LA mdr | Pi(condes, (10a) 
0 


«(0,¢) = > > exp[i(—}lr+m) ] 


l=0 m=—l 
x| f Lcrar | Pr(coseme (10b) 
0 


The Born approximation is introduced by putting 
for the true solution, ¥(r,r’), in (4a) and (4b) the initial 
state, e**»*fo(r’). In order to avoid confusing the present 
method with the conventional Born approximation 
(asymmetrical perturbation and plane wave Green’s 
function), we shall refer to it as the Coulomb-modified 
Born approximation. With this approximation, the 
evaluation of A;” and C,” still remains mathematically 
intractable. This difficulty may be overcome by decom- 
posing the incident wave into its partial waves cor- 


18 See reference 8, pp. 5 
© W. Gordon, Z. Deak "8, ‘180 (1928). 


PROBABILITY NEAR 


THRESHOLD 173 
responding to different values of the orbital angular 
momentum. No great mathematical difficulties are 
encountered in the calculation of each partial cross 
section. In what follows, the calculations are carried 
through for the S partial cross section. Since we are 
interested only in the threshold behavior, it is certainly 
physically reasonable that the primary contribution to 
the total cross section will come from the S partial 
wave. 


III. HYDROGEN 


The total ionization cross section for hydrogen is 


[ve «fen f aos gel?+d1fetge 2}, (11) 


where the two angular integrations refer to the angles 
of the ejected and scattered electrons and the «x inte- 
gration goes over all energies of the ejected electron 
consistent with energy conservation. The above com- 
bination of direct and exchange amplitudes is that 
required by the Pauli principle” for an incident beam of 
unpolarized electrons. 

In the S-wave Born approximation the general 
spherical harmonic expansions of the preceding section 
may be specialized to the expansions in Legendre poly- 
nomials, 


sink pr 
— fve(eyu(\-¥1) -po(r’)dr’ 
kyr 


=> A, (r)Pi(cos6), (12a) 
i=0 


sink pr’ 
— f vee yu (\x- 1) yolrnar 
ky 


=F C,(*)P;(cos6), (12) 
1=0 


where the polar axis is now taken to be directed along x. 
The superscript in parentheses refers to the angular 
momentum of the incident partial wave. The ampli- 
tudes, when found by the method of Part II, are 


f.0=% expli(—ie+s)] 
% If LA (rete |Puco), 
xo @=r expli(—Hrtn)] 


x| f LCi | Pos. 
0 


1 See reference 8, p. 143. 
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When the integration is performed over all angles, we 
have 


fe f dol frag 


o 1 aa 
=162? > —— f LAC.) r°dr 
i=0 2/+-1} 45 : 


The properly normalized continuum functions for 
hydrogen were given by Sommerfeld'* in an integral 
representation as 





a ; er c) 
) f ute“ 
r\ére—1/ P(it+ia) J, 


XJo(2[ixéu}!)du, 


where a= —Zme?/h*x and §=r(1+-cos@), This can also 
be expressed as the expansion in Legendre polynomials, 


K a ; etra 
oa 41 eS | 
2 ert ies 


Xe'"L1(x,r7) Pi(cos6). 


vA) =— 
2 





(13) 


We now also expand the interaction potential in 
Legendre polynomials: 


2mé « 
U(|r—r'|)=—-— Zz P,,(cosy)h,(r,7’), (14) 
hi? n=O 
where 
p/n /gnth, r’ <r 
h,(r7’)= 


In+1 , 
rf, ¢’>r 


and y is the angle between the vectors r and r’. The 
regular Coulomb function’® which has the required 
asymptotic behavior is 


|P(+1+ia,) | : 
(2/+1)! 
X iF (tag tl+1; 214-2; —2ik,v). 
Using (12), (13), (14), and (15), one obtains 


Lilkg,r) =e iraq 





ker)tet*er 


(15) 


f LiAyP4C,)r*dr 
0 


e*|Bq 2?!(—i) lein 
T(1—i/8) [(21+1) !P 
x6'B,'| eat -|P+1—1/6,)|S*6,8,), 


where 





4 
= 4n-ta,'8 B —) 
1—¢* ‘g 


(16) 


18 A. Sommerfeld, Ann. Physik 11, 257 (1931). 
1 See reference 8, p. 53. 
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St= f pitt sndyo| #1800) f p’e-'hy(p,p’) 
0 0 


X4:(8,p"\dp! +-1(8,p) f a 
0 


Xe7 “hi(oe'V®1Bee' fo 


1 
$,(6,)=e* a(—4 ; 21+-2; rip). 


The new dimensionless variable p is related to r by 
xr=Bp and B=—1/a. While a and a, are large and 
negative near threshold, 8 and 8, are small and positive. 
To further reduce (16) we employ the low-energy 
expansion of the Coulomb function in powers of the 
energy which was first developed by Beckerley™”': 


2 
©,(8,p) =Ao41(2%p#) — 


e142 2p 
a copii 


B4 ip! 


18 (2/+-2) (2/+-3) 





l 
+$——Aana(24o!) [+ 
re 2143( | 


2 
x  Assa(2¥h) += Aoi44(24p?) 
5 2/+4 


1(51+1) 
 §(21-+4) (21-45) 





Aana(29h |= 


An @=——s, (x). 
(x/2)" 
This expansion” is convergent for 3p6?< 1 and, for the 
low energies involved, the important contribution to 
the integrals in S;* come from well within the con- 
vergence radius of p. With the use of the low-energy 
expansion for &, S;+ may be written as 


[(21+1)!P 


1 
Hi eee eae 


1 
yg Pe Pert OB Be) » (17) 
where @;, @:, and ©; are coefficients which are inde- 
pendent of 8 and 8, but which do depend on the slowly 
varying incident energy parameter, 8: 


Qi= f p* sinB spJ 2141(24p?) 
0 


x| 3 p'te*'hi(p,p') J aa(246")d' Lo, 
0 


” J. G. Beckerley, Phys. Rev. 67, 11 (1945). 
1M. Abramowitz, J. Math. Phys. 33, 111 (1954). 
2jJ. G. Beckerley, Ph.D. thesis, Stanford University, 1944 
(unpublished). 
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B= f p} sndoas(24| f pe-*’hi(p,p’) 
0 0 


x {J o142(24p’#) + J 2143(24p’4) do! Lo, 


(2p’)# 
l 
(2p)! 


ef p” sndo| Jaua(20))+ 
0 


Jaua(2')| 


x| f pte-*’hi(p,p') J aa(2)d' Lp 
0 


Converting the x integration into a 6? integration, we 
obtain the following for the cross section: 


eo 1 pal 
o® = 256na08,* 
=o 21+-1 [ (21+1) !}* 


Bmax? 
f dp? (e?*/6 — 1)" (e-2* 8a — 1) 
0 
KP 1(G?,8¢"){F| Si |?+3| Si*|*}, 
where @;(6,8,”) represents the polynomial 


[{1+P6°} {1+ (/—1)*6*}- - -(1+67}] 
XL{1+F 8.7} {1+ U— 19°87} -- -{1+8,7}] 


with @(6*,8,?)=1. Since 8 and 8, are positive and <1, 
(e~**/6— 1)-1(e-**/6a —1)-'1 to a very good approxi- 
mation. This leaves the integrand of (18) as a series of 
terms in ascending powers of 6? and 8,2. Using energy 
conservation, Bmax’=6’+8,7, and performing the simple 
integration over 6’, one obtains a series in powers of 
Bmax’, or the energy above threshold. Retaining terms 
up to order Bmax‘, the S ionization cross section for 
hydrogen is 





(18) 


tok | 
cO= 649749" >” =| tanta? 
=0 2/+-1 


1 l 
+B ——@,(@:+€,)+-(/+1) @t+-1)ar| 
3v2 6 


+0 (bam)} (19) 


The coefficient $/(/+1)(2/+-1) is used to denote the sum 
of the squares of the first / integers. 


IV. HELIUM 


The (a) single or (b) double ionization of helium may 
be treated by the present method if we regard the 
process as excitation to a state having (a) one con- 
tinuum electron (Z=1) and one bound hydrogenic 
electron (Z= 2), or (b) two continuum electrons (Z= 2). 
Excitation will take place from the singlet ground state 
of helium to singlet and triplet final states. Application 
of the Pauli principle®.* yields, for the differential cross 


%L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), first edition, p. 237, 
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section, 
(ko/ky){4| fa—8e|?+2| 80!7}, (20) 


where the first term refers to the singlet-singlet transi- 
tion and second term the singlet-triplet transition. The 
preservation of individual spins throughout the collision 
requires that the singlet-triplet transition be possible 
only through electron exchange. 

Expanding the total wave function in terms of helium 
atom eigenfunctions 


¥ (tutors) =e%a(tons)+ (E+ f )Fatrivaltas) 
(21a) 


¥nutar)= (E+ f )on(edva(eam), (21b) 


the three-electron Schrédinger equation may be put in 
the following form: 


(=+f)ire+e-ee- 2U(r1)+U (112) + U (r13)} 


Xwn(te,%s)LF (11) +5n0e? ]=0, (22a) 


(x+ f)ivere—a—200%)+ U (ris) +U (r23)} 


Xvn(re,01)Ga(r3) =0. (22b) 


At this point we begin to proceed in different ways for 
the cases of single and double ionization. 


A. Single Ionization 


We represent the final state of the helium atom by the 
approximate product function, 09(r2)u,(r3), where “, is 
a hydrogenic continuum function for Z=1 (identical 
to the y, used for hydrogen) and 2 is the hydrogenic 
ground state function for Z=2. This permits one to 
write the integro-differential equations for the scattered 
waves as 


| vitk?—2U()+ f U traded Pe) 
aii f U(risW*(12,23)¥(t1,t2,82)drsdrs, (23a) 
| Vet+ k?— 2U(r)+ [ Uradet(raddr Hote 


== [UC (rr)¥ (tatataddrsdrs (23b) 


For all values of r except the region very close to the 
nucleus, the ion core will appear as a point charge to 
the outgoing electrons. This is equivalent to the ap- 
proximation in the left-and sides of (23a, b) that 
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Fic. 1. Comparison of the calculated S-wave cross section with 
a linear extrapolation of the experimental curve for the ionization 
of hydrogen. 


—2U (r)+ SU (|\r—2'|)002(r’)dr’=— U(r). The right- 
hand sides of (23a, b) reduce to exactly the same quan- 
tities which enter for hydrogen, (12a, b), when we put 
for W(r.,r2,r3) the approximate initial state function 
(sink pr 1/k pf 1)00(72)o(r). 

Since Eqs. (23a) and (23b) become identical to the 
corresponding equations for hydrogen, the principal dif- 
ference in the ionization cross sections for the two atoms 
is expected to be due to the effect of the Pauli principle 
in prescribing how the amplitudes are to be combined, 
ie., whether by (11) or by (20). The expression for the 
cross section in (18) is directly applicable to helium if 
the last bracket is replaced by }|S;-| +2]3(Si*—S7)|?. 
The final result for the cross section surprisingly comes 
out to be identical to (19) with the exception of an 
additional factor of 2. This fortuitous situation exists 
because (1) | f,—g,|* does not contribute at all to 
terms up to order Bmax‘ in the cross section, and (2) the 
coefficients of Bmax? and Bmax! introduced by |g, |? 
are equal to those introduced by | /,-+-g, |? to within 
a constant factor. The coefficients of Bmax® and higher 
powers of the excess energy will be different for helium 
and hydrogen. 


B. Double Ionization 


The equations appropriate to the double ionization of 
helium, 


{V2-+k2—2U(r;)} Fe(r1) 
= - fruit U (113) Wa* (12,83) 


XW (r1,82,t3)dradt3, (24a) 


{ViP-+k?—2U (r3)}G, (13) 
ne fcven+ U(r) ] 


Xv." (t2,t1)V(11,82,0%s)dridr2, (24b) 


SYDNEY GELTMAN 


are obtained from a simple rearrangement of (22a) 
and (22b). We use the same approximation for V 
here as in Sec. A and the final state is taken as 
0¢(T2)0_"(t3)5(%/x+x%’/x’). The delta function is used 
symbolically to require the two ejected electrons to take 
asymptotic directions just opposite to each other as a 
result of their mutual repulsion. The right-hand sides of 
Eqs. (24a)"and (24b) then become 


x x’ sink pf: ‘ 
-s(“+*) 4 | foe (rele dar] 


x f U(ris)0,*(t2)v0(r2)dr2, (25a) 





x *’ wi 
-( +) uu(r| rele ar] 
coe kon 


x f Ueraoe(rdeo(rare (25b) 


When the direct and exchange amplitudes are found 
and combined according to (20), the integration over 
the direction of ejection of the two electrons gives only 
4x because of the correlation represented by the delta 
function. 

By means of a procedure very simllar to that found 
in Part ITI, we arrive at the following expression for 
the cross section: 


1 pat 
o =4rae’B >? x — 


1-0 21+1 “TQu+1) 1} 
Bmnax*® Bi max? 
0 0 


X(4| Tey |?+9| ¥0Tr|"}d8"7d6", (26) 


which, after making the low-energy expansion and 
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Fic. 2. Comparison of the calculated S-wave cross section with 
a linear extrapolation of the experimental curve for the single 
ionization of helium. 





IONIZATION PROBABILITY NEAR THRESHOLD 


integrating over the allowed energies of the two ejected 
electrons, yields 


T 
a =—a'8 * te 

2 =0 21+1 

+Bmax®{ Yi+ $1(I+ 1) (21+ 1)X)} +0(Bmax*) |. (27) 
The definitions of the quantities introduced in (26) and 
(27) are listed in Appendix I. It must be remembered 
that 6 is the energy in units of one Rydberg for the 
cases of single ionization while it is the energy in units 
of four Rydbergs for the case of double ionization. 


V. RESULTS AND DISCUSSION 


The @’s, @’s, and @’s are evaluated by numerical 
integration in the region p=0 to 10. The integration 
from 10 to © is performed by semianalytic means. The 
sums over / turn out to converge sufficiently rapidly to 
make necessary the inclusion of only the /=0, 1, and 2 
terms. The S-wave cross sections are evaluated for an 
energy range above threshold equal to 5% of the 
ionization potential. This amounts to 0.68, 1.23, and 
3.95 electron volts for H+, Het, and Het*, respec- 
tively. The resulting curves appear in Figs. 1, 2, and 3. 

Absolute cross sections have been measured for the 
production of H;+ by Tate and Smith,™ for Het by 
Smith,” and for He** by Bleakney and Smith.”* These 
experimental curves are reproduced in Fig. 4 from their 
original sources. The observed ionization probability 
for He** has a small background of H,* near threshold 
which we have subtracted out with the use of the 
ionization probability curve™ for Hz*. In Fig. 5 a plot 
of the square root of the He** ionization curve shows 
that the cross section tends to go quadratically with the 
excess energy as threshold is approached. For the 
purpose of comparison with our calculated cross sections, 





0.006 


-~ 0.005 
. 


EXTRAPOLATION OF 
EXPERIMENT, 


iS 
Ph 
Pe 
hae 
® o, 
» 
bo 








oO! 





woz 103 
INCIDENT ENERGY (E/E,) 


Fic. 3. Comparison of the calculated S-wave cross section with 
a quadratic extrapolation of the experimental curve for the double 
ionization of helium. 


“J. T. Tate and P. T. Smith, Phys. ss ” “270 (1932). 
2% P. T. Smith, Phys. Rev. 36, 1293 (1930 
ae W, Bleakney and L. G. Smith, Phys. Dv, 49, 402 (1936). 
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Fic. 4. Reproduction of experimental data on the absolute cross 
section for the single ionization of Hz and He and the double 
ionization of He by electron impact. 


the experimental curves are extrapolated to the 
threshold, linearly for H;+ and Het and quadratically 
for Het. 

The agreement between experiment and theory is 
surprisingly good. It can be shown that all higher 
partial cross sections have the same limiting dependence 
on the excess energy as does the S cross section. This is 
so because the Coulomb interaction will predominate 
over the centrifugal barrier at large distances for all 
values of the angular momentum. Hence, the higher 
partial cross sections will contribute to filling in the gap 
between experiment and the S partial cross section. For 
hydrogen we use the exact initial and final atomic wave 
functions so that our only source of error is the use of 
an approximate W(r,r’). If we guess that the cross 
section for ionization of H2 is about 1.5 times that for 
ionization of H, this would leave an error of the order 
of 10% that may be attributable to use of the Coulomb- 
modified Born approximation. An experimental deter- 
mination of the absolute cross section for ionization of 
hydrogen atoms near threshold, a difficult project, 
would be very useful in this connection. The contribu- 
tion of the P partial wave is presently being inves- 
tigated. In the calculation of the S cross sections for 
helium, we had to assume reasonable initial and final 
atomic wave functions. The agreement with experiment 
in these cases indicates that the assumed functions are 
not too bad. 

The error introduced in (4a) and (4b) comes about 
because e**»4)o(r’) differs appreciably from the true V 
for small values of 7, that is, in the so-called reaction 
zone. We may visualize the radius of the reaction zone 
as varying inversely with the energy of the incident 
electron. This leads to a vanishingly small reaction zone 
in the high-energy limit, accounting for the applicability 
of the Born approximation there. In the present case in- 
volving energies near ionization threshold, the reaction 
zone radius is finite and of the order of ao. However, the 
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Fic. 5. Plot of the square root of the experimental cross 
section for the double ionization of He. 


contribution to the integral in (4) which arises from the 
reaction zone will be relatively small since the con- 
tinuum function y,* is spread out over all space. In 
contrast, an excited state function which falls off ex- 
ponentially will lead to a larger relative contribution to 
the integral from the reaction zone. Hence, our approxi- 
mation might be expected to be less severe for the case 
of ionization than for elastic scattering or excitation. 

There are very few experimental points lying in the 
small region near threshold in which the calculations 
are applicable. As a result we do not have adequate 
experimental verification of the exact shape of the 
ionization probability curve in this region. The experi- 
mental situation here is very difficult because the 
thermal spread of electron energies obscures the ioniza- 
tion probability variation which is sought. Recent 
results of Hickam, Fox, and Kjeldaas” show a linear 
ionization probability for Het down to about 0.2 ev 
above threshold. On the other hand, they also obtain a 
linear ionization probability curve for Xe**, which is 
very hard to understand. Clarke’ finds a quadratic 
initial curve for Xe*+, which agrees with the findings 
of this paper. Clearly, additional experimental work on 
the limiting shapes of ionization probability curves 
would be most helpful. 

One may question whether the presently derived 
result of a limiting linear threshold law for the ionization 
of the hydrogen atom follows only as a consequence of 
using a form of the Born approximation, or whether 
this is a general law. The answer to this is that it is 
indeed a general limiting law and that the use of the 
exact value of Y(r,r’) in (12a) and (12b) would merely 
result in the alteration of the @, ®, and @ coefficients in 
the final expression for the cross section but would not 
affect the Bmax? dependence. The Bmax? dependence 
comes about entirely from the expansions of L;(k,,re 
and L;(x,r) for small values of k, and x. The total wav) 


27 Hickam, Fox, and Kjeldaas, Phys. Rev. 96, 63 (1954). 


function W will depend on only k, as a parameter; hence, 
its variation will be smooth through the ionization 
limit. The explicit steps in separating the x dependence 
from the k, dependence are given in Appendix II. 

There is one additional generalization that may be 
made in treating the case of multiple ionization. If we 
represent the outgoing part of the final state of an 
n-ionized atom by a product of m continuum wave 
functions, the cross section near threshold will be of the 
form 


[ee «= 3 outs 


x {A (By) +82Be(8.)+¥ B?B;(By)+0(B,',8,4)}. 


If we carry out this integration making use of energy 
conservation, we obtain a power series in Bmax” with a 
lead term proportional to Bmax’”. In other words, the lim- 
iting law for n-fold ionization by electron impact is the 
nth power of the excess energy. The experimental veri- 
fication of this is difficult?’** in many-electron atoms 
owing to the onset of alternate modes of ionization very 
close to the threshold. The most clear-cut experiment 
to verify an E.." power law would be on an n-electron 
atom. We have seen this for He** in Fig. 5. A feasible 
future experiment would perhaps be the measurement 
of the threshold behavior for Li+** which has its onset 
at about 200 volts. 

The process of photoionization leads to the case of 
only one electron moving away from an oppositely 
charged ion core. This situation corresponds to n=0 
above because there are no integrations over §*; the 
energy of the ejected electron is uniquely determined by 
the amount by which /y exceeds the ionization energy. 
This leads to the appearance of a finite cross section at 
threshold as is commonly observed in photoionization 
measurements. It should be noted that the process of 
photoionization (single) is an example of the two- 
particle reaction discussed by Wigner’ in which the 
reaction products have a Coulomb attraction between 
them. The generalization of our present results to the 
case of n-fold ionization by photon impact would yield 
a threshold curve varying as the (n—1)th power of the 
excess energy. We have not been able to find any ex- 
periments in the literature which measure cross sections 
for multiple photoionization. 
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APPENDIX II 


For small x, the integral in Eq. (4a) may be written as 


> @r(e) (CP i(r) Al?) +++ “JP y(cos8”) 
XU(|r—2'| )¥(8,2')d7’. 


Using the addition theorem for Legendre polynomials 
on P;(cos#”’), multiplying by P,“(cosé)e~* sinddéd¢g, 
and integrating over the angular part of r leads to the 
following ¢,¢’ integration: 


20 Qn 
(2— Baa) f f e~** cosmy’U(|r—r’|)¥(r,r’)dgdg’. 
0 % 


We carry out this integration by rotating the triangle 
having the sides r, r’, and | r—r’| about the Z axis. (See 
Fig. 6.) In this operation UW will remain unchanged, 
giving for the integral 425,,05,.0U/W. Thus the only prop- 
erty of Y we have invoked is its azimuthal symmetry 
about the Z axis. The resulting expression for the radially 
dependent coefficient in (4a) is 
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The limiting « dependence here is independent of the 
functional form of ¥. 





PHYSICAL REVIEW 


VOLUME 102, 


NUMBER 1 APRIL 1, 1956 


Transplutonium Elements in Thermonuclear Test Debris* 


P. R. Fretps, M. H. Stuprer, H. Dramonp, J. F. Mecu, M. G. Incuraw, G. L. Pyte, C. M. Stevens, S. Frrep, AND W. M. MANNING, 
Argonne National Laboratory, Lemont, Illinois 


AND 


A. Gutorso, S. G. Taompson, G. H. Hiccrns, anp G. T. SEABoRG, University of California, Berkeley, California 
(Received December 5, 1955) 


The isotopes of curium, berkelium, and californium found in the thermonuclear debris of the November, 
1952 thermonuclear test are discussed. The instantaneous buildup of the heavy elements in the thermonuclear 
device is compared with the buildup during pile irradiation. The alpha-particle energy (5.4 Mev) and the 
spontaneous fission half-life (<1.2 10" years) of Cm™* are reported. The spontanecus fission half-life of 
Cf? was found to be 55 days. No other mode of decay was observed for this isotope. 





NE of the very interesting results of the November, 
1952 thermonuclear test was the discovery of 
elements 99 and 100, einsteinium and fermium,} in the 
resulting debris. In addition to these elements many 
new isotopes of plutonium, americium, curium, berke- 
lium, and californium were produced and isolated. Many 
of these nuclides were made later by intense neutron 
irradiations of plutonium in the Materials Testing 
Reactor (MTR).*-* It is the purpose of this communica- 
tion to report the properties of the nuclides formed in 
the thermonuclear test which have not been measured in 
reactor irradiation products. The discovery of Pu, 
Pu™*, and Am™® in thermonuclear debris is reported 
elsewhere.” 

The thermonuclear and the MTR experiments were 
similar to each other in that, in each case, neutron- 
excess nuclides were formed which decayed by beta 
emission. However, they differed in the time scale. In 
the thermonuclear experiment, the neutron irradiation 
was essentially instantaneous in that the uranium was 
subjected to an intense neutron irradiation of such short 
duration that the absorption process was complete be- 
fore beta emission could take place. Thus uranium 
isotopes of mass number of at least 255 were formed. 
Each of these high-mass uranium isotopes then decayed 
to isotopes of higher atomic number until the first beta- 
stable nuclide of each mass number was formed. Figure 1 
shows the nuclides which were first characterized in the 


thermonuclear experiment. Some nuclides (e.g., Cf, 
* Work performed under the auspices of the U. S. Atomic 
En Commission. 
iorso, Thompson, , Seaborg, Studier, Fields, Fried, 
Diamond, Mech, Pyle, H tes Hirsch, Manning, Browne, 
Smith, and Spence, Phys. Rev. 1048 (1955). 
* Stevens, Studier, Fields, Sellers, Friedman, Diamond, and 
Huizenga, Phys. Rev. 94, 974 (1954). 
* Diamond, Magnusson, Mech, Stevens, Friedman, Studier, 
Fields, and id Huizenga, Phys. Rev. ‘94, 1083 (1954). 
, Studier, Fields, Stevens Mech, Friedman, Dia- 
mend, tod Bie Huizenga, Phys. Rev. 96, 1576 (1954). 
5 Thompson, Ghiorso, Harvey, ‘and Choppin, Phys. Rev. 93, 908 
1954). 
6 Ghiorso, Thompson, Choppin, and Harvey, Phys. Rev. 94, 
1081 (1954). 
7 Engelkemeir, Fields, Fried, Pyle, Stevens, rey, Browne, 
Smith, and Spence, J. Inorg. Nuclear Chem. 1, 345 (1955). 


E*™, and Fm*™) were shielded by beta-stable ones and 
were not found in the original thermonuclear debris but 
were found in the MTR irradiations because the longer 
time scale in the latter allowed some intervening beta 
decays to take place between successive neutron cap- 
tures as shown in Fig. 1. On the other hand, activities 
which have been assigned to Cf**4, E55, and Fm”** were 
present in relatively smaller amounts in the MTR 
material, apparently because of unfavorable capture 
and/or fission cross sections for thermal neutrons, and 
because of competition of radioactive decay with 
neutron capture. 

The specific results are given below: 

Curium.—Curium samples of sufficient size to permit 
mass spectrometric analyses were chemically separated 
from the thermonuclear debris. The isotopic composi- 
tions of the curium samples were measured in the 
Argonne 12-inch, 60° mass spectrometer with a multiple 
filament surface ionization source.* The curium was 
found to contain, in addition to the previously known 
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TRANSPLUTONIUM 


Cm”**,* the isotopes Cm™*, Cm’, and Cm™®, in the mole 
percentages given in column 2 (sample I) of Table I. 
This was the first identification of Cm™*, Cm™’, and 
Cm™*, The isotopes Cm** and Cm™? were later identi- 
fied among the products of the neutron irradiation of 
plutonium in the MTR,? but Cm™® has not as yet been 
detected in such material. 

A fraction of sample I was irradiated in the MTR for 
six weeks (total flux 9X10” neutrons). The isotopic 
composition of this curium is given in column 3 of 
Table I (sample II). The size of sample II was too small 
to permit detection of curium masses higher than 247. 

Alpha-pulse analysis of curium sample I showed a 
rather broad alpha peak with energy of about 5.4 Mev 
due to Cm™® and Cm™*, The ratios of the 5.4-Mev alpha 
particles (Cm™* and Cm**) to spontaneous fission 
disintegrations were (5.8+0.3)X10® and (2.74+0.1,) 
10°, respectively, for curium samples I and II. The 
percentages of Cm™* and Cm™® alpha particles in the 
5.4-Mev alpha peak of sample I, calculated from the 
mass spectrometric data and known Cm** and Cm™* 


TABLE I. Mass spectrometric analysis of two curium samples. 
(Isotopic abundances given in mole percent.) 








Sample II 
(Sample I irradiated 
in MTR for six weeks) 


20.7+0.5 

28.4+0.4 75.1+1.0 
2.2+0.1 4.2+1.0 
0.740.2 a 


0.2 
0.549) 5 a 


Sample I 
68.7+0.4 


Cm isotope 


245 
246 
247 
248 


(249) 











* Insufficient quantity of sample II for detection of these mass numbers 


alpha half-lives of (1.15+0.05)X10* and (4.0+0.6) 
X10 years, were (46_15+) and (54_:0+!5) percent, re- 
spectively. Similarly, in sample II the percentages of 
Cm™* and Cm™® alpha particles were calculated to be 
9+4 and 91+3%, respectively. By employing the fore- 
going data, the ratios of the Cm™® alpha particles to 
spontaneous fission disintegrations (spontaneous fission 
events may presumably be associated with even-even 
isotopes Cm™*, Cm™®, etc.) for curium samples I and II 
were calculated to be 3.1 10° and 2.5X 10°, respectively. 
The smaller ratio for sample II indicates that Cm™® is 
making a greater contribution to the spontaneous 
fissions in this sample. From sample I, a lower limit of 
1.2410’ years could be placed on the spontaneous 
fission half-life of Cm™®. 

A thermal-neutron fission cross section of 1800+300 
barns was calculated for Cm™® based on the fissionability 
of a portion of sample I. This is in agreement with the 
value of 2000+ 150 barns derived from curium produced 


® Hulet, Thompson, and Ghiorso (unpublished results); Cm* 
was first identified mass-spectrometrically by F. L. Reynolds 
(unpublished). 

0 Friedman, Harkness, Fields, Studier, and Huizenga, Phys. 
Rev. 95, 1501 (1954). 
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Fic. 2. Spontaneous fission decay curve of californium fraction 
from thermonuclear debris. 


in the MTR? The small contribution of Cm™’ to the 
total fissionability of the curium sample gave rise to a 
negligible correction. 

The isotope Cm™* was made by MTR neutron bom- 
bardment of a curium fraction from the debris and 
found to have a half-life of 65 minutes and a beta energy 
of 0.9 Mev. 

The absence of Cf**° from the thermonuclear debris 
suggests that Cm? is either beta-stable or has a half- 
life longer than 130 years. 

Berkelium.—The isotope Bk™® was isolated for the 
first time from the debris and its nuclear properties and 
mass number were determined. The nuclear properties 
of this isotope have previously been reported elsewhere.*: 

Californium.—The isotopes Cf, Cf, Cf, and 
Cf** were likewise characterized for the first time. The 
Cf” was observed to grow in Bk™* samples. As men- 
tioned above, no Cf?® could be found, probably because 
Cm*” is beta stable. The properties of Cf”, Cf", and 
Cf*** have been reported elsewhere.*~® 

Figure 2 shows the spontaneous fission decay curve of 
a californium fraction isolated from the thermonuclear 
debris. The decay curve for the spontaneous fission 
activity was resolved into a 55-day component and a 
2.1-year component. The 2.1-year component was due 
to Cf, and the 55-day component was assigned to 
Cf on the basis of yields and decay systematics. It 
was concluded that Cf decayed predominantly by 
spontaneous fission since neither its alpha particles were 
detected nor those of daughters formed by beta decay. 
The mass assignment of 254 was later confirmed by 
observing the growth of Cf** from electron-capture 
decay of E***, made in the MTR work." 


" Harvey, Thompson, Choppin, and Ghiorso, Phys. Rev. 99, 337 
(1955). 
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New Isotope of Berkelium* 
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A new isotope of berkelium, Bk™*, formed by a 25-Mev helium-ion bombardment of a mixture of curium 
nuclides has been found. Its existence and a half-life of 235 hours were determined by periodically sepa- 
rating the 6- decay daughter, Cf“*, from the mixture of berkelium isotopes isolated after the bombardment. 


URTHER bombardments of curium isotopes of 

mass 244 and greater with 25-Mev helium ions 
have resulted in the formation of Bk™*, hitherto an 
unknown isotope. 

The target was made from 800 micrograms of Cm™ 
which contained a few percent each of Cm™* and Cm™*, 
the mixture being produced from a seventeen-month 
neutron irradiation of Pu™* and Pu™*. After bombarding 
the curium with helium ions for ~700 microampere- 
hours, the berkelium fraction was separated from all 
curium, californium, and fission products by precipita- 
tion and ion-exchange methods.' Direct measurement of 
the decay of Bk™* was impractical as all observable 
radioactivity in the berkelium fraction was from the 
4.95-day Bk™*.? However, as calculations from closed 
decay cycles have indicated that Bk™* would have con- 
siderable energy available for 8~ decay as well as elec- 
tron capture,’ a californium fraction was periodically 
separated from the purified berkelium to observe the 
growth of Cf™*, a 6.26-Mev alpha emitter.‘ 

Four such “milks” were performed within an eight- 

*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Thompson, Harvey, Choppin, and Seaborg, J. Am. Chem. Soc. 
76, 6229 (1954). 

Po Thompson, Ghiorso, and Street, Phys. Rev. 84, 366 
é s Glass, Thompson, and Seaborg, J. Inorg. and Nuclear Chem. 


1, 3 (1955). 
4 Hulet, Thompson, and Ghiorso, Phys. Rev. 95, 1703 (1954). 


day interval, and Cf“* (~2 dis/min) and a much 
smaller amount of Cf from the 8 decay® of Bk” 
were found to have grown into the berkelium sample 
between each separation. The existence of Cf** and 
the amount formed were determined by alpha-particle 
pulse analysis. A 235 hour half-life was calculated for 
Bk™* from the amount of Cf* grown, the time intervals 
associated with the growths and decays, and estimated 
chemical yields. The value for the half-life of Bk* 
appears quite reasonable when its calculated dis- 
integration energy® (1.45 Mev) is compared with that 
of the 1.8-day Bk™* (1.40 Mev),® a similar odd-odd 
nuclei. No value could be obtained for a possible 
8-/electron capture branching ratio since alpha particles 
from the electron capture daughter, Cm™®, could not be 
observed. Because the mass assignment of Cf** has been 
proven,‘ the mass assignment of Bk™® is certain. 

The author wishes to particularly acknowledge the 
valuable assistance given throughout these experiments 
by Mr. M. S. Coops. It is also a pleasure to acknowl- 
edge the assistance of the staff of the Phillips Petroleum 
Company at the Material Testing Reactor Site, 
Idaho Falls, Idaho, in making the neutron irradiation 
of plutonium, and to Mr. G. B. Rossi and the operating 
crew of the 60-inch cyclotron for their help in bombard- 
ing the curium sample. 


5 Thompson, Ghiorso, Harvey, and Choppin, Phys. Rev. 93, 
008 (1954), ’ y, opp y 
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Ionization vs Energy Relation for Fission Fragments* 


H. W. Scumittt anp R. B. Leacumant 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 


(Received December 27, 1955) 


The ionization vs energy relation has been measured for fission fragments stopped in nitrogen, neon, argon, 
and argon plus CO: (3%). The fission fragments were obtained from thermal-neutron-induced fission 
of U5, Results of these measurements are consistent with the nuclear recoil effect and show that the ioniza- 
tion produced is not simply proportional to the fragment energy. 





INCE fission fragments are very massive and have, 
immediately after formation, roughly twenty elec- 
trons stripped from their atoms, the effective charge of 
these fragments is considerably higher than that of 
most particles studied in physics. Furthermore, the 
electron capture and loss process as the fragments are 
slowed results in an effective charge which decreases to 
zero as the fragment energy decreases. This greater 
mass and variable effective charge of fission fragments 
results in an energy loss process which is considerably 
more complex than, and, in some respects, basically 
different from, that for lighter particles such as protons 
and alpha particles. A study has been made of the 
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~~ u235 AND ABSORBING FOIL 
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Fic. 1. Simplified diagram of double ionization chamber. The 
fragments whose pulse heights were measured entered the right 
side of the chamber directly; the coincident fragments passed 
first through the collimator and then into the left side of the 
chamber, giving a coincidence pulse. This allowed effective 
collimation of the fragments whose pulse heights were measured 
without requiring passage through the collimator. Rotation of the 
center plate containing the various slowing foils permitted icniza- 
tion measurements to be made with the same filling of the 
chamber. 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
t Now at Oak Ridge National Laboratory, Oak Ridge, Ten- 


essee. 
t Now a Guggenheim Fellow at the Nobel Institute of Physics, 
Stockholm, Sweden. 
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ionization vs energy relation for fission fragments 
stopped in nitrogen, neon, argon, and argon plus CO, 
(3%). The fission fragments were obtained from the 
thermal-neutron-induced fission of U™*. Results of 
these measurements are consistent with the nuclear 
recoil effect previously discussed by Knipp and Ling! 
and Ozeroff? and show that the ionization produced is 
not simply proportional to the fragment energy. 

For these measurements thin aluminum and nickel 
foils of various thicknesses were used to slow the frag- 
ments to various energies. In each case the velocity 
distribution of the slowed fragments was determined 
from a time-of-flight measurement,’ and the median 
energy of each of the two (light and heavy) fragment 
groups was calculated using the median velocity and 
mass of each group. The foils used in slowing the frag- 
ments together with the median light- and heavy- 
fragment energies are listed in Table I. 

In a separate set of measurements, the ionization 
(pulse-height) distribution for each group was deter- 
mined by using electron collection in a double, back-to- 
back, gridded ionization chamber and the same slowing 
foils. A simplified diagram of the chamber is shown in 
Fig. 1. Fragment pulse heights were compared with 
alpha-particle pulse heights, the alpha-particle energies 
being accurately known. Careful tests were made for 
such effects as recombination, negative-ion formation, 
and diffusion; these effects were in all cases either 
eliminated or minimized and taken into account. A com- 
plete account of the experimental details of these 


TABLE I. Absorbing foils and fragment energies. 











Median 
heavy- 

Foil fragment 
thickness energy 
(mg/cm?) (Mev) 


66.87 
41.48 
29.78 
17.45 


Median 
light- 
fragment 
energy 
(Mev) 


98.86 
67.69 
59.83 
40.50 
22.40 


Foil material 





Nickel 

Aluminum 
Aluminum 
Aluminum 








1J. K. Knipp and R. C. Ling, Phys. Rev. 82, 30 (1951). 
2 J. Ozeroff, U. S. Atomic Energy Commission Report AECD- 
2973, 1950 (unpublished). 
( ont B. Leachman and H. W. Schmitt, Phys. Rev. 96, 1366 
1954). 


183 





SCHMITT AND R. B. 





‘+ 


PULSE HEIGHT (orbitrory units) 
°o 
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Fic. 2. Ionization vs energy for median heavy fragment. The 
data were fitted arbitrarily to a straight line by the method of 
least squares; the extrapolation of the straight line to J=0 is 
dotted. The value of A is given for each gas. The dashed line 
passing through the origin gives ionization vs energy for alpha 
particles. The quantity A’ is displayed for nitrogen. 


ionization measurements is being prepared for publica- 
tion elsewhere. 

Graphs of ionization vs energy for the heavy-fragment 
group are given in Fig. 2, and similar graphs for the 
light-fragment group are given in Fig. 3. In each case 
two alpha-particle points with a linear plot* from the 
origin to higher energies are given for comparison. It 
can be seen that the results are consistent with the 





PULSE HEIGHT (orbitrory units) 











60 
FRAGMENT ENERGY (Mev? 


Fic. 3. Ionization vs energy for median light fragment. See 
caption for Fig. 2. Ionization (pulse-height) units are the same 
as those of Fig. 2. 


4J. A. De Juren and H. Rosenwasser, Phys. Rev. 93, 831 
(1954). 
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theory that toward the end of the range of fission frag- 
ments, energy loss by non-ionizing processes becomes 
increasingly important. That this energy appears only 
quite inefficiently in a measurement of ionization gives 
rise to the concept of “ionization defect.” 

For unslowed fragments Knipp and Ling' have de- 
fined the ionization defect A (see Fig. 2) in terms of the 
equation 

E=wl+A, (1) 


where £ is the fragment energy, J is the ionization 
(number of ion pairs formed by particles stopped in 
the gas), and w is the energy loss per ion pair for high- 
velocity fragments. They have calculated A by assuming 
that for high velocities w depends almost entirely on 
the nature of the gas and is largely independent of the 
mass, charge, and velocity of the particles. The result 
is that A is of the order of five Mev and is slightly 
smaller for the light fragment than for the heavy frag- 
ment. An ionization defect A’ (see Figs. 2 and 3) for 
fission fragments stopped in argon plus CO: (3%) 
has been determined® by comparing the ionization dis- 


TABLE II. Results of measurements. Values of A, A’, and ®/wa 
are given for each gas. Uncertainties are standard deviations 
based on an assumed linear fit of the data. 








Fragment 


Gas group 4(Mev) 


3.60.5 
4.9+0.7 


2.70.5 
5.8+0.7 


1.7+0.5 
4.6+0.7 


3.40.7 
6.8+1.0 


A’ (Mev) 


6.30.5 
6.50.8 


w/we 
1.10+-0.02 
1.07+0.02 


1.09+0.02 
1.05+0.02 


5.340.5 1.09+0.02 
6340.8 1.07+0.02 


4.8+0.7 1.08+0.02 
4341.0 1.05+0.02 





Argon plus CO2 (3%) Heavy 
Light 


5.50.5 
5.10.8 


Argon Heavy 


Light 


Heavy 
Light 


Nitrogen 


Neon Heavy 


Light 








tributions of Brunton and Hanna® with the measured 
velocity distributions. For this, w was assumed to be 
equal to wa, the energy loss per ion pair for alpha par- 
ticles. By analogy with (1), 


A’=E-w, I. (2) 


The results are A’=5.7 Mev for the light fragment and 
A’=6.7 Mev for the heavy fragment. The average 
energy losses per ion pair # for full-energy fragments 
relative to w, obtained from these results are = 1.06w. 
for the light fragment and #=1.11w. for the heavy 
fragment. 

The values of A, A’, and w/w. obtained from the 
present measurements are summarized in Table II. 
The relative values of A’ inferred from Table II are 
qualitatively in agreement with those obtained from 
the less detailed measurements of Herwig and Miller.’ 

5 R. B. Leachman, Phys. Rev. 87, 444 (1952). 

*D. C. Brunton and G. C. Hanna, Can. J. Research A28, 190 


(1950). 
7L. O. Herwig and G. H. Miller, Phys. Rev. 95, 413 (1954). 





IONIZATION VS ENERGY RELATION 


The absolute values of A’ and ®/wa for argon plus CO, 
(3%) given in Table II agree with the earlier determina- 
tion® based on the ionization measurements of Brunton 
and Hanna. 

Note added in proof —Note from Table II that for 
each gas, the defects A and A’ are approximately the 
same for light fragments. Consequently, the value of w 
for these high-velocity particles is very nearly the same 
as that for alpha particles. This is in accord with the 
expectation’ that w is insensitive to the mass and charge 
of fast particles. In the case of heavy fragments, how- 
ever, the results show that A’ is greater than A for each 
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gas; thus for heavy fragments we have w>wz. It there- 
for appears® that at the velocities used in the light- 
fragment measurements no appreciable energy is lost 
in nuclear recoils; while at the generally lower velocities 
of the heavy fragments, the energy lost in nuclear recoils 
is significant and increases with decreasing velocity. 
The importance of nuclear collisions even at these 
velocities, vS 20, where 1=e?/h, is a consequence? of 
the large nuclear charge of fission fragments. 


8 Suggested by J. Lindhard (private communication, 1955). 
Bohr, Kgl. Danske Videnskab. Selskab, Mat. fys. Medd 18, 
No. 8 (1948). 


NUMBER 1 APRIL 1, 1956 


Time-Dependent Directional Correlation of 1.1-hr Pb?” 


G. K. WEeRTHEm* AND R. V. Pounp 
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(Received December 16, 1955) 


A study is made of an effect attributable to the interaction of the electric quadrupole moment of the 
0.27 psec level of Pb with the crystalline electric field in metallic, polycrystalline, thallium in which 
68-min Pb™ is produced by (p,2m) reaction. The directional anisotropy in the rate of delayed coincidences 
between the y ray preceding the 0.27 usec state and the y rays following the state is observed as a function 
of the delay time. Although some discrepancy between the observed function and theory is found, the time 
dependence suggests a coupling frequency eQ(d*V/dz*)/h of 12 Mc/sec. Measurements of the directional 
correlation between the two gamma rays in prompt coincidence following the 0.27 usec state supports the 
assignment, by Krohn and Raboy, of spin 4 to that state and of some mixing of M3 with the dominantly £2, 
371-kev gamma ray. Evidence of prompt 7 rays of several energies, following K-capture in 12-hr Bi™, 


is also found. 


INTRODUCTION 


T has been shown by Abragam and Pound! that the 

interaction of the nuclear quadrupole moment with 
the gradient of a static electric field results in a periodic 
attenuation of the coefficients of the directional corre- 
lation function of two successively emitted nuclear 
radiations, provided that the interacting field has an 
axis of at least threefold symmetry. The result is 
particularly simple in a source composed of a large 
number of randomly oriented microcrystals, where it 
takes the form 


W (0,1) =1+%, G,(wol) AP, (cos6). (1) 


The coefficients A, are those appropriate to the decay 
scheme in the absence of a disturbance and the forms 
of the time-dependent attenuation functions G,(wot) 
are determined by the spin of the intermediate state. 
The dimensionless parameter wot is proportional to the 
product of the time /, measured from the first decay, 
and the strength wo of the quadrupole interaction. @ 

Such an effect is observable if the period characteristic 


t Sup — in part by the joint program of Office of Naval 
R and the U. S. Atomic Energy Commission. 
* Now at Bell Telephone Laboratories, war b2 48 Cl New Jersey. 


1A, Abragam and R. V. Pound, Phys. Rev 943 (1953). 


of the interaction is not much longer than the half-life 
of the disturbed intermediate state. On the other hand, 
the period of the interaction must be long compared 
with the minimum resolving time attainable in order 
that the structure of the attenuation function be well 
resolved. Present instrumental techniques do not allow 
a resolving time, with energy selection, less than about 
5 millimicroseconds, so that a half-life of at least 50 
millimicroseconds is essential. The magnitude of wo 
determining the period of the attenuation function, 
G(wol), is not known a priori, but may be estimated 
from values of electric quadrupole interactions of stable 
nuclei in various compounds observed by magnetic and 
pure quadrupole resonance. 

The known nuclei suited to such studies are few. 
Lead-204 has a level of half-life of 0.27 microsecond, 
that could allow good resolution of an attenuation 
function. However, having a closed proton shell and an 
even number of neutrons, its quadrupole moment is 
expected to be small and, therefore, the interaction with 
an extranuclear field gradient might be too weak to 
exhibit a complete period of the attenuation function, 
even in the relatively long half-life. 

An experiment of this kind in 48-min Cd" has 
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recently been reported by Lehman and Miller.? Three 
periods of the attenuation function were observed 
within two half-lives. The resolution was insufficient to 
show very detailed structure of the function, since only 
two or three points were obtained per period. 

Measurement of the attenuation function, in prin- 
ciple, allows determination of the spin of the disturbed 
state since the function has a characteristic detailed 
shape for each spin value. Its full period is r= 2m/wo. 
Because of a desire to have the nuclei studied in a 
chemically stable environment, we first worked with 
12-hr Bi™ produced by proton bombardment of lead. 
The bismuth was expected to decay by electron capture 
into the 68-minute isomeric state of Pb™, the 68-minute 
half-life allowing sufficient time for the lead to come to 
equilibrium following the disturbance of electron cap- 
ture. In this way the radiating lead would have been 
situated in a lead lattice. Unfortunately metallic lead 
crystallizes in a cubic lattice and some chemical 
processing would have been required to obtain a crystal- 
line field gradient. Work with sources so produced was 
abandoned, however, for additional reasons related to 
the decay scheme, discussed in a later section. 


INSTRUMENTATION 


The equipment used’ follows the conventional slow- 
fast coincidence scheme in which the timing and energy 
selection functions are separated at the photomultipliers 
and eventually recombined in a triple coincidence 
circuit. 

Thallium activated sodium iodide crystals (1} in. by 
1 in.) mounted on RCA 6342 photomultipliers are used. 
The fast, or timing, channels consist of three Hewlett- 
Packard distributed amplifiers each, followed by an 
EFP 60 secondary emission pentode limiter feeding a 
6BN6 coincidence detector. Pulse lengths are deter- 
mined by shorted stub lines, and variable delay may be 
introduced as cable between amplifier stages, before 
the limiters. The energy selection channels consist of 
commercial linear amplifiers followed by single channel, 
pulse-height analyzers modified for fixed time delay. 
The modification uses a 6BN6 as an anticoincidence 
tube and a delay of 0.40 microsecond determined by 
cable. 

To accommodate high counting rates, the triple 
coincidence resolving time is also 0.40 microsecond, 
generally requiring that delay be introduced in both 
slow and fast channels. 

Data recording and repositioning of the movable 
scintillation detector are carried out automatically at 
the end of a preset interval. The number of triple 
coincidences, fast coincidences, and the counts in the 
two analyzers are presented on glow transfer tube 
registers and photographed at the end of each timing 
cycle. The fast coincidences, although not needed in 


2 P. Lehman and J. Miller, Compt. rend. 240, 298 (1955). 
*G. K, Wertheim, thesis, Harvard (unpublished). 
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the treatment of data, offer an important monitor of 
the stability of the resolving time of the fast coincidence 
circuit. 

PROCEDURE 

Lead-204m was prepared by bombardment of thallium 
metal with protons in the internal beam of the Harvard 
synchrocyclotron. Alternatively Bi™ could be prepared 
by proton bombardment of lead, the Pb™* daughter 
separated periodically by chemical means and subse- 
quently reduced to metallic lead. The difficulties in the 
latter method are numerous, the total time required 
for separation, purification, and reduction being at 
least one hour. Electrolytic reduction was found to be 
slower and generally yielded a spongy deposit which 
oxidized readily. 

The isotopic abundance in natural thallium is 70% 
TP and 30% TI. At 21 Mev the favored (p,2m) 
reaction produces 68-min Pb™ and 3.5-hour Pb*®. 
Some Pb** is also produced. The decay schemes of the 
contaminants are such as to produce no interference 
with delayed coincidence measurements. Examination 
of the spectrum of 0.003-inch thick targets bombarded 
for 10 minutes and aged for 10 half-lives of Pb™™ 
allowed identification of the gamma rays of Pb™, both 
by their energy and their coincidences with respect to 
the 963-kev line. A further check was made to show 
that the half-lives of the intermediate levels are less 
than 1 millimicrosecond. The 4* level, which is perhaps 
analogous to the 0.27-microsecond level in Pb™, was 
examined with particular care. Pb*® decays by electron 
capture into 279-kev (95%) and 679-kev (5%) levels 
of TI, according to Wapstra.4‘ The 2.3-day half- 
life makes the contribution of Tl? to the spectrum 
negligible. 

Considering the isotopic abundance and the half- 
lives, the expected ratio of activity of Pb®™ to Pb is 7 
to 1 immediately following bombardment. Scintillation 
spectra obtained during the decay of a target show that 
the actual ratio is considerably higher, perhaps 15 to 1, 
indicative of a difference in the cross sections of TI* 
and Tl} for a (p,2m) reaction at 21 Mev. 

Neither of these isotopes, therefore, interferes with 
measurements of the delayed cascades in Pb™. Meas- 
urements at zero delay, however, are possible only for 
the 910-895 kev cascade. Even here, the 778-963 kev 
cascade in Pb™ may provide some interference. The 
371-895 kev prompt cascade in Pb™ interferes with 
measurement of its own delayed 910-371 kev cascade. 

The anisotropy function was measured with a re- 
solving time r= 16 millimicroseconds and a source-to- 
counter distance of 4.5 cm. The strong attenuation of 
the coefficient A, resulting from such close spacing is 
not entirely undesirable since it allows a better determi- 
nation of G: to be made directly from the anisotropy. 
The ratio of true to accidental coincidence counts was 
as low as 0.2. The source in the form of a crumpled 


‘A. H. Wapstra ef al., Physica 20, 169 (1954). 
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Fic. 1. The attenuation function G2(t) vs coincidence delay time 
in millimicroseconds. The solid points refer to the 910-895 kev 
coincidences, the open circles to 910-371 kev and the triangular 
point to the ‘recrystallized source. 


metallic foil was contained in a thin-walled glass tube 
centered to within 0.1 cm with respect to the activity 
of the sample. Nonuniform distribution of activity in 
the target foil makes more accurate positioning difficult. 
Only counts of pulse heights corresponding to the 
photopeaks of the two desired gamma rays, as detected 
in the scintillation spectrometers, were accepted. 


DISCUSSION 


The time-dependent attenuation function G2(t) found 
for the 0.27-microsecond level of Pb™ using both the 
910-895 and the 910-371 kev cascades is given in 
Fig. 1. In both cases the function has been determined 
from the anisotropy [W(180°)/W (90°) ]—1 under the 
assumption that A, is negligible. The value unity at 
zero delay corresponds to the relevant anisotropy using 
the correlation functions reported by Krohn and Raboy’ 
for liquid sources. The points from the two cascades 
agree, within the experimental error, with a single 
curve. Theory indicates that the attenuations should 
be the same for the two coincidence schemes except for 
the effect of internal conversion of the unobserved 371- 
kev y ray in the former case and provided that there 
is no disturbance of the spin 2 level. The fraction of 
coincidences for which internal conversion occurs is 
small (~5%). The life of the spin 2 level is certainly 
less than 6X10~" sec,* making the disturbance neg- 
ligible, if the electric quadrupole moment is not much 
larger than in the 0.27 usec level. 

Comparison of the experimental curve with the 
theoretical function for spin 4 (Fig. 2) indicates one 
discrepancy. The experimental curve goes strongly 
negative for delays in the interval from 170 to 340 
millimicroseconds, while the theoretical curve is rela- 
tively less negative for a time less than the initial 
positive interval. This is also true of the theoretical 
functions for other possible integral spin assignments. 


5 \V. E. Krohn and S. Raboy, Phys. _ or 1017 (1955). 
6 A. W. Sunyar, Phys. Rev. 98, 653 (195. 
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Fic. 2. The theoretical function G2(wot) for J =4. 


The assignment of this cascade to Pb™ is considered to 
be too well established to justify comparison with the 
attenuation functions for half odd-integral spin. 

The discrepancy cannot be attributed to the after- 
effects of proton bombardment, even though the curves 
shown were obtained with material counted without 
further treatment following irradiation. One target was 
melted in vacuum and suddenly chilled to prevent the 
formation of a single crystal, deformed slightly and cut 
into small pieces as further precautions. It was counted 
at a delay of 0.236 microsecond corresponding to the 
minimum of the time-dependent attenuation function 
previously obtained for the untreated material, and 
yielded an anisotropy in good agreement with the other 
data, Fig. 1. This result is not unusual from the point 
of view of the known properties of metals, which suggest 
that at temperatures above one-half of the absolute 
melting point, lattice defects such as those produced by 
bombardment tend to anneal rapidly. 

Although an additive negative anisotropy caused by 
source absorption could explain the effect, it is con- 
sidered unlikely that the relatively large negative 
anisotropy could be so produced in view of the fact 
that the sources were so small compared to a scattering 
length. A satisfactory explanation for the discrepancy 
has not been found. 

The frequency characteristic of the interaction may 
be estimated on the basis of the measured coefficients, 
ignoring the discrepancy in the negative excursion. 
If one assumes that the interaction is otherwise similar 
in nature to that predicted for spin 4, only a small part 
of the period is accessible and a full period of approxi- 
mately 3 microseconds is indicated, corresponding to a 
frequency of 12 Mc/sec for eQ(d°V/dz2*)/h. This value 
may be compared to a frequency of 669 Mc/sec for Bi” 
in the form of Bi(CsHs)3”7 and 708 Mc/sec for Hg” 
in the form of HgCle.* The low frequency obtained for 
Pb™ compared to those for adjacent isotopes, although 
not directly comparable because the lead is measured 
in a metallic state, seems to support the expected small- 
ness of its quadrupole moment, in general agreement 


; Robinson, Dehmelt, and Gordy, Phys. Rev. 89, 1305 (1953). 
5 Dehmelt, Robinson, and Gordy, Phys. Rev. 93, "480 (1954). 





188 


Taste I. Coefficients and mixing for the (371-895)-kev 
e in Pb™. 





4(E2)2(E2)0 A: As é 


Basic, pure 0.102 0.009 
Krohn and Raboy 0.142 0.000 


(computed) 
Measured 0.129+0.006 0.016+0.016 





0 
—0.07+0.02 
—0.05+0.01 








with the systematics of nuclear quadrupole moments 
near closed shells. 


SPIN OF THE 0.27-MICROSECOND LEVEL OF Pb 


In view of the discrepancy between the theoretical 
and the measured time-dependent attenuation coeffi- 
cient, G,(#), an independent check of the spin assign- 
ment was made by measuring the directional correlation 
of the 371-895 kev prompt cascade. The correlations of 
the two delayed cascades starting from the 68-minute 
level have been used by Krohn and Raboy’ to assign 
multipole mixing to both the Z2 and ES transitions. 
The mixing parameter for the £2 transition may then 
be used to compute the coefficients of the 4(£2)2(£2)0 
cascade. 

Direct measurement of the 371-895 kev cascade is 
complicated by the prompt 963—421-kev cascade in 
Pb, present in our targets to one part in 15. Correction 
for the contribution of the delayed 910-371 kev cascade 
in Pb™ is readily kept small by using a 6 millimicro- 
second resolving time. The anisotropy of the interfering 
cascade in Pb®™ has been independently measured in 
targets prepared in the same manner but allowed to 
age for 10 half-lives of Pb™ and was found to be 0.21 
by Rebka.® Since this anisotropy is similar in magnitude 
to that obtained for Pb™ the error produced by the 
inclusion of some coincidences from it in the measured 
correlation is greatly reduced. Narrow window energy 
selection was used to minimize this source of error, and 
the data were corrected only for the contribution from 
the delayed cascade in Pb™. 

The results are compared to the computed values of 
Krohn and Raboy in Table I, and indicate agreement 
within the experimental error. The errors shown for 
our measurements are those of statistical origin only. 
The mixing parameter obtained from the fast cascade 
is —0.05+0.01 which compares with —0.07+0.02 ob- 
tained by Krohn and Raboy from the delayed cascade. 
The directional correlation function obtained is not 
compatible with an unmixed, basic 4, 2, 0 cascade, nor 
with 3, 2,0 which has a negative A». We conclude that 
measurements on the prompt cascade support the 
assignment of spin 4 as well as mixing of the 371-kev 
gamma ray. 


SOME REMARKS ON THE DECAY OF BISMUTH-204 


In connection with the above experiment, the 68- 
minute isomer of Pb™ was prepared in equilibrium with 


‘G. Rebka (private communication). 
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its 12-hour Bi™ parent, yielding a more convenient 
source for extended coincidence counting. It was found, 
however, that the decay of Bi™ is followed by a com- 
plicated cascade in lead which, to a large extent, by- 
passes the 68-minute level but not the 0.27-microsecond 
level. The possibility of disturbance of the directional 
correlation of the prompt cascades following electron 
capture and the inability to select the desired y ray 
uniquely confuse the use of this source for the delayed 
coincidence experiments. This is especially true because 
a dominant gamma ray of 981 kev leading into the 
0.27-microsecond level is found. 

Sources of this type were prepared by proton bom- 
bardment of lead and radio lead. A limited exploration 
of the energy dependence of the (p,3) reaction in lead 
was undertaken in the vicinity of the energy suggested 
by similar results for Bi®.’° The radio lead had a com- 
position of 0.06% Pb, 88.2% Pb**, 8.8% Pb*’, and 
2.9% Pb** as well as traces of other members of the 
decay chain." Traces of normal lead are included in 
this analysis. The targets were 0.003-inch lead foils, 
corresponding to a proton energy loss of approximately 
1 Mev in penetrating the target. Optimum production 
of Bi™ was obtained at 31 Mev. 

Estimates indicate that Bi™ activity must dominate 
immediately following bombardment of either the lead 
or the radio lead, while the radio-lead targets should 
remain relatively free of other activity for 4 or 5 half- 
lives of Bi. These conclusions are in essential agree- 
ment with the experiment, provided that a large 
number of gamma rays not previously reported but 
observed here are correctly attributable to the decay 
of Pb™, 

The production of 68-minute Pb” via Bi™ was 
confirmed by a chemical separation. Lead separated 
from the target exhibited the known three-gamma-ray 
spectrum of Pb. A second separation after two hours 
yielded Pb" comparable to the first in intensity, 
confirming that Pb™™" was produced from a longer- 
lived substance whose half-life was established to be 
11.6+0.02 hours. The lead fraction decayed with a 1.1- 
hour half-life, and exhibited the known directional 
correlation of the 910-895 kev cascade. Coincidence 
spectra confirmed the existence of a prompt (371-895)- 
kev cascade as well as delayed cascades of 910-371 and 
910-895 kev within the limits of energy resolution of the 
scintillation spectrometers. The half-life of the inter- 
mediate level was also confirmed. 

The presence of other gamma rays in this decay 
scheme was initially suspected from the interference 
which they produced in the directional correlations of 
delayed coincidences. Using photopeak energy selec- 
tion, the full anisotropy could be obtained from the 
separated lead fraction in H,PbCl, solution, while un- 


”P. Morrison, me [img Nuclear Physics, edited by E. 


Segré (John Wiley and Sons, Inc., New York, 1953), Vol. 2, P 167. 
| Radio Elements and Accessories, Catalogue C, Atomic 
of Canada, Ltd., Ottawa, Canada, p. 119. 
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separated sources in this form gave no reproducible 
results. Molten metal sources, which had been shown 
by Frauenfelder et al. to give the full anisotropy using 
68-min Pb™ only, gave similar inconclusive results. 
The interference was subsequently shown to be caused 
by a gamma ray of 981 kev in a prompt cascade leading 
into the 0.27-microsecond level. 

Energies of several dominant gamma rays have been 
obtained from internal as well as external conversion 
spectra. The spectra obtained by internal conversion, 
but with source thickness great enough to allow some 
photoelectric effect in the lead, gave energies of 371, 
668, 895, 910, and 982 kev. Use of a uranium converter 
produced energies of 372, 895, and 981 kev. The con- 
version spectra of other lines have not been thoroughly 
investigated but evidence of lines at 1730 and 2100 kev 
was found in the form of Compton edges in the double- 
focusing spectrometer. Gamma rays of approximate 
energies 1200, 1730, and 2100 kev have been found in 
the scintillation spectra in the range above 1 Mev. 
Delayed coincidence scintillation spectra have indicated 
that the 668-, 910-, 981-, 1200-, and 1730-kev gamma 
rays lead into the 0.27-microsecond level. Prompt co- 
incidences have been observed between 981 and 668, 981 
and 1200, and 371 and 895 kev. The half-lives of the 
gamma rays in the foregoing were found to be 11.6+0.2 
hours by observation of the whole scintillation spectrum 
over several half lives. The observed similarity of the 
scintillation spectra of bombarded lead and radio lead 
is consistent with the interpretation ascribing these 
gamma rays to Pb™. 

A second 12-hour bismuth isotope, Bi, does not 
appear to provide any interference. This presumably 
decays by electron capture into Pb™ which in turn 
decays with a 2.3-day half-life by electron capture into 
TP, which emits 95% 279-kev and 5% 400- and 679- 
kev radiation. Thus there is an initial growth of the 
dominant 279-kev line, which has been observed after 
five Pb™ half-lives. Bombardment of radio-lead at 
higher energy, so as to favor the production of Bi, did 
not produce any additional gamma rays. 

A chemical separation has shown that no more than 
25% of the gamma rays going into the 0.27-micro- 
second level come from the 68-minute level in unsepa- 
rated targets. This is in reasonable agreement with an 
earlier study by Templeton e al. in which it was con- 
cluded that only 4% of the decays of Bi™ produce 
1.1-hr Pb, 

We tentatively assumed a decay scheme as in Fig. 3, 
and counted the combined delayed coincidences of 981- 
895 kev and 910-895 kev. If the fraction of decays com- 

” Frauenfelder, Lawson, Jentschke, and DePasquali, Phys. 
Rev. 92, 513 (1953). 

18 The authors are indebted to Professor K. T. Bainbridge and 
R. Narcisi for these measurements. 


“Templeton, Howland, and Perlman, Phys. Rev. 72, 766 
(1947). 
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Fic. 3. A very tentative 
partial decay scheme for 
Bi™—Pb™, based on the 
observed y rays and the 910 
coincidence data. 20% 
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ing through the 981-kev gamma ray is a, it may be 
shown that the observed coincidence rate VV ., following 
a chemical separation of lead is given by 


1—a 1—a ao 
exp(—¢/7,) -—————- 
T T,-—T 


ers on 


N.= 


exp(—//T), (3) 


where T is the mean life of Bi™ and 7, the mean life 
of Pb". Comparison of the observed time-dependent 
coincidence rate with this equation indicates that 
a=0.75. 

The data presented are designed primarily to demon- 
strate the existence of a specific interference which 
makes directional correlation measurement of the cas- 
cades of 910-371 and 910-895 kev extremely difficult if 
not impossible in unseparated targets. The 981-kev 
gamma ray provides this interference. Since it follows 
promptly upon electron capture, the correlation be- 
tween it and either of the two gamma rays following the 
0.27-microsecond level cannot be used safely in a de- 
termination of the delayed coincidence attenuation 
coefficients characteristic of the static electric quadru- 
pole effect. 
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Excitation functions and yield ratios for isomeric pairs have been measured from near threshold to 
100 Mev for three (p,pn) reactions. The results are interpreted in terms of the spins of the states involved, 
the angular momentum of the bombarding particle, competition between compound nucleus formation 
and the knock-on mechanism and the level density in excited nuclei as a function of spin. 





INTRODUCTION 


UCLEAR reactions are usually considered as pro- 
ceeding by compound nucleus formation’ at 
energies <30 Mev and by the knock-on mechanism’ at 
energies > 100 Mev. The two mechanisms can lead to 
the same intermediate nuclei with about the same 
excitation energy but with different distributions in the 
values of angular momentum. This should result in a 
different distribution in the yields of end products when 
they differ greatly in spin, as do nuclear isomers. 
A study of the excitation functions and relative yields 
of isomeric states produced by a simple reaction from 
threshold to 100 Mev might help show up changes in 
the reaction mechanism with energy. 

Since most of the data in the literature*~’ on isomer 
production have been obtained in low-energy reactions, 
no coherent picture of the variation of relative yields 
with energy or of the effect of reaction mechanism 
exists. At low energies the spins of the initial nucleus 
and of the isomers are a major factor in determining 
the ratio of the yields.** That isomer will be favored 
whose spin is nearest that of the target nucleus. At 
higher energies where the compound nucleus is formed 
in a wider range of spin states this effect might be 
expected to disappear, and it has been suggested that 
the yield ratio should then approach the ratio of the 
statistical weights of the isomeric states.‘ However, it 


* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

{ Present address: Department of Chemistry, Cornell Uni- 
versity, Ithaca, New York. 
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1 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
ce Wiley and Sons, Inc., New York, 1952). 


Segré, Experimental Nuclear Physics (John Wiley and 

Sons, Inc., New York, 1953), Vol. 2. 

* Seren, Friedlander, and Turkel, Phys. Rev. 72, 888 (1947). 

65) Segré and A. C. Helmholz, Revs. Modern Phys. 21, 271 
(1949). 

* Boehm, Marmier, and Preiswerk, Helv. Phys. Acta 25, 599 
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®A. W. Fairhall, Massachusetts Institute of Technology, 
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Baker, and Montabetti, Can. J. Phys. 31, 250 (1953) ; J. Goldem- 
berg and L. Katz, Phys. Rev. 90, 308 (1953). 


has been shown that, in at least one case, the statistical 
weight ratio presents no limiting value.® 


EXPERIMENTAL 
Bombardment Procedure 


The excitation functions were obtained using the 
stacked foil technique in which several targets are 
interspaced with absorbers to allow for simultaneous 
bombardment over a wide energy interval. The majority 
of the bombardments were made in the internal 
scattered beam of the Harvard cyclotron with 180° 
focusing in the cyclotron magnetic field. The details of 
this method have been described by Hintz and Ramsey.’ 
Initial proton energies of 73 and 100 Mev were used. 
The value of this energy was checked before each 
bombardment by measuring the C”(p,pm)C™ excitation 
function with the same target geometry and comparing 
it with the known function for this reaction." The 
energy of the protons at each target in the stack was 
calculated from the range-energy curves of Aron, 
Hoffman, and Williams.” 

The spread in energy of the proton beam at the face 
of the target stack is 0.6 or 0.9 Mev depending upon 
whether 7- or ;%-inch diameter targets were used. 
This inhomogeneity in the energy of the proton beam 
increases with depth in the target stack becoming 
about 6 Mev at a nominal proton energy of 14 Mev 
and thus obscuring the excitation function near the 
threshold. For this reason two cobalt bombardments 
were made on the Berkeley linear accelerator whose 
incident proton energy was known to be 31.5:+0.2 Mev. 

Absolute cross sections were determined for the re- 
actions by including aluminum foils in the target 


8H. B. Levy, Ph.D. thesis, University of California Radiation 
Laboratory Report UCRL-2305, August, 1953 te ae 

§N. M. Hintz and N. F. Ramsey, Phys. Rev. 88, 19 (1952). 

® Aamodt, Peterson, and Phillips, Phys. Rev. 88, 739 (1952). 

1 Birnbaum, Crandall, Millburn, and Pyle, University of 
California Radiation Laboratory Report UCRL-2756, November, 
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Aron, Hoffman, and Williams, University of California 
Radiation Laboratory Report UCRL-121, 1949 (unpublished). 

18 The authors are grateful for the cooperation and assistance of 
Dr. E. K. Hyde of the University of California Radiation Labora- 
tory in arranging the linear accelerator bombardments. 
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stacks and monitoring the beam by means of the 
Al?’"(p,3pn)Na™ reaction as determined by Hintz and 
Ramsey,* but corrected to the more recent results for 
the C”(p,pn)C"™ reaction." 

The bromine targets consisted of sodium bromide 
pressed into wafers 3%; inch in diameter having a surface 
density of about 70 mg/cm*. The scandium targets were 
of scandium oxide“ which had been carefully purified 
from residual calcium, thorium, zirconium and rare 
earths, and was pressed into 7%- or 35-inch diameter 
wafers which had a surface density of 20-40 mg/cm’. 
Each wafer was packed into a flat aluminum capsule 
for bombardment. The cobalt targets for the cyclotron 
bombardments were metal foils 7 inch in diameter 
with a surface density of 50-60 mg/cm*. These were 
placed in slightly recessed copper foil holders for bom- 
bardment. The linear accelerator targets consisted 
entirely of stacks of very thin (~10 mg/cm?) cobalt 
metal foils held in a recessed brass block and covered 
with a thin cobalt window. 


Chemical Procedures 


The bromine was precipitated as silver bromide in 
the presence of hold-back carriers of near-by elements 
and deposited on a filter paper disk for counting. 

The cobalt samples were obtained from the cobalt 
targets by a variety of solvent extraction procedures. 
Final purification was made by precipitation with 
KNO:. For the cyclotron targets, counting samples were 
made by electroplating the cobalt onto copper plates. 
The linear accelerator targets were redissolved and 
placed in vials for counting in a well-type scintillation 
counter and the yields were determined colormetrically. 

The scandium was precipitated twice as the hydrox- 
ide, redissolved, and placed in vials for counting in a 
scintillation counter. Chemical yields were determined 
by evaporating the solutions to dryness and igniting to 
the oxide. 


Counting Procedures 


Figure 1 gives the decay schemes!*-"’ of the three 
isomeric pairs studied. In determining the relative 
yields of genetically related isomers, it is advantageous 
to count only the activity of the lower state. Then the 
relative yields can be determined from the resolution 
of the decay curves and no counting corrections need 
be applied. It was possible to use this procedure for 
bromine and scandium at all energies and for cobalt at 
energies less than 43 Mev, the threshold for interfering 
activities. 

The 4.5-hour upper state of Br® decays completely 


4 The Sc20; was kindly furnished by Professor G. Wilkinson, 
Chemistry Department, Harvard University. 

15 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

16 J, W. Blue and E. Bleuler, Phys. Rev. 99, 659(A) (1955). 


17R. A. Sharp and R. M. Diamond, Phys. Rev. 93, 358 (1954), 
and Phys. Rev. 96, 1713 (1954). 
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Fic. 1. Decay schemes of Br®, Co®*, and Sc. 


to the 18-minute ground state. The 8 radiation of the 
latter was separated from the other bromine activities 
by means of a simple magnetic bender and counted 
with a Geiger tube. Although this method worked well 
for determining the ratio of isomer yields, it was not 
suitable for determining the excitation function as the 
counting rate was too sensitive to the distribution of 
the source. Instead the samples were counted directly 
with an end-window Geiger tube, and the yield of the 
4.5-hour isomer was determined by resolution of the 
decay curve. The excitation function of the 18-minute 
isomer was then obtained from the previous ratio. 

The cobalt targets from the cyclotron bombardments 
were counted with an end-window Geiger tube. It was 
possible to follow the decay of the 9-hour Co®*™ directly 
as the cobalt x-rays resulting from the highly converted 
25-kev gamma transition had a fairly high counting 
efficiency. Interference from the 18-hour Co* occurred 
above 43 Mev, so samples produced above that energy 
were counted through a 980-mg/cm? beryllium absorber 
which suppressed the 18-hour activity by a factor of 30 
while reducing the Co by only 7.3. The total yield 
of Co'’+Co*" was determined by counting the 
samples after all the 9-hour activity had decayed to 
the 72-day ground state. Aluminum absorption curves 
served to separate the Co®* from the 270-day Co” and 
the 72-day Co. 

The targets irradiated in the Berkeley linear ac- 
celerator were counted in a well-type NaI(T]) scintilla- 
tion counter with the amplifier discriminator so biased 
as not to count any of the low-energy Co” and Co 
radiations. Thus only the Co** ground-state activity 
could register. Since the maximum proton energy was 
31.5 Mev, there was no interference from Co® and Co**, 

The Sc# was counted with a NalI(TI) scintillation 
counter with the amplifier discriminator so biased as to 
cut out gamma radiation below 0.9 Mev. This permitted 
only the 1.16-Mev gamma of the ground state to be 
counted and eliminated any interference from the 3.0- 
hour Ti* or the 4.0-hour Sc*. Several of the Sc targets 
were precipitated, filtered, and counted by an end- 
window Geiger counter to determine their yield relative 
to the aluminum monitor targets. 

The aluminum monitor foils were counted by Geiger 
tubes in the same geometry and mounting as their 
respective targets. All the usual counting corrections 





192 MEADOWS, 

TaBLe I. Experimental errors in the cyclotron data. Ac 
(absolute) does not include the ible error in the cross section 
of the monitor reaction. A(om/e,) refers to counting statistics only. 
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Ao (absolute) +18% +30% +15% 
Ao (relative) + 8 +10 +4 
A(om/a,) + 3 +10 + 3 











were made with the exception of the one for back- 
scattering. No correction was made for backscattering 
of @ radiation since the samples and monitors were 
always mounted on the same backing material and 
saturation backscattering is largely independent of 


energy.'® 
DISCUSSION 


Table I lists the estimated experimental errors for 
the cyclotron data. The unusually large value of 
Ao (absolute) for Co** is chiefly due to the uncertainty 
in the counting efficiency. The scatter observed in the 
linear accelerator data (Fig. 6) is for the most part due 
to the difficulty in resolving the smaller amount of 
9-hour activity remaining after the additional 18-hour 
period required to transport the target from Berkeley 
to Cambridge. 

There are two additional sources of errors in the 
cyclotron data at energies <20 Mev. First, the energy 
spread has increased to several Mev. Since the excita- 
tion functions are increasing rapidly with energy in 
this region, the high-energy part of this spread will 
have the greatest weight. Second, near the threshold 
(n,2n) reactions from secondary neutrons become com- 
parable in magnitude to the (p,pm) reactions. The 
yield from secondary neutrons is from 1-2 percent of 
the maximum yield of the (p,m) reactions. In order to 
minimize this last effect, no points below 15 Mev have 
been included in the yield ratios. 

Inspection of the excitation functions (Figs. 2-4), 
shows that they have the general shape already ob- 
served for such reactions, namely an initial steep rise 
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Fic. 2, Excitation functions for the reactions Br®(p,pn)Br®™ 
and Br®'(p,pn) Br®. 


8B. P. Burtt, Nucleonics 5, No. 8, 28 (1949). 
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from threshold to a maximum at 20-30 Mev followed 
by a more or less sharp fall to a value which then: 
decreases only slowly with increasing energy. 

The plots of the ratio of the cross section for isomer 
formation to that for ground-state formation (¢m/o,) vs 
energy are shown in Figs. 5-7. In no case does this 
ratio approach as a limit that of the statistical weights,‘ 
(21 m+ 1)/(2I,+1+27;+-1), where Zn, J,,and J; are the 
spins of the metastable, ground, and intermediate 
states, respectively. Neither do they approach values 
greatly favoring the high-spin state as suggested by an 
argument in reference 8. 

Perhaps the most important factor controlling the 
variation of the ratio o,,/o, with energy is the distribu- 
tion of the angular momentum values of the excited 
nuclei. At energies <30 Mev, the reaction may be 
considered as proceeding primarily by the compound 
nucleus mechanism. If it is assumed that every particle 
that penetrates the potential barrier will be captured, 
the distribution of the angular momentum, J, of the 
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Fic. 3. Excitation functions for the reactions Co®(p,pn)Co*™ 
and Co®(p,pn) Co, 


compound nuclei will be given by 


I+s J+8 


2I+1 
oJ,E)=r¥ YL os” PF ai 
2S+1 


S=I-—s l=J—S 


where 7;(£) is the barrier transmission coefficient of a 
particle with orbital angular momentum / and energy E, 
S is the channel spin, J is the spin of the target nucleus, 
s is the spin of the particle, and g(S) is the statistical 
weight of S. Figure 8 shows the distribution of J for 
protons on Br*® (J=3/2) and Sc** ([=7/2) and demon- 
strates the effect of the spin of the target nucleus. The 
most probable value of J will be near J until 7;(Z) for 
1>I becomes large. For a low-spin target nucleus the 
relative number of states with large values of J in- 
creases rapidly with bombarding energy, while for a 
high-spin target nucleus the rate of increase is much 
smaller at first. 

This initial distribution of angular momentum values 
will be modified by the de-excitation process which, for 
the reactions studied, consists of the emission of a 
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neutron and a proton followed by a gamma cascade. 
The spin of the residual nucleus, J, is the vector sum of 
the spin of the compound nucleus, the orbital angular 
momentum of the particle, and the particle spin. Since 
a few Mev above the reaction threshold the nucleons 
may be emitted with fairly high values of angular 
momentum and the final cascade may consist of several 
gammas, large changes in the nuclear spin are possible. 
The decomposition of J may be treated in much the 
same way as its formation, except that now the effect 
of the level density of the residual nucleus as a function 
of spin as well as energy must now be considered. This 
is very important since otherwise the factor 27+1 
introduced by the decomposition of J greatly favors 
the higher spin states. The dependence of the energy 
level density on angular momentum has been derived 
on the basis of the Fermi gas model of the nucleus.!*” 
This is 
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Fic. 4. Excitation functions for the reactions Sc**(p,pn)Sc#™ 
and Sc*(p,pn)Sc#. 


where 7 is the nuclear temperature and c is a constant 
whose value increases with increasing mass number and 
wo(E) is the total level density. If the nuclear tempera- 
ture is assumed to be given by (E/a)! with the values 
of a being those given by Blatt and Weisskopf,' it can 
be seen that the most probable value of J increases 
with increasing mass number and excitation energy. 
For example, for a mass number of 44 and an excitation 
energy of 30 Mev the most probable value of J is ~7 
while at 5 Mev it is 3-4. For a mass number of 80 the 
corresponding values are ~9 and ~6. There is experi- 
mental evidence which indicates that actual nuclear 
temperatures may be much lower than the ones used 
here.2! This would result in much lower values for the 
most probable /. 

The above considerations indicate that the ratio of 
isomer yields, and particularly the rate of change of 
this ratio with bombarding energy, is determined largely 

19H. A. Bethe, Revs., Modern ein an (1937). 


” C. Bloch, Phys. Rev. 93, 1094 (19. 
BT? t. Gugelot, Phys. Rev. 93, 425 (1954). 
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Fic. 5. om/o, for Br®. The dashed line represents the 
ratio of the statistical weights. 


by the distribution of angular momentum in the com- 
pound nuclei. For the reactions studied here, the de- 
excitation process will cause the lower spin isomer to be 
favored to a greater extent than would be indicated by 
the initial distribution of spins alone, provided that the 
energy available is several Mev greater than the 
threshold of the reaction. Thus, in the region beginning 
a few Mev above the reaction threshold, the compound 
nucleus mechanism predicts a rapid increase in the 
relative yield of the high-spin isomer from a (p,pm) 
reaction with a low-spin target nucleus because of the 
very rapid increase of the relative number of compound 
nuclei with high values of J (Fig. 8). For a high-spin 
target nucleus, the much slower increase in the relative 
number of compound nuclei with high values of J 
should result in an even slower increase in the relative 
yield of the high-spin isomer. This corresponds to the 
observed results for Br® (J=3/2) and Sc (J=7/2) as 
shown in Figs. 5 and 7. Co®® should behave in much the 
same way as Sc* since the two nuclei have the same 
spin. The value of o,,/0, appears to be constant above 
16 Mev (Fig. 6), although the scatter in the linear 
accelerator data is sufficient to hide any small varia- 
tions. The cyclotron data does appear to indicate an 
initial increase but only one point is outside experi- 
mental error. 

The sudden increase in ¢,,/0, for cobalt shown by the 
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Fic. 6. m/e, for Co**. The dashed line represents the 
ratio of the statistical weights. 
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Fic. 7. ¢m/o, for Sc“. The ratio of statistical 
weights is 1.08-2.5. 


linear accelerator data below 16 Mev (Fig. 6) is prob- 
ably real, but the experimental error is very large due 
to the low counting rates. This effect would not be 
expected to appear in the cyclotron data. At the energies 
at which it occurs, the reaction cross section is very low 
and changing rapidly so it would be hidden by the poor 
energy resolution and the neutron background. 

While this sudden increase in o,,/0, may indicate the 
breakdown of the applicability of statistical methods at 
low excitation energies, there is another possible expla- 
nation. The lowest energy studied (13 Mev) is only 
1 Mev above the (/,pm) threshold and 3.3 Mev above 
the (~,d) threshold. Because of the small amount of 
energy available, particles must be emitted with very 
little orbital angular momentum and the gamma cascade 
will be very limited. Therefore large spin changes in the 
de-excitation process will be unlikely, and the compound 
nucleus might well be expected to decay to whatever 
isomeric state is closest to it in spin. Since the spin 
distribution of the compound nuclei will be approxi- 
mately that given by the 10-Mev curve for Sc* in 
Fig. 8, a large relative yield of the high-spin isomer 
might be expected. If this explanation is correct, 
a similar experiment with good energy resolution should 
yield similar results for Sc* or other high-spin target 
nuclei. 

At the energies of the cross-section maxima (20-30 
Mev), the relative contribution of the compound 
nucleus mechanism should be at its greatest. With 
increasing energy the contribution of the knock-on 
mechanism should steadily increase until at energies 
near 100 Mev the reaction should proceed entirely by 
this mechanism. The relative yields of the high spin 
isomer for bromine and scandium (Figs. 5 and 7) begin 
to decrease at energies above that of the cross section 
maxima, finally leveling off at about 70 Mev and 
remaining constant from there on. The relative yield of 
the high-spin isomer for cobalt is constant to 100 Mev 
(Fig. 6). This would seem to indicate that the knock-on 
mechanism produces a distribution of spins in the 
residual nuclei which in general is lower than that 
produced by compound nucleus formation at proton 
energies of 20-30 Mev and which is independent of 


energy. There are two knock-on processes which can 
lead to a (p,pm) reaction and which contribute about 
equally.” Both, in the limiting case of very high energy, 
are the result of a single quasi-elastic interaction with 
a nuclear particle. In the first case, one of the collision 
partners escapes without further interaction leaving the 
residual nucleus with <20-Mev excitation energy. Since 
the target nuclei have odd mass numbers, the maximum 
spin of the residual nucleus will be the sum of three 
single-particle states. In the second case, both collision 
partners escape, leaving the residual nucleus with an 
excitation energy less than the binding energy of the 
next nucleon. The maximum spin will then be the sum 
of two single-particle states. Thus the average value of 
the spin would be expected to be low and since there is 
only a limited range of excitation energy permitted, the 
distribution of spin should show little variation with 
bombarding energy. 

The constant value of ¢»/o, for the Co®*(p,pm)Co**:58™ 
reaction is in great contrast to the results for the 
Mn**(a,n)Co**-58" reaction® which gave a rapid increase 
from ~1 at 10 Mev to 3.7 at 23 Mev, but it is not 
contradictory. Mn*®* has a spin of 5/2. Since alpha 
particles have much lower angular momentum barriers 
than protons, the compound nuclei formed with in- 
creasing alpha-particle energy will very rapidly include 
higher and higher spin states. The change in the distri- 
bution of J should be somewhat similar to the case of 
protons on Br* although with a much higher average 
value. Thus a rapid increase of o,,/o, to a large value 
would be expected. 


200 . 
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Fic. 8. Distribution of angular momentum in compound nuclei 
for proton energies of 10, 20, and 30 Mev. 


2 J. W. Meadows, Phys. Rev. 98, 744 (1955). 
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Decay Scheme of Au'®*} 


M. T. Tureme* anp E. BLEULER 
Department of Physics, Purdue University, Lafayette, Indiana 
(Received October 31, 1955) 


The radiations of the 40-hr Au™ were investigated with a scintillation and a magnetic lens spectrometer, 
using coincidence techniques. First forbidden positron transitions with endpoints of 1.55+0.02 and 1.21 
+0.02 Mev were found to lead to the ground state and the first excited state of Pt. Most of the transitions 
and levels of Pt known from the decay of Ir™ were confirmed. Additional gamma rays of ~950, 1590+ 20, 
1890+20, and 2150+15 kev were observed, indicating new levels at 2150 and 2215 kev. 


I, INTRODUCTION 


HE decay of Au™ to Pt™ was first investigated 
in detail by Steffen ef al.! who reported three 
gamma rays of 1480, 328, and 291 kev in cascade, with 
a cross-over transition of 2.1 Mev, and a weak 466-kev 
line whose position in the decay scheme was uncertain. 
The recent investigations of the gamma rays in Pt™, 
following the beta decay of Ir, by Butement and 
Poé (scintillation spectrometer), Johns and Nablo® 
(photoelectrons), and Mandeville et al.‘ (coincidence 
scintillation spectrometer) reveal a rather more complex 
level structure of Pt. The present work on the decay 
of Au™ supplements these studies by additional coinci- 
dence measurements, by the approximate determination 
of conversion coefficients, and by the extension of the 
level scheme to higher energies. 


II. MEASUREMENTS 


Au'™ was produced, together with several other Au 
isotopes, by bombarding Pt with the internal 9.5-Mev 
deuteron beam of the cyclotron. The method of source 
preparation and the apparatus used, a lens-type spec- 
trometer with provision for coincidence counting, have 
been described elsewhere.*-® 


Gamma-Ray Spectrum 


The pulse-height distribution from a Nal crystal 
spectrometer is shown in Fig. 1. As a guide to analyze 


t Work supported by the U. S. Atomic Energy Commission. 
Part of a doctoral thesis submitted by M. T. Thieme to the 
faculty of Purdue University. 

* Now at Los Alamos Scientific Laboratory. 

1 Steffen, Huber, and Humbel, Helv. Phys. Acta 22, 167 (1949). 

2?F. D. S. Butement and A. J. Poé, Phil. Mag. 45, 31 (1954). 

3M. W. Johns and S. V. Nablo, Phys. Rev. 96, 1599 (1954). 

+ Mandeville, Varma, and Saraf, Phys. Rev. 98, 94 (1955). 

. T. Thieme and E. Bleuler, ’Phys. Rev. 101, 1027 (1956). 

* j. W. Blue and E. Bleuler, Phys. Rev. 100, 1324 (1955). 


it into its components, the pulse-height distributions 
from the 1.16-Mev gamma ray of Sc“ and the 2.1-Mev 
gamma ray of K** were employed. The relative intensi- 
ties of the components were then calculated by using 
the absorption coefficients of NaI and the photopeak 
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Fic. 1. Pulse-height spectrum (NaI) of the Au™ gamma rays. 
The gross curve is analyzed into its components, whose full shape 
is indicated in two cases (1160 and 2050 kev), whereas only the 
photopeaks are shown for the other components. Curves A and 
B are the photopeaks of the annihilation radiation and the 
1.16-Mev gamma ray of Sc“, used for the energy calibration. 
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TaBLe I. Gamma-ray spectrum of Au™. 





Method of 
observation* 


Transition 
intensity 


Gamma-ray 
energy (kev) 





291.30.5 26 
326.7+0.5 100 


643> 12° 


937» 6 

940+ 20 950 3 
1120+20 1149» 6 
1160+20 1180» 6 
1230+20 <2 
1270+20 ~2 
1340+ 20 2 
1470+5 8 

~1500 ~l 
1590+20 6 y, €, c(1234) 
1890+15 7 7, €, c(13) 
2050+ 15 5 7,e 
2150+15 ~1i4 e 

~2300 ~%0.64 y 


"¢(1345) 
te (2345) 


yf 


Hnke, (1234) 


. c(5) 
e, c(4) 
ye, c(13) 

c(24) 





* Explanation of symbols: y: scintillation spectrum (Fig. 1); e: con- 
version electrons (Fig. 2); c: scintillation spectrum coincident with (1) 
327-kev conversion line (Fig. 3, curve 5), (2) 291-kev conversion line 
(Fig. 3, curve a), (3) 300-kev photopeak (Fig. 4, curve a), (4) 600-650-kev 
photopeak (Fig. 4, curve 6), (5) 940-kev photopeak. 

» Accurate energy values from reference 3. 

© Intensity of the 618-kev cross-over adjusted according to reference 3. 

4 These gamma rays are not resolved in the Nal spectrum; there also 
may be a 2215-kev component. 


efficiency curve given by Bell ef al.’:° extended to 
higher energies with the aid of Na™. By measuring the 
photoelectrons from a 5-mg/cm? Au radiator in the 
magnetic spectrometer, it was shown that the peak 
near 300 kev is due to two transitions of 291 and 327 
kev, with an intensity ratio of 26:100. The results, 
together with other information, are summarized in 
Table I. 


Conversion Electrons 


The conversion lines of the two low-energy gamma 
rays were obtained in the magnetic spectrometer with- 
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SPECTROMETER CURRENT 


Fic. 2. High-energy conversion electrons of Au™. 
Spectrometer resolution : 2.7%. 


7 Bell, Davis, Hughes, and Jordan, Oak Ridge National Labora- 
tory Report ORNL-1415, 8, 1952 (unpublished). 


* Bell, Heath, and Davis, Oak Ridge National Laboratory 
Report ORNL-1415, 10, 1953 (unpublished). 
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out interference from the other gold activities by 
measuring them in coincidence with all gamma rays 
above 700 kev (due to Au™ only), the latter being 
detected by a Nal crystal placed behind the source. 
The gamma-ray energies found in this way are 291.3 
+9.5 kev and 326.7+0.5 kev (standard errors), slightly 
lower than the values of 293.0+0.3 kev and 328.1+0.2 
kev given by Johns and Nablo.’ Since the two transi- 
tions are in cascade, the conversion fractions, x= N,/ 
(N.+N,), were measured by electron-electron coinci- 
dences (see reference 5), with the results: «(327) =0.080 
+0.007, «(291) =0.089+0.009. 





640 




















Fic. 3. Pulse-height spectrum of the Au™ gamma rays coinci- 
dent with the K-conversion lines of the 291-kev (curve a) and 
the 327-kev (curve 5) transitions. The 411-kev line of Au'® is in 
coincidence with the beta continuum beneath the conversion 
lines. The 354-kev gamma ray of Au™* is in coincidence with the 
331-kev K-conversion electrons which are not separated from 
the 327-kev K-conversion line (curve d). 


The conversion-electron spectrum of the gamma rays 
above 1 Mev is shown in Fig. 2. It was not possible to 
measure the conversion electrons between 500 kev and 
1 Mev because of the intense 8 spectrum of Au’, 


Electron-Gamma Coincidences 


From the gamma-ray intensities, it is obvious that 
the 327-kev transition leads to the ground state of 
Pt'™ and that it is preceded directly by the 291-kev 
gamma ray. In order to determine which of the other 
gamma rays lead to the first or second excited state, 
the spectra of the gamma rays coincident with the 
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Fic. 4, Pulse-height spectrum of 
the Au™ gamma rays coincident 
with the ~300-kev peak (curve a) 
and with the cross-over and addi- 
tion peak, 291+327 kev, or the 
640-kev photopeak (curve 6). 
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K-conversion lines of the 327-kev and the 291-kev 
transition were measured. The results are shown in 
Fig. 3, together with the gross gamma-ray spectrum. 
The resolution of the NaI spectrometer is less than in 
Fig. 1 because of the long light piper used to remove 
the multiplier from the field of the spectrometer. 

The following qualitative conclusions may be drawn. 
Since the two low-energy gamma rays have about the 
same K-conversion coefficient, any gamma ray which 
is in coincidence with both must have the same intensity 
in curves a (coincidences with 291-kev conversion line) 
and 6 (coincidences with 327-kev conversion line). This 
is true for the 640-kev and 1590-kev peaks whereas 
the intensities in curve a are only about 3, 4, and 3 of 
those in curve b at 960, 1160, and 1470 kev, respectively. 
This indicates that these peaks are not due to single 
gamma rays. The 1890-kev peak is only present in 
coincidence with the 327-kev line. 


Gamma-Gamma Coincidences 


In order to improve the energy resolution gamma- 
gamma coincidences were measured with two Nal 
spectrometers (without light piper). The disadvantage 
of this method is that the 291- and 327-kev lines are 
not separated. However, every gamma ray which is in 
coincidence with the 291-kev line is also in coincidence 
with the 618-kev cross-over transition and with the 
addition peak (2914327 kev) obtained by placing the 
source very close to one crystal. Figure 4 shows the 
spectrum coincident with this addition peak (bottom 
curve) and that coincident with the 300-kev peak (327 
and/or 291 kev). The information which was obtained 
in Fig. 3 is confirmed. Furthermore, a weak peak at 
~1340 shows up in coincidence with the 618-kev peak. 


The 511-kev peaks are due to annihilation radiation. 
Since it was found by direct positron-gamma coincidence 
measurements (see below) that the positrons are not in 
coincidence with the 291-kev radiation the “addition 
peak” which is in coincidence with an annihilation 
quantum must be due to the addition of the photopeak 
of the other annihilation quantum and the appropriate 
part of the Compton distribution of the 327-kev gamma 
ray, or vice versa. 

In curve b, the 940-kev peak is too strong, indicating 
that there is an ~940-kev gamma ray in coincidence 
not only with the addition peak but also with the 
640-kev gamma ray which is not resolved from it. In 
an auxiliary run the fixed channel was set to accept 
the 940-kev photopeak. It was found to be in coinci- 
dence with the 300-kev and ~600-kev radiations as 
well as with a second gamma ray of about 940-kev and 
radiation between 1250 and 1300-kev. 

Table I lists the gamma rays found and their relation 
to each other. 


Pusitron Spectrum 


The allowed Fermi plots of all positrons and of the 
positrons coincident with the ~300-kev photopeak 
are given in Fig. 5. The difference between the upper 
limits, 1.55+0.02 Mev, and 1.21+0.02 Mev, agrees 
with the energy of the strongest gamma ray, 327 kev. 
The total intensities of the 1.55- and 1.21-Mev positron 
spectra, obtained by comparison with the conversion 
lines of the 327-kev transition, are 1.6 and 1.3% of the 
327-kev transition, respectively. If the higher-energy 
spectrum is assumed to be of the unique first-forbidden 
shape, its intensity is reduced to 1.3% while that of 
the 1.21-Mev transition is increased to 1.7%. 
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Fic. 5. Allowed Fermi plots of the Au™ positrons. @—Total 
positron spectrum, analyzed into two components. I—Positron 
spectrum coincident with the ~300-kev photopeak. 


Ill. DISCUSSION 
Level Scheme of Pt!% 


The level schemes of Pt™ derived from the decay of 
Ir'™ (Johns and Nablo*) and from the data of Table I 
are shown in Fig. 6. The scheme of Ir™ proposed by 
Mandeville ef al.‘ is in essential agreement with the one 
given. It lacks some of the weaker transitions, but shows 
an additional gamma ray of ~640 kev ending at level 3, 
on the basis of coincidences with the 940-kev transition 
(3-1). The existence of this gamma ray cannot be 
proved or disproved by the Au™ measurements since 
similar coincidences are produced in this decay by the 
transitions 12-3 (950 kev) and 3—+2 (640 kev). 

There is good agreement between the two decay 
schemes except for the possible ground-state transition 
from the 1265-kev level and the location of the 1340-kev 
line which was found to be in coincidence with the 
618-kev addition peak or a gamma ray of similar energy. 
If Johns and Nablo’s assignment is correct, there would 


py, 94 


have to be a gamma ray of 600-700 kev preceding level 
5, and one should also find coincidences between this 
gamma ray and the 1662-kev transition which leads 
from the level 5 to the ground state. The measured 
coincidence intensity is at most one-fourth of that 
expected with this assignment. It is preferred, then, to 
have the 1340-kev transition end at the level 2. It 
would come from a state at about 1960 kev. Since 
neither the 1339-kev nor the 1662-kev lines are well 
defined in the photoelectron distribution from Ir™, 
they could both proceed from the same level, with slight 
adjustments in the energies. The 1618-kev line might 
originate at a neighboring (1946-kev) level (as shown) 
or it may lead directly to the ground state. The only 
reason for its present assignment in the Ir™ decay is to 
provide a level difference (1946—1477) which could be 
identified with a 466-kev transition observed by Steffen 
et al.’ in the decay of Au™. This line, however, has not 
been found in the present investigation. 

The levels 11, 12, and 13 cannot be observed in the 
decay of Ir™ for energetic reasons. The 2215-kev level 
is based on the 1590-kev and 1890-kev gamma rays 
and their conversion electrons (618+ 1590; 327+1890 
kev). The only radiation observed from the 2150-kev 
level is the conversion electrons of what is believed to 
be the ground-state transition. Level 13 is quite uncer- 
tain. Its assignment is based on the fact that the 
pulse-height distribution from a Nal crystal (Fig. 1) 
extends farther than would be expected for gamma rays 
of 2150 or 2215 kev only. The shape of this tail is 
independent of the source distance (as long as it is 
larger than one inch); it is, therefore, not due to an 
addition effect. 


Transition Probabilities 


The /ft-values of the two positron transitions indicate 
first forbidden decays. For the ground-state transition, 
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DECAY SCHEME OF Au!*é 


log(W?—1) ft=9.4 which makes it probable that the 
Au™ ground state has spin 2 and negative parity. 

If one uses the allowed ratio of electron capture to 
positron decay (~35), the calculated number of decays 
to the 327-kev level (54-5) accounts for the difference 
between the number of 327-kev transitions (100) and 
the number of gamma rays terminating at the 327-kev 
level (5310). For the other levels the electron capture 
intensities have been calculated from the gamma-ray 
intensities, which are believed to be known with an 
accuracy of about 25%. All except two ft-values are 
between 10’ and 10%. The decay to the 618-kev state is 
rather slow, with log ft~8.5, while the decay to the 
2215-kev level is faster than average with log ft~6.2. 


Spin and Multipole-Order Assignments 


According to the ft-values it would appear that most 
levels are reached by first forbidden transitions, with 
AI=0 or 1, from the Au ground state which is 
probably 2~. The assignments, then, would be 1*, 2+, 
or 3+, with 2+ preferred according to the observation 
(Glaubman,’ Talmi"’) that even and odd parities occur 
with even and odd spins, respectively, for most levels 
of even-even nuclei. There exists still the possibility 
that some levels may be populated by low-energy 
gamma rays which would be weak compared to the 
291- and 327-kev transitions and could have escaped 
detection. This would increase the ft-values of the 
electron capture transitions and make 0+ and 4+ 
assignments possible. 

Indications for the multipole order of the gamma 
rays are obtained from the conversion-coefficient esti- 
mates listed in Table IT. 

The two low-energy gamma rays are clearly E2 
transitions, in agreement with the angular-correlation 
measurements of Mandeville ef a/.‘ who also find spins 
2 for the 327-kev and the 618-kev level. The spin of 
the third level would also be 2+, if our interpretation 
of the ~1270-kev radiation is correct. This gamma ray 
was not found by Johns and Nablo’; its external 
K-photoline from an uranium radiator would fall be- 
tween the L-photolines of the 1149- and 1180-kev 
gamma rays whereas the L-line would be masked by 
the 1340-kev K-photoline. It would be desirable to 
obtain a more direct confirmation of this transition 
from a high-resolution internal-conversion spectrum. 

In the case of the 1160-kev radiation it is assumed 
that both components have about the same conversion 
coefficient, which makes them E2. The 1590 and 1890- 
kev transitions are also £2, giving the 2215-kev state 
positive parity, and, from the low value of log ft (6.2), 
probably spin 2. The same is true for the 2050-kev 
level, according to the E2 character of the ground- 
state transition. The 1340-kev transition is predomi- 


9M. J. Glaubman, Phys. Rev. 90, 1000 (1953). 
1], Talmi, Phys. Rev. 90, 1001 (1953). 


TABLE II. Conversion coefficients of the Au™ 
gamma rays (X10*). 








Experimental values Theoretical K-conversion coefficients*.> 
Ey (kev) ax ni f 8 Et Mi M2 M3 M4 


291 25 67 189 350 
18 51 141 260 
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* Values for the most probable assignments in italics. 
> Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 (1951). 


nantly M1, resulting in the assignments 1*, 2+, or 3* 
for the 1960-kev level. 

Difficulties arise in connection with the 1470- and 
2150-kev radiations. The 1470-kev transition seems to 
be M2 or a rather improbable mixture of E2 and M3. 
The latter would require an 0+ or 4+ assignment to the 
1794-kev state. For an M2 transition the spin would 
have to be 0- or 4-. No direct transition from Au™ 
would be possible, but a 4~ level could be reached by a 
low-energy £1 transition from a 3+ or 4* level. From 
the conversion coefficient, the 2150-kev transition could 
be M3 or M4, requiring a 3+ or 4~ assignment. It is 
not understood, however, how even an M3 transition 
to the ground state could compete with the M1 or E2 
transitions to the higher levels. The possibility that 
this conversion line arises from an impurity can not be 
excluded definitely, though it decays with the half-life 
of Au™, 


Summary 


The decay scheme of Au™ is found to be in essential 
agreement with the information obtained from the 
decay of Ir’, There are undoubtedly many more weak 
transitions present (as, e.g., the several lines around 
1480 kev observed by Johns and Nablo*) which could 
only be found with a high-resolution spectrometer and 
very much stronger sources. 

Note added in proof.—H. Morinaga pointed out to us 
that according to a survey of regularities in the even- 
even nuclei (to be published), the first odd-parity state 
of Pt would be expected to lie at about the energy of 
level 3. The electron-capture transition to this level 
would presumably be allowed, but hindered (log/t= 7.6). 
The evidence from the gamma-ray measurements would 
not be incompatible. 
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Interpretation of the Be*(p,d) Reaction at Energies of 5 to 30 Mev* 
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(Received December 19, 1955) 


The angular distribution of the Be®(p,d) reaction is substantially constant between 5 and 30 Mev. The 
Butler theory, used with a finite radius as cutoff on the radial integral, does not give a satisfactory interpreta- 
tion of this fact, but the “transparent-nucleus” Born approximation pick-up theory does. For incident 
energies between 16 and 31 Mev this theory gives a momentum distribution for the picked-up neutron 
which is consistently defined, and which agrees quantitatively with that obtained from the 95-Mev data; 
at lower energies, 5 to 8 Mev, the theory does not appear to work quite as well. The results of the analysis 
give support to the general validity of interpreting results of the high-energy pick-up process in terms of a 


momentum distribution and a single-particle model. 





HE Butler theory of the pick-up process usually 
gives satisfactory results in the low-energy region. 
However, it has been recently noted that this theory 
does not give agreement with the observations of the 
Be*(p,d) reaction. Reynolds and Standing' have found 
that the angular distributions at several low energies 
cannot be fitted to Butler curves for the same value 
of ro. Finke* was unable to explain his data at 31.5 Mev 
on the Butler theory with any value of this parameter. 
He was, however, able to obtain agreement (at angles 
less than 75°) with a Born approximation applied with 
a transparent nucleus model (i.e., with no restriction of 
the region of integration), a type of calculation which 
Daitch and French some time ago suggested might be 
more correct than the original Butler theory.’ 

The failure of the Butler theory may be attributed 
to the low binding energy of the “outer” neutron of Be® 
and the consequent diffuseness of its wave function, in 
contrast to the relatively small size of the core of the 
nucleus. That this neutron does spend so much time 
outside the region of strong nuclear interaction permits 
one to believe that the transparent Born approximation 
might give a satisfactory treatment of this problem. 
This type of calculation was first suggested for the 
deuteron pick-up process at high energies by Chew and 
Goldberger,‘ and from recent work it seems likely that 
this approximation is reasonably valid for light nuclei 
at high energies, of the order of 100 Mev.’ It is of some 
interest to see whether such a calculation can give 
agreement with experimental data for Be® over a range 
of low energies, in order both to understand the data 
and to test the validity of the model at such energies. 

Observations of the Be*(p,d) angular distributions 
(leading to the ground state of Be*) have recently been 
accomplished at several energies between five and 


* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 
t National Science Foundation Predoctoral Fellow 1955-1956. 
tf. - Reynolds and K. G. Standing, Phys. Rev. 101, 158 
1956 
*R. Finke, University of California Radiation Laboratory 
Report UCRL-2789, Berkeley, 1954 (unpublished). 
*P. B. Daitch and J. B. French, Phys. Rev. 87, 900 (1952). 
4G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 
5 W. Selove, Phys. Rev. 101, 231 (1956). 


thirty Mev.'?-*7 The results indicate that the angular 
distribution is substantially constant within this energy 
range. Since the Butler theory involves a sharp nuclear 
boundary of radius fo, it will predict a behavior of the 
cross section which is characteristically diffraction-like, 
showing minima at angles which depend on kro, and so 
on the energy. The general nature of the effect is that 
the angular distribution becomes narrower at higher 
energies. This behavior is generally observed to occur; 
this can be seen from the result that the nuclear radius 
for a given isotope determined from Butler-type analysis 
of stripping curves at different energies is roughly 
constant.’ For the Be®(,d) reaction, however, the fact 
that the angular distribution is substantially inde- 
pendent of energy cannot be explained on the Butler- 
type theory unless an energy dependence is attributed 
to the nuclear radius. Such a suggestion has been made 
by Reynolds and Standing to explain the behavior of 
the Be®(p,d) angular distribution. 

However, there is reason to believe that the assump- 
tions involved in the Butler theory are not justified for 
the treatment of the present problem because of the low 
binding energy of the picked-up particle. The Butler 
theory of this process presumes that outside the nucleus 
the exact wave function represents incident free protons 
and outgoing free deuterons. However, Be® may be 
pictured as behaving not as if it had a well-defined 
radius outside of which the above approximation for 
the wave function is valid, but rather as though it had 
a core of 8 nucleons of radius 1.44'X10-" cm with a 
loosely bound “outer” neutron which spends much of 
its time outside of the core (calculation with a trial 
potential indicates a 50% probability for this neutron 
to be outside the nuclear core). Thus the required form 
of the exact wave function cannot be obtained for any 
reasonable value of ro. 

It is again as a consequence of the low binding energy 
of the “outer” neutron that one would expect the Born 
approximation to give satisfactory results for the Be® 


° B. L. Cohen ef al., Phys. Rev. 90, 323 (1953). 
7J. A. Harvey, Massachusetts Institute of Technology LNSE 
Progress Report, January 1, 1951 (unpublished). 
8 See e.g., R. Huby, Progr. Nuc. Phys. 3, 177 (1953). 
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problem. In this method the exact wave function for 
the system is replaced by the initial wave function of a 
bound neutron plus incident plane wave protons. One 
thus ignores the modification of the proton waves in 
the neighborhood of the nuclear potential, as well as 
the scattered deuterons. Since the wave function of 
the picked-up neutron remains large outside the region 
of high nuclear density, the dominant contribution to 
the Born approximation integral can arise from the 
outside region, and the distortion of the proton wave 
function may not manifest itself strongly in the calcu- 
lation of the Born approximation result. 

Hence the large size of the wave function of the 
picked-up particle compared with the size of the nuclear 
core explains both the applicability of the Born approxi- 
mation and the inapplicability of the Butler theory 
(or what is roughly equivalent, the Born approximation 
with a restricted range of integration’) to this problem. 
More generally, a sufficient (but perhaps not necessary) 
condition for the Born approximation to be valid would 
be that the exponential decay length a~! of the wave 
function of the picked-up particle outside the nucleus 
be at least as large as the nuclear radius. In terms of 
the binding energy in Mev, B, and assuming a core 
radius of 1.4(A—1)!X10-" cm, we have approximately 
B<10A~}. One sees that this condition is satisfied for 
deuterium and beryllium, but not for other nuclei. 
Thus, even though we may expect this theory to give 
acceptable results for beryllium, as indeed it appears 
to do (see below), we can unfortunately not extend this 
expectation directly to the general case. 

The result of applying the Born approximation to 
the pick-up problem is well known. If we assume a 
Hulthén wave function for the deuteron, it is straight- 
forward to derive, for the center-of-mass differential 
cross section leading to a particular final state, the 
formula*:® 


do 2490 A(A—1) 
dw 1+(a/8)—4a/(a+8) (A+1)? 





K B’—a’\? 
x—|FIw(m(——), 
k B+q 
where N(n)=(4r)"'fdQ|u(n)|?, u(n) is the mo- 
mentum space wave function of the neutron, n= K 
—[(A—1)/A]k is A times the momentum of the 
picked up neutron, q= k—}K similarly corresponds to 
the internal momentum of the deuteron, k and K to 
the momenta of the incident proton and the formed 
deuteron respectively, and F is the fractional parentage 
coefficient” and takes into account competing processes 
in which the residual nucleus is left in an excited state. 
a and 6 are the Hulthén wave function parameters. It 
is seen that the momentum density of the neutron of 


9 E. Gerjuoy, Phys. Rev. 91, 645 (1953). 
” A. M. Lane and D. H. Wilkinson, Phys. Rev. 97, 1199 (1955). 
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Fic. 1. Momentum density (times fractional parentage coefli- 
cient), | F|2N(m), calculated from the experimental pick-up cross 
sections. See text for discussion of probable errors. Revised values 
of the absolute cross sections for the 5- and 8-Mev data have been 
given by Harvey" since this figure was prepared—the ordinates 
for these data should be increased 20%. 


argument m, is determined by the differential cross 
section at angle 6 and at incident energy Zo. Deuterons 
emerging at different angles will correspond to different 
values of the momentum, n, of the picked-up neutron. 
Thus, at each value of the incident proton energy, the 
differential cross section will determine N(m) for a 
range of values of n. The result of this determination is 
shown in Fig. 1 for experiments performed at 5, 8, 16 
22, and 31 Mev. Data from large scattering angles 
have been omitted since for such angles there is a 
possible preponderance of compound nucleus formation 
(the dividing point has been arbitrarily chosen as 75°). 

The individual statistical errors in the experimental 
data at a given energy are of the order of a few percent. 
The absolute-value normalization is somewhat poorer, 
of the order of 20% at each energy, except for the 5- 
and 8-Mev data. The 5- and 8-Mev data are internally 
precise to a few percent, but carry together an un- 
certainty of about 40% in absolute-value normaliza- 
tion." The 95-Mev data® on this reaction give values 
of |F|*V(m) which are in agreement within experi- 
mental uncertainty with the 16- to 31-Mev results. Thus 
for incident energies between 16 and 95 Mev the trans- 
parent Born model calculation for Be*(p,d) gives an 
N(n) which is consistently defined ; at somewhat lower 
energies this model does not appear to work quite as 


uJ. A. Harvey, private communication. 
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Fic. 2. Theoretical momentum densities calculated for a 
ge square-well model of radius ro=3.0 and 5.0X 10-8 cm.® 
points shown are the experimentally determined points, 
reproduced from Fig. 1. The values of | F |? used on the theoretical 
curves have been chosen for best fit. The remark on the Fig. 1 

caption concerning the 5- and 8-Mev data also applies here. 








well, although the data is still almost consistent within 
experimental uncertainty.” 


Numerical solutions to the Schrédinger equation of 
appropriate binding energy (1.67 Mev) and appropriate 
angular momentum (/= 1) have been computed for two 
reasonable tapered square-well potentials."* The mo- 
mentum densities given by Fourier inversion of these 
solutions are shown in Fig. 2 along with the momentum 
densities calculated from the experimental data. The 
values of |F|* have been chosen to give the best fit. 
It is seen that for those data which give consistent 
values of N(n)—here, the 16- to 31-Mev data—best 
agreement is obtained for a core radius 79 of 3X 10— cm. 
At the higher values of mn, the experimental points 
indicate a higher momentum density than is predicted 
by the strict single-particle model; this type of devia- 
tion has been observed in the results of experiments 
done at higher energies and its interpretation has been 
discussed in reference 5. 

Thus the angular distributions can be satisfactorily 
explained by the Born approximation. However, too 
large a cross section is predicted. In order to make the 
momentum density deduced from the experimental data 

12 Note added in proof—We wish to thank M. M. Gordon for 
valuable comments regarding this report. Gordon has made calcu- 
lations on the transparent model, but obtained discouraging 
results since he was attempting to fit the 5-, 8-, and 22-Mev data 
oo time the 16- a 31-Mev measurements had not been 
ma The potential well that has been used is: V=— Vo, r<ro—b; 
V=0, r>ro+b; V linear, ro—b<r<ro+b. Solutions have been 


computed for ro=3X10-" cm, and 5X10™" cm, both with 
b=1X10-" cm. 


agree best in magnitude with that computed by use of 
the Schrédinger equation, it was necessary to choose 
| F|?=0.033. Now it appears from the 95-Mev data that 
removal of the “loose” neutron from Be’ leaves Be® in 
one of two states, either the ground state or the 2.9-Mev 
state, with relative intensities J) and J,. |F|? for the 
ground state would then be Jo/(Jo+J:), and this ratio 
is about 0.3 for both the 30- and 95-Mev data. 

The value 0.033 required to fit the “single-particle”’ 
theoretical momentum distribution is thus not in good 
agreement with the value implied by the /o/J, intensity 
ratio. But since the 95-Mev data shows a long high- 
momentum tail which is not given by the single-particle 
calculation in the low-energy region, but which possesses 
an appropriate high-momentum tail. Such a procedure 
leads to a value of | F|* of from 7 to 10%, which com- 
pares more favorably with the 30% value indicated by 
the Io/J, intensity ratio. 

The fact that for n<~1.5X10" cm™ the experi- 
mental and theoretical angular distributions agree 
except for an angle-independent factor suggests that 
any opacity effect operating to decrease the cross 
section does not appreciably affect the angular distri- 
bution. If this is true, it lends important support to the 
general validity of interpreting results of the high- 
energy pick-up process in terms of a momentum distri- 
bution and a single-particle model. On the conservative 
side, it should be noted that the explanation of the 
agreement we have found may not involve such an 
angle-independent opacity effect; conceivably, if the 
Born approximation were corrected for the neglect of 
the proton-nucleus interaction, the theoretical cross 
sections might be appropriately reduced." 

It is important to note that the 16- to 31-Mev data 
and the 95-Mev data give values of | F|*N (mn) in quan- 
titative agreement with each other. It is perhaps some- 
what surprising that any opacity or distorted-wave 
effects show no appreciable net energy dependence over 
this range, in view of the fact that the small value of 
| F |? obtained suggests that such effects may be present. 

Following the conclusion of the major part of this 
work, the first part of some independent work by 
Dabrowski and Sawicki!® on the Be®(,d) reaction has 
appeared. Their approach is similar to ours in examining 
the validity of the transparent-nucleus type of calcu- 
lation, but we have thought it worthwhile anyway to 
publish the present note emphasizing certain aspects 
of the interpretation. Our calculation using a core 
radius of 5.0X10-" cm was motivated by their use of 
this value in their discussion; this value does not fit the 
data at all as well as the value 3.0, which we had chosen 
for our first calculation as being closely 1.4A}. 

We wish to thank Marshall Baker and Mrs. Mary 
Hermann for assistance in the calculations. 


1 See J. Horowitz and A. Messiah, Phys. Rev. 92, 1326 (1953), 
and W. Tobocman and M. Kalos, Phys. Rev. 97, 132 (1955). 

18 J. Dabrowski and J. Sawicki, Acta Phys. Polon. 14, 143 
(1955). See also their note in Nuovo cimento 12, 293 (1954). 
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Samples of einsteinium and fermium have been separated from neutron-irradiated plutonium and carefully 
purified. Four isotopes of einsteinium were found: 20.03-day E***, emitting 6.636-Mev and 6.24-Mev alpha 
particles and 42- and 393-kev gamma rays, both magnetic dipole transitions, and with a spontaneous fission 
half-life of 7 10° years; 38.5-hr E*™, a beta emitter with 1.04-Mev beta rays and 0.680-Mev gamma rays; 
~320-day E*, an alpha emitter with 6.42-Mev alpha particles; and 24-day E**, a beta emitter. Two 
fermium isotopes were found: 3.24-hr Fm* emitting 7.20-Mev alpha particles and with a spontaneous fission 
half-life of 246 days; and 21.5-hr Fm** emitting 7.08-Mev alpha particles. 





INTRODUCTION 


INSTEINIUM and fermium (atomic numbers 99 
and 100) have recently been prepared by neutron 
irradiation!” and by charged-particle bombardments.** 
To confirm and extend measurements of their nuclear 
properties, isotopes of these elements which can be pre- 
pared by neutron irradiation were extracted from a 
348-mg sample of Pu which had been irradiated to an 
integrated flux of 1.4610” neutrons/cm? in the Ma- 
terials Testing Reactor at the National Reactor Testing 
Station in Idaho. 

The work formed part of a joint project of Atomic 
Energy of Canada, Limited and the Knolls Atomic 
Power Laboratory, and was a part of the technical 
cooperation program of the United States Atomic 
Energy Commission. 

When einsteinium and fermium are prepared by 
neutron irradiation of Pu, a sequence of neutron capture 
reactions and 6-decay processes occurs leading from Pu 
through Am, Cm, Bk, and Cf to E and Fm. A number of 
the members of this series undergo neutron fission so 
that the einsteinium and fermium produced are con- 
taminated with large quantities of fission products, as 
well as a-emitting actinide elements. For example, in 
the present experiments there were about 20 curies of 8 
activity and 740 mC of a activity, largely Cm”, in the 
sample thirty hours after the end of the irradiation. The 
radiation field 3 feet from the sample was 19 roentgens 
per hour. It was first necessary therefore to purify E 
and Fm scrupulously before studying their nuclear 
properties. 


*The Knolls Atomic Power Laboratory is operated by the 
General Electric Company for the U. S. Atomic Energy Com- 
mission. 

1 Thompson, Ghiorso, Harvey, and Choppin, Phys. Rev. 93, 908 
(1954). 

2Studier, Fields, Diamond, Mech, Friedman, Sellers, Pyle, 
Stevens, Magnusson, and Huizenga, Phys. Rev. 93, 1428 (1954). 

3 Ghiorso, Rossi, Harvey, and Thompson, Phys. Rev. 93, 257 
(1954). 

4 Atterling, Forsling, Holm, Melander, and Astrém, Phys. Rev. 
95, 585 (1954). 
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EXPERIMENTAL METHODS 
1. Chemical Purification 


The chemical steps used to purify E and Fm from 
fission products, other actinide elements, and about 25 g 
of aluminium that clad the sample during irradiation, 
are given below. Steps (a) through (d) were done by 
remote control with 6 inches of steel shielding that re- 
duced the radiation field at 3 feet to 80 mr per hr. 

(a) The aluminium was dissolved in 175 ml of 5M 
NaOH, 3.5M NaNO; solution in a stainless-steel vessel 
fitted with a stainless-steel reflux condenser. Towards 
the end of the reaction the mixture was boiled to ensure 
complete solution. The solution was centrifuged and the 
insoluble residue washed with KOH solution. 

(b) The insoluble residue was dissolved in 13M 
HCI1-0.3M HNO. The lanthanide and actinide elements 
were then precipitated first as fluorides and, after 
dissolution in H;BO;-HNO; mixture, finally as hydrox- 
ides. The hydroxides were dissolved in 9.5M HCIl- 
0.1M HNO. 

(c) The plutonium was removed by passing the acid 
solution through an anion-exchange resin column.°® 
Dowex A-1, 8% cross-linked, 100-200 mesh was used in 
a column 0.8 cm? in area and 5 cm long; the flow rate 
was 1 cm per min. 

(d) The transplutonium elements were separated 
from fission-product lanthanide elements by cation 
exchange® using Dowex 50 12% cross-linked, in a 
column of the type shown in Fig. 1(A). The particle size 
was selected by grading the hydrogen form of the resin 
in an up-flow of water and the fraction with a settling 
rate between 0.75 and 1.2 cm per min was used. The 
elution was then done with conc. HC] at a flow rate of 
0.3 cm/min. 

(e) Individual actinide elements were separated from 
each other by cation exchange.*® The /rans-curium iso- 
topes were separated from the bulk of the curium on a 

a Street, and Seaborg, J. Am. Chem. Soc. 76, 1461 

‘ Thom son, Harvey, Choppin, and Seaborg, J. Am. Chem. Soc. 

76, 6229 {1954), 
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Fic. 1. (A) Cation exchange column (0.82 cm? cross-sectional 
area, 20 cm long) used for separation of actinide and lanthanide 
elements by remote control. Rinse and feed solutions are trans- 
ferred to the top of the bed via the polythene tube and capillary 
stopcock by suction through the line to the HCI reservoir. Activity 
is eluted by closing the stopcock and applying pressure to the HCI 
reservoir. (B) Cation exchange column u for separation of 
individual actinide elements. Trichlorethylene vapor from the 
boiler maintains jacket temperature at 87°C. The interchangeable 
ion exchange column fits snuggly into the heating jacket and 
contains enough preheated eluant for a normal separation. 


Dowex 50 column 0.78 cm? in area, 8.0 cm long at 87°C 
using ammonium lactate (0.4M, pH 4.58) as the eluant. 
The final separation of trans-curium actinides was done 
in a column of area 0.031 cm’, 5 cm long [Fig. 1(B)] using 
white Dowex 50, 12% cross-linked, settling in water at 
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Fic. 2. Typical elution curve of transcurium elements from a 
Dowex 50 ion exchange column using 0.4M ammonium lactate at 
pH 4.15 as eluant. The drop size was 0.028 ml and the flow rate 
0.5 cm/min. The points on the dotted lines between the Cf and E 
peaks were obtained by a-pulse analysis. 
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a rate of 0.30-0.60 cm/min, with ammonium lactate 
(0.4M, pH 4.18) as eluant. A typical elution curve is 
shown in Fig. 2. To obtain pure samples of einsteinium 
and fermium, one or more of steps (b) to (e) were re- 
peated where necessary. 


2. Counting Techniques 


Alpha-particle spectra were measured by analysis of 
the pulses from a gridded ion chamber.’ The signal from 
the chamber was fed first to a low-noise preamplifier and 
then to the main amplifier. The amplified pulses were 
“cut” by a biased diode and the “tops” further amplified 
before passing to a 30-channel pulse-height analyser.® 
Since the counting rates were often low, high stability 
was required of the equipment. The pulse size from a 
particular a emitter varied less than 0.2% in 24 hours. 

Sources for the determination of a-particle energies 
were prepared by sublimation in vacuum from a tanta- 
lum filament onto a polished platinum disk. The resolu- 
tion obtained with a Ra™*® source, for example, prepared 
in this way was 0.63% full width at half-maximum (i.e., 
30 kev at 4.78 Mev). Because of the small amount 
available, the determination of the a-particle energy of 
Fm**5 was made with a source prepared by direct 
evaporation of a lactate solution of fermium including a 
little E**, followed by ignition at about 700°C. The 
source so prepared was thicker than a sublimed source 
but a thickness correction was estimated from the 
6.636-Mev a-particle peak of E** and applied to the 
observed energy of Fm*®®, 

For each energy determination a pulse generator 
(stability 1 part in 10‘) was calibrated against Ra™®, 
Em, Po" and Po*"* a particles, and then the unknown 
was measured by bracketing the observed a-particle 
peak by pulse-generator peaks. The calibration and 
interpolation was done by least squares fitting. This 
procedure was repeated several times and the average 
taken. Source thickness and positive ion effect correc- 
tions were then applied to arrive at the final value of the 
energy. 

When the decay of an alpha-emitting nuclide or its 
beta-emitting precursor was being observed by pulse 
analysis the sum of the counts over an a-particle peak, 
corrected for background, was used. A methane flow 
proportional counter, with about 2x geometry, was used 
for gross alpha-particle counting. 

Routine 8-particle counting was done with a methane 
flow proportional counter or an end-window G-M tube. 
A G-M tube, shielded by 4 inches of lead, with a steady 
background of 14 counts/min, was used when the A- 
disintegration rates were low. 

The detecting equipment used for a, 8, and y scintilla- 
tion spectrometry was as follows: 


the” Jackson, and Eastwood, Can. J. Phys (to be pub- 
aston Battell, Howell, and Taplin, Rev. Sci. Instr. 22, 551 
51). 





ISOTOPES OF EINSTEINIUM AND FERMIUM 


TaBLE I. Nuclear properties of einsteinium and fermium. 








Period of 
observation 
(number of 

half-lives) 


Disintegrations 
per minute at Observed 
end of the half- 


Nuclide irradiation life 


Method of measuring 


Observed Observed 
energy of fission 
particle half- 


(Mev) life 


Primary 
mode of 


half-life decay 





) aaa 1.53 X 108 20.03+0.01 days 2 


E2s4im 2.45X 108 38.5 +1.0 hr 
37. +2hr 


42 +4hr 


180 320 days 


180 24 +2 days 
2.50X 10° 3.24+0.01 hr 


180 21.5 +0.1 hr 


Gross a decay of E a 
source 


Gross 6 decay of E 
source 

Pulse analysis of 
equilibrium Fm? 

Fission counting of 
equilibrium Fm 


a pulse analysis 


Gross a-decay of Fm 
source 


Pulse analysis of a- 
decay of Fm source 


6.636+0.005 (7+3)10° yr 
6.24 +0.02 


1.04 +0.04 


6.42 +0.02 


a pulse analysis of 
equilibrium Fm*55 


7.20 +0.01 246 days 


7.08 +0.01 








(a) a 3-inch by 3-inch cylindrical NaI(Tl) crystal 
with } in. X 1} in. re-entrant hole in the center of one of 
its circular faces and a Dumont type 6363 photomulti- 
plier tube, as well as a 2 in.X2 in. cylindrical NaI(T)) 
crystal and Dumont type 6292 photomultiplier tube for 
x-ray and -ray spectra. 

(b) a 1-in.X#-in.X$4-in. thick anthracene crystal 
with an RCA type 6199 photomultiplier tube for 8 
spectra, and 

(c) a 1}-in. diameter, }-in. thick KI(T]) crystal for a 
spectra. 

To reduce the background, a shield of 2 inches of 
mercury and 4 inches of lead could be used if required. 

The pulses from the detectors were analyzed and 
displayed in a manner similar to that used for a- 


TABLE II. Previously reported values of einsteinium and 
fermium properties. 








Energy of 

Primary emitted 
mode of particle half- 
decay Mev life 


6.61+0.01* 108 yr* 
6.63+-0.02° 


1.1 +0.1> 


Fissio 

Half-life 

19.340.3 days* a 
20 days» 


37 +1 hr* 
36.3 hr> 


Nuclide 
E253 





2 yr® 6.44+0.01° 


30 days> 


3.30.2 hr* 7.17+0.01* 


7.22+0.03> 


7.1% 
7.14 


220+40 days* 
200 days 


Fm*55 15 hr 








® See reference 9. 
> See reference 11. 
© See reference 10. 
4 See reference 2. 


spectrum analysis. For a-y or 8-y coincidence studies, a 
suitable combination of detectors was used with stand- 
ard coincidence counting techniques. 

Gamma rays from Na”, Zn®, Cs'*7, Ce, Au, and 
Am”! were used for the energy calibration of the Nal 
scintillation spectrometer, beta particles from P® and 
Au! for the 8 spectrometer and a particles from Am™! 
for the a spectrometer. The a-y and 6-y coincidence 
circuits were set up with Am*! and Au’, respectively. 
Sources of Na”, Co, Cs”, Ce™!, Au’, and Am*! of 
known disintegration rate were used to determine the 
efficiency of the 7 spectrometer. 

The spontaneous fission counter was a simple ioniza- 
tion chamber filled with methane. The gas pressure was 
so adjusted that both the a particles and fission frag- 
ments had ranges greater than the spacing between the 
electrodes; then the larger amount of ionization pro- 
duced by fission fragments at the beginning of their 
range gives a pulse several times larger than that 
produced by an alpha particle. 

By using an amplifier with an integrating and clipping 
time constant of 10-7 sec, good discrimination between 
a particles and fission fragments could be achieved in 
the presence of 10° a disintegrations per minute. To 


TABLE III. Observed characteristics of einsteinium gamma rays. 








Gamma- Particle in 
ray coincidence Approx. 
energy with half- 
(kev) gamma ray life a's B's 


2142 a, B 20 days 6.5X 10-3 
42+3 a 20 days 3.8X 10-4 
115+10 a, B 20 days 3.6X10~ 
39345 a 20 days 5.5X 10-4 
660+15 Bg 38 hr 
975+50 B 56 days 


Abundance relative to: 
E253 E%im E56 E24 
Fm Bk 
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Fic. 3. Typical a spectra of an einsteinium source. The upper 
curve was obtained 21 days after the end of the irradiation and 
the lower one 64 days later. Each peak is labeled with the observed 
energy in Mev and the assignment. 


determine the counting geometry, a particles from a 
Po*” source of known disintegration rate were counted 
in the chamber at increased pressure. It was found to be 
48.2% for the a-emitting source, or 96.4% for a spon- 
taneous fission source. A 24-channel pulse-height ana- 
lyzer was used to record counts of short duration while a 
Brush Recording Oscillograph was used for long counts. 


RESULTS 


A summary of the results of this investigation is given 
in Table I, and for comparison, previously reported 
values are shown in Table II.?.*-" 

The yields shown in the first column of Table I are 
extrapolated to the end of the irradiation by using the 
quoted half-lives. Where the half-life of a particular 
nuclide has been measured by different methods, all 
observed half-lives and the respective methods of 
measurement have been given, mainly to confirm genetic 
relationships. The first value given is the most reliable 
and except for E*™ and E*** was obtained by analyzing 
the experimental data by the method of least squares. 
The errors are the standard deviations derived from the 
least squares fit. To give an indication of the radio- 
chemical purity of the sources used, the number of half- 
lives over which the decay was observed is also given in 
the table. More detailed comments follow outlining the 
reasons for the assignments given in Table I. 

® Fields, Studier, Méch, Diamond, Friedman, Magnusson, and 
Huizenga, Phys. Rev. 94, 209 (1954). 
am” Thompson, Choppin, and Ghiorso, Phys. Rev. 99, 337 


u Choppin, Thompson, Ghiorso, and Harvey, Phys. Rev. 94, 
1080 (1954). 
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Einsteinium.—Typical a spectra of an einsteinium 
source are shown in Fig. 3. In addition to the 6.636-Mev 
peak, a 6.24-Mev peak is apparent; and as the 6.636- 
Mev peak decays, the 6.42-Mev peak becomes better 
resolved. 

Figure 4 shows a typical y-ray spectrum of an 
einsteinium source shortly after the end of the irradia- 
tion. The y-ray spectrum in coincidence with a and 8 
particles has been investigated and the decay of the 
various rays has been followed; the results are sum- 
marized in Table III. The ratios of the disintegration 
rate of the various 7 rays to the disintegration rate of 
isotopes of einsteinium of about the same half-life are 
also given. Since the activity of the einsteinium source 
was low, both the half-life and abundance values are 
only approximate. 

Einsteinium-253.—The previously unreported 6.25- 
Mev a peak decays with a half-life of about 20 days, 
just as does the 6.636-Mev peak, and parallels the 
growth and decay of the 6.636-Mev peak of einsteinium 
in a Cf fraction containing the 8 emitter Cf’; therefore 
it has been assigned to E*®. 

Four photon peaks decay with a 20-day half-life and 
are in coincidence with a particles. These are probably 
associated with E**, The alternative to this assignment, 
Fm***, can be ruled out because the disintegration rates, 
as shown in Table ITI, are too high. Additional evidence 
concerning the assignment of the 393-kev peak to 
Bk, the daughter of E?® is as follows: (a) y-a coinci- 
dence measurements show the 6.25-Mev a peak is in 
coincidence with y rays of about 400-kev energy. (b) A 
bias curve of y rays in coincidence with a particles 
shows a sharp break at about 400-kev y energy. (c) The 
ratio of the 6.25-Mev to 6.636-Mev a particles was 
found to be 0.08+0.02% by puise analysis with the 
gridded ionization chamber and 0.09+0.02% from the 
a-scintillation spectrum with and without coincidences 
with y rays; the ratio of 393-kev y-disintegration rate 
(including the fraction internally converted) to the a- 
disintegration rate was 0.09+0.02%. The 21- and 
115-kev photon peaks are probably L and K x-rays of 
Bk arising from internal conversion of the 42- and 
393-kev y rays. The Lai, Lei, Ly, and K x-ray energies 
of Bk are calculated to be 15.3, 20.0, 23.4, and 112 kev, 
respectively.” 

Contributions to the x-ray intensity from the 660- and 
975-kev y rays are small because the 660-kev peak had 
largely decayed when the abundances were measured, 
and the 975-kev peak is in low abundance and is unlikely 
to be highly converted. From the abundance of the 112- 
and 393-kev photons, the conversion ratio is calculated 
to be approximately 0.66. Assuming that the 393-kev 
peak is a single y ray, this would indicate a magnetic 
dipole transition with some £2 admixture.’ Conversion 
of the 393-kev y ray therefore contributes little to the 


2S. Fine and C. F. Hendee, Nucleonics 13, No. 3, 36 (1955). 
18 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 38, 79 
(1951). 
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L x-ray peak. Assuming that the fluorescence yield for 
Bk is approximately 50%, about that for U," the K- 
conversion coefficient for the 42-kev y ray is 34. The 
transition is probably magnetic dipole, although the 
observed coefficient is smaller than the value of 100 
obtained by extrapolation from published tables.'® 
Speculation about the decay scheme of E*® is of little 
value until more sensitive measurements of the y and a 
groups have been made. 

The fission half-life was determined by fission- 
counting an einsteinium source 47 days after the irradia- 
tion so that the contribution from Fm** was negligible. 

A portion of the einsteinium produced in the original 
irradiation was reirradiated in the NRX reactor at 
Chalk River, Canada after the E**" had decayed. The 
yield of E*” from the irradiation was determined by 
fission counting and also by alpha pulse analysis of the 
equilibrium Fm*™, The cross section for E*™ production 
from E?* was thus determined to be 450 X 10~-* cm? for 
NRX-reactor-spectrum neutrons, considerably larger 
than the value of 240 10-™ cm observed for irradiations 
in the MTR. 

Einsteinium-254 and 254m.—Evidence for the exist- 
ence of two isomeric states of E** has recently been 
found.” One state, thought to be the ground state, 
decays by the emission of a 6.44-Mev a particle with a 
half-life of about 2 years. The other, probably an 
excited state, decays mainly by 8 emission, but also by 
electron capture. In the present investigation both 
states were observed; the 6.42-Mev a peak in the 
einsteinium spectrum is evident in Fig. 3. Alpha par- 
ticles of this energy are absent from the spectrum of a 
decaying Cf source, which of course contains einsteinium 
of mass 253 only, thus tending to confirm the mass 
assignment. 

The recoil nuclei from the a decay of an einsteinium 
source were collected by placing a platinum plate close 
to and parallel with the einsteinium source in vacuo. The 
source so prepared decayed by 8 emission with the 3- 
hour half-life of Bk?®," the daughter of E**. Further- 
more, a beta emitter with radiations similar to those of 
Bk*® was found in a highly purified einsteinium source 
shortly after separation and was observed to decay with 
the half-life of E**. 

The maximum @-particle energy of E**" was de- 
termined by Feather analysis of an Al absorption curve 
obtained with a standard end-window G-M tube. To 
minimize interference from the radiations produced by 
the spontaneous fissions of Fm**‘, a freshly prepared 
source was used and counting was done as rapidly as 
possible. 

The 660-kev peak in the y spectrum of einsteinium 
(Fig. 4) decays with a half-life of about 40 hours, the 
half-life of E***, and it has therefore been assigned to 


4B. B. Kinsey, Can. J. Research A26, 404 (1948). 

15M. E. Rose in Beta- and Gamma-Ray Spectroscopy edited by 
K. Siegbahn (North Holland Publishing Company, Amsterdam, 
1955). 
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Fic. 4. A typical y spectrum of einsteinium observed with a 
NaI(TI) scintillation spectrometer fourteen days after the end of 
the irradiation. The low-energy portion of the spectrum has been 
expanded and is shown in the insert. 


this nuclide. The ratio of the photon disintegration rate 
to the 6 disintegration rate of E***™ was not measured 
accurately but is between 0.6 and 0.8. The absence of a 
component of about 360-kev maximum energy in the 
B-absorption curve supports the high figure for the ratio 
and indicates that a large fraction of the E**™ 8 par- 
ticles are followed by a y ray of 660 kev. 

Fermium-255.—The a-particle peak in the spectrum 
of this nuclide at 7.08 Mev is significantly wider than 
would be expected for a single a group even in a source 
prepared by evaporation, and could be interpreted as 
representing at least two groups separated by about 
35 kev. 
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The reactions Mg*(p,7)Al*, Q=2.29 Mev, and Mg*(p,p’y)Mg™, Q= —1.37 Mev, have been measured 
for proton energies in the range 0.40 to 3.0 Mev. New levels in Al®* have been found at 1.61, 3.44, 4.90, 5.06, 
5.10 Mev, and possibly at 5.09 Mev. Appropriate angular distribution measurements of proton-capture 
gamma rays and gamma rays from inelastic proton scattering, combined with previous measurements by 
other investigators, allow unambiguous spin and parity assignments to be made for all known levels in Al?® 
up to 4.7 Mev with the exception of those at 1.61, 2.51, and 3.44 Mev, where the assignments are less certain. 
The gamma-ray branching ratios for all the levels up to 4.7 Mev have been measured, as well as absolute 
values of the product of ',/I and the partial widths for primary gamma transitions and inelastic proton 
scattering for states above the proton binding energy. In several cases, intensity ratios of E2— M1 mixtures 
were obtained. An interpretation of some of the results based on a collective model of the Al** nucleus 


is given. 





INTRODUCTION 


HE states of Al® reached by proton bombard- 
ment of Mg™ have been studied by the elastic 
scattering of protons by Mooring ef al.' Spin, parity, 
and reduced width assignments have been made? by 
analyzing the shape of the yield curve. The Mg*(d,n) Al?® 
stripping reaction has been studied by Goldberg,’ who, 
on the basis of the theory of the angular distribution of 
the stripping reaction products, has made spin and 
parity assignments to several of the lower levels. The 
Mg*(p,7)Al* reaction has been observed at the 225-kev 
and 418-kev resonances by several groups of workers 
listed by Endt and Kluyver,‘ and at the 825-kev 
resonance by Green ef al.§ and Green ef al.* The latter 
have also studied the gamma-ray spectrum at this 
resonance. The gamma-ray spectrum has been studied 
by Casson’ and by Craig® at the 222-kev resonance. 

The mirror nucleus, Mg”, has been studied by several 
groups,‘ and the positions and properties of the levels 
compared with those of Al”. 

In this paper, the properties of the states of Al** have 
been further investigated by extending the studies of 
the proton capture gamma rays and gamma rays from 
inelastic scattering to a bombarding energy of 3 Mev. 
All resonances observed by Mooring ef al.' up to this 
proton energy have been observed to decay by gamma- 
ray emission to various lower states of Al”, and in the 
case of the resonances at 2.01 Mev and 2.40 Mev, 
a 1.37-Mev gamma ray arising from the reaction 
Mg”(p,p"y), Q=—1.37 Mev, has also been observed. 
New resonances have been found for proton capture 
gamma rays at 1.20 Mev and for 1.37-Mev gamma rays 
from inelastic scattering at 2.72, 2.89, and 2.93 Mev, 

1 Mooring, Koester, Goldberg, Saxon, and Kaufmann, Phys. 
Rev. 84, 703 (1951). 

2L. J. Koester, Phys. Rev. 85, 643 (1952). 

3 E. Goldberg, Phys. Rev. 89, 760 (1953). 

4P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
y> ae Harris, and Cooper, Phys. Rev. 96, 817(A) (1954). 

6 Green, Singh, and Willmott, Phil. Mag. 46, 982 (1955). 


*H. Casson, Sg a Rev. 89, 809 ( (1953). 
*D. S. Craig, Phys. Rev. 101, 1479 (1956). 


and possibly at 2.92 Mev. Those at 2.89 and 2.93 Mev 
have also been observed at Duke University. The 
gamma-ray emission partial widths of the primary 
gamma rays have been measured at each of the reso- 
nances, and the branching ratios of the subsequent 
cascading radiations have been measured. Angular dis- 
tribution measurements on the capture gamma rays 
and the gamma rays from inelastic proton scattering 
have been made, and spins and parities have been 
determined for all the states observed in Al*. These 
spin and parity assignments are unambiguous for levels 
below 4.7 Mev except for the levels at 1.61, 2.51, and 
3.44 Mev. 


APPARATUS 


The Chalk River electrostatic generator provided a 
beam of protons in the energy range 400 kev to 3.0 Mev. 
The machine voltage in this range of energies was 
stabilized to approximately +1 kilovolt by means of a 
variable corona load. The proton beam passed through 
a one-eighth inch diameter hole in a sheet of tantalum 
45 inches from the target, producing a beam spot about 
one-quarter inch in diameter on the target. Above 
800 kev, the H+ beam was used, while below this the 
H;* and H;* beams were employed. The proton current 
incident on the target backing was measured by a 
current integrator similar to that described by Gittings.'® 

The protons bombarded a thin (~ 10 kev at E,=1.5 
Mev) enriched target of isotopic constitution 99.3% 
Mg” deposited on a 0.02-inch thick tantalum backing. 
The enriched Mg” isotope evaporated on the backing 
was obtained from the Atomic Energy Research Estab- 
lishment, Harwell. 

The gamma rays were measured in two sodium iodide 
scintillation counters, each consisting of a NaI(TI) 
crystal five inches in diameter and four inches long, 
coupled to a Dumont K-1198 photomultiplier. The 
large NalI(Tl) crystals were mounted in a manner 


*H. W. Lewis (private communication). 
0H. T. Gittings, Rev. Sci. Instr. 20, 325 (1949). 
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similar to that used by Foote and Koch." The output 
pulses were first delay-line shaped by a preamplifier 
mounted in the same box as the crystal and multiplier 
assembly, and, after passing through 50 feet of cable, 
were amplified by a linear amplifier. The pulses were 
fed from the amplifier either directly to a 30-channel 
pulse-height analyzer, or to the 30-channel analyzer 
after first passing through a linear gate circuit. This 
gate circuit was opened by pulses selected, by means 
of a single-channel analyzer, from a narrow band in 
the pulse height spectrum from the other crystal. By 
means of the latter arrangement, it was possible to 
study the gamma rays in one crystal in coincidence 
with a particular gamma ray in the other crystal. The 
coincidence resolving time used in the experiments to 
be described was about two microseconds. 

The target chamber and angular distribution as- 
sembly was essentially the same as that used by 
Bartholomew ef al.,” with the addition of shielding 
around each of the sodium iodide crystals, and is shown 
schematically in Fig. 1. The shielding, which consisted 
of a layer of lead about two inches thick and weighing 
about 800 lb, was found necessary to reduce the radio- 
active background from the surroundings. In particular, 
the 1.48-Mev gamma ray from the disintegration of K® 
was reduced by the lead shielding. Even with the lead 
shielding, a background was observed which interfered 
with the study of the weaker gamma rays from the 
reactions. The crystal assemblies were mounted on 
the angular distribution apparatus in a manner which 
enabled them to be set at angles between cos#=1.0 
and —0.8 with respect to the proton beam. One crystal 
was used either as a monitor in angular distribu- 
tion experiments or, in coincidence experiments, with 
the other crystal. Both crystals with associated lead 
shielding and preamplifiers were supported in a manner 
which enabled the distance between the crystal and 
the target to be varied. 


EXPERIMENTAL PROCEDURE AND METHOD 
OF ANALYSIS 


In general, no collimation was used to define the 
gamma-ray beam from the target to the sodium iodide 
crystals because of the low yield of the gamma radia- 
tions studied. The line shape for monoenergetic gamma 
rays emitted from a point source 6.2 inches from the 
front face of the crystal was measured as a function of 
gamma-ray energy with the following sources: N'*(p,a7y) 
(4.44 Mev), Be®(p,ay) (3.57 Mev), Na™ (2.76 Mev), 
ThC” (2.61 Mev), Pr (2.19 Mev), Na” (1.28 Mev), 
Zn® (1.12 Mev), Mn** (0.822 Mev), Na” (0.511 Mev). 
The spectra for four of these are shown in Fig. 2(a). 
It is to be noted that, while the total absorption peak 
predominates at most energies, the single annihilation 
quantum escape peak becomes comparable at the higher 

1 R, S. Foote and H. W. Koch, Rev. Sci. Instr. 25, 746 (1954). 


2 Bartholomew, Brown, Gove, Litherland, and Paul, Can. J. 
Phys. 33, 441 (1955). 


LEAD SHIELD 
MULTIPLIER 
NaI CRYSTAL 


PROTON BEAM. ° 





NaI CRYSTAL 
MULTIPLIER 
LEAD SHIELD 














Fic. 1. Schematic view of the apparatus. 


energies. The escape peak could be reduced if good 
collimation were possible. 

The absolute efficiency, defined for convenience as 
the counts contained in the total absorption peak per 
photon emitted from a point source 6.2 inches from the 
front face of the crystal, was determined at three 
energies by using a calibrated Na” source and by 
measuring the thick-target yield of 6.13-Mev gamma 
rays from the F*(p,ay)O"* reaction at E,=1.0 Mev. 
The shape of the yield curve between these points was 
obtained by using a Sc** and Na™ source. This absolute 
efficiency curve is shown in Fig. 2(b). 

The yield curve for the Mg™(p,y)Al**® reaction was 
measured for a range of proton energies between 0.8 
and 2.0 Mev by counting, for a given number of micro- 
coulombs of H+ beam striking the target, the number 
of pulses corresponding to gamma rays in the energy 
ranges either from 1.5 to 2.3 Mev or from 2.3 to 3.0 Mev 
entering one of the counters fixed at 90° to the beam. 
For proton energies from 2.0 to 3.0 Mev, the yield of 
1.37-Mev gamma rays from the Mg™(p,p’y)Mg™ reac- 
tion was measured. Some measurements in the region 
of the 0.825-Mev resonance were made using the H,+ 
ion beam, but it was found that the natural deuterium 
component was quite troublesome. In the range of 
proton energies from 0.40 to 0.85 Mev, the yield of 
gamma rays between 0.7 and 1.1 Mev was measured 
employing the H;+ beam. The yield curves are shown 
in Figs. 3 and 4. 

At each resonance, the gamma-ray spectrum was 
measured with the front face of the crystal at the 
standard 6.2 inches from the target center. This spec- 
trum was subsequently corrected by subtracting back- 
ground spectra determined by separate measurements. 
This background was partly due to natural radioactivity 
which could be measured by turning the generator off. 
In addition, other sources of background in the energy 
range 0.51 to 4.0 Mev were encountered. Background 
gamma rays produced by the proton beam striking the 
magnet box, energy defining slits, and aperture were 
considerably reduced by a lead shielding wall between 


( 13 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 
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Fic. 2. The upper curves show the shapes of pulse-height dis- 
tributions for monochromatic gamma rays of four different 
energies emitted from point sources 6.2 in. from the front face of 
the 5 in. diameter by 4 in. long sodium iodide scintillation spec- 
trometer with no collimation. The lower curve shows the absolute 
efficiency of the spectrometer as a function of gamma-ray energy 
for the total absorption peak in the gamma-ray spectrum em- 
ploying the above geometry. 


the experimental area and the sources of radiation. 
Contaminant gamma rays from the target that were 
observed were those from the reactions Na*(p,ay)Ne”, 
N"®(p,ay)C”, F®(p,ay)O"*, and also from proton capture 
by C® at the 0.46- and 1.7-Mev resonances. The back- 
ground from these carbon gamma rays increased with 
time due to a slow buildup of carbon on the target, 
which was not completely eliminated by a liquid 
nitrogen trap situated near the target. These sources of 
background could be estimated by measuring the 
spectrum just above and below a resonance. 

The spectra so obtained varied considerably from 
resonance to resonance. By using the known shapes of 
the gamma-ray lines, it was possible to analyze the 
spectrum into its component gamma rays and, with 
the aid of the efficiency curve of Fig. 2(b), to determine 
the relative intensities of the gamma rays at a given 
angle. The absolute intensity for a particular gamma 
ray was determined from a knowledge of the total 
number of protons striking the target, the target thick- 
ness, the absolute efficiency of the counter for the 
gamma ray, and its angular distribution. The total 
number of protons was measured by the beam inte- 
grator. A suppressor grid at a potential of — 300 volts 
with respect to the target was located in front of, and 
close to, the target to minimize the effect of electrons 
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either emitted from the target or traveling along with 
the beam. At all the resonances except the ones at 
E,=1.62 Mev and 2.93 Mev, the target thickness was 
much greater than the known? natural widths of the 
resonances; and hence the thick target yield was ob- 
tained, and from this the quantity (J+ 4)I ,I’,/T’, where 
J is the spin of the resonance and I’,, I',, and I’ the 
partial width for formation by protons, decay by a 
particular gamma ray, and the total width respec- 
tively.“ In this calculation, the stopping cross section 
for air was obtained from the compilation of Bethe,'® 
and the relative stopping power of Mg was assumed to 
be 1.5. The target thickness at the broad 1.62-Mev 
resonance was estimated from the observed width of 
the narrow resonance at 1.66 Mev to be 9.5 kev. 
Angular distributions of the principal gamma rays 
were measured at all the resonances observed. This was 
accomplished by recording the appropriate portions of 
the spectrum, at various angles with respect to the 
proton beam, in one of the crystals. The second crystal, 
fixed at 270° to the beam, was used as a monitor. The 
front faces of the counters for these measurements 
were 6 to 10 inches from the target center. An estimate 
of the geometrical correction to be applied to the 
experimental angular distributions was obtained by 
measuring the angular distribution of the 1.37-Mev 
gamma ray from the reaction Mg*(p,p’y)Mg™ for a 
series of distances between the crystal front face and 
the target center varying from 4.6 to 10.1 inches. The 
resonance chosen for this test was that at E,=2.40 
Mev, where the distribution of this gamma ray has 
large P2 and P, coefficients in the Legendre polynomial 
fit to the data. These Legendre polynomial fits up to P, 
were made on the Ferranti computer at the University 
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Fic. 3. The yield of gamma rays of energies between 0.7 and 
1.1 Mev from Mg*™(p,y)Al>, using the H;+ beam for proton 
energies between 0.40 and 0.85 Mev. Resonances 1 and 2 are 
from contaminants on the target. 
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Revs. Modern Phys. 9, 245 (1937). 
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Fic. 4. The yield of gamma rays from the reactions Mg**(p,7)Al*> and Mg*(p,p’y)Mg™ for the proton energy range 0.80 to 3.05 Mev. 
For proton energies between 0.80 and 1.46 Mev, gamma rays of energies between 1.5 and 2.3 Mev were recorded (Gate A). For proton 
energies between 1.46 and 2.0 Mev, gamma rays of energies between 2.3 and 3.0 Mev were recorded (Gate B). For proton energies above 
2.0 Mev, the yield of 1.37-Mev gamma rays from the Mg™(p,p’y)Mg™ reaction was recorded (Gate C). The numbered resonances 1 to 7 


are from contaminants on the target. 


of Toronto. The results of this measurement indicated 
that the P, coefficient was attenuated by 10% and the 
P, by 20% at the closest distance employed. Only the 
angular distributions of the 1.37-Mev gamma ray from 
inelastic proton scattering were fitted with Legendre 
polynomials by least squares on the Ferranti computer. 
The remaining distributions, plotted semilogarithmi- 
cally, were compared to standard curves similarly 
plotted, and the best fit and limiting values were 
estimated. The differences between the best fit and the 
limiting values, in these cases, will be referred to as 
standard deviations even though they are not mathe- 
matically well defined. 

At some resonances, coincidence measurements were 
made to determine the decay scheme. For these meas- 
urements, the crystals were generally placed at 90° and 
270° to the beam, respectively, and as close to the target 
as possible. A narrow band containing the full-energy 
peak of a gamma ray in the spectrum recorded by one 
counter was selected by a single-channel analyzer. The 
pulses in this channel opened a gate circuit which per- 
mitted coincident pulses from the other crystal to be 
recorded on the 30-channel analyzer. This geometry 
was not satisfactory if one or both of the gamma rays 
in coincidence had an energy near 0.5 Mev. Since the 
first two states of Al*® decay partly by the emission of 
gamma rays near this energy, this situation occurred in 
this experiment. In this case, if, for example, the single 
channel is set on a 0.5-Mev gamma ray and the counters 
are 180° apart, the coincidence spectrum will show a 
0.5-Mev gamma-ray peak from pair production by the 


emitted gamma rays in the target backing and chamber, 
as well as from the positron decay of Al*®. The single- 
annihilation-escape peak of each gamma ray of suffi- 
cient energy will also appear in coincidence with a 
gamma ray of energy 0.5 Mev. Hence experiments in- 
volving coincidences with a 0.5-Mev gamma ray were 
performed by placing the two crystals with their axes 
90° apart and with lead arranged to shield them from 
each other. In some cases, triple correlation measure- 
ments were made to give additional information about 
spins and parities of bound levels. This involved meas- 
uring coincidences between pairs of gamma rays with 
one counter fixed at 270° and the other rotated between 
0° and 90°. For these measurements the counters were 
moved back to a distance of about seven inches between 
the crystal front face and the target. 

Theoretical expressions for the four types of angular 
distribution that have been measured are obtained from 
Sharp e al.'® and from tables prepared by Ferguson, 
Rutledge, and Litherland.'’ These four distributions are 
as follows: in proton capture gamma-ray processes, 
the correlation between the primary gamma ray and 
the proton, the correlation between a second gamma 
ray and the proton with the primary unobserved, and 
triple correlations, that is, coincidence correlations be- 
tween the primary and secondary gamma ray with 

16 Sharp, Kennedy, Sears, and Hoyle, Atomic Energy of Canada 
Limited, Chalk River Project, A.E.C.L. No. 97, December, 1953 
(unpublished). 

17 A. J. Ferguson and A. E. Litherland, Phys. Rev. 99, 1654(A) 


(1955); A. J. Ferguson and A. R. Rutledge, Atomic Energy of 
Canada Limited, Chalk River Project, CRP-615 (unpublished). 
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Fic. 5. Measurements of spectra at the 1.49-Mev resonance. 
(a) A portion of the direct spectrum of gamma rays. The energies 
of the principal gamma rays are shown. (b) A portion of the spec- 
trum of gamma rays in coincidence principally with gamma rays 
of about 1.9 Mev. (c) Part of the direct spectrum showing the 
limits A and B of the single-channel analyzer which gated the 
coincidence spectrum (b). (d) A portion of the spectrum of gamma 
rays in coincidence principally with gamma rays of about 0.86 
Mev. (e) Part of the direct spectrum showing the limits A and B 
of the single-channel analyzer which gated the coincidence 
spectrum (d). (f) The decay scheme for the 3.72-Mev state in 

. The gamma-ray energies are listed together with branching 
ratios in brackets. 


respect to the proton beam; and for inelastic proton 
scattering followed by gamma radiation, the correlation 
between the gamma ray and the proton beam with the 
inelastic protons unobserved. The theoretical analysis 
is simplified because the target nucleus has zero spin, 
and hence no channel spin or orbital mixtures are 
involved for the incident protons. 


EXPERIMENTAL RESULTS 


In this section the experimental data for each reso- 
nance will be presented, and conclusions regarding 
spins, parities, branching ratios, partial widths, and 
multipole mixtures will be given. Some of the measure- 
ments to be described have been reported previously.'* 

In the yield curve of Fig. 3, resonances corresponding 
to excited states in Al** occur at proton energies of 
0.418 and 0.825 Mev, and in Fig. 4, at 0.825, 1.20, 1.49, 
1.62, 1.66, 2.01, 2.40, 2.72, 2.89, and 2.93 Mev. A pos- 
sible resonance also occurs at 2.92 Mev. Resonances 
numbered 1 and 2 in Fig. 3 are from the reactions 
C"(p,y)N™ at 457 kev and C¥(p,y)N™ at 550 kev, 


18 Litherland, Paul, Bartholomew, and Gove, Phys. Rev. 99, 
644(A) (1955); Paul, Bartholomew, Gove, and Litherland, Phys. 
Rev. 99, 644(A) (1955); Bartholomew, Gove, Litherland, and 
Paul, Phys. Rev. 99, 1649(A) (1955). 
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respectively. The numbered resonances in Fig. 4 are 
also contaminants, 1, 2, 5, and 7 from the reaction 
F®(p,ary)O"* at E, = 0.874, 0.935, 1.355, and 1.670 Mev, 
respectively, and 3 from the reaction Na™(p,ay) at 
E,= 1.166 Mev. The resonances 4 and 6 are of unknown 
origin. They are so weak as to make a detailed investi- 
gation difficult. The resonance at 2.92 Mev which 
appears as an inflection on the side of the 2.93-Mev 
resonance is not certain although it does correspond in 
energy to a discontinuity in the elastic yield curve of 
Mooring et al.! The possible level in Al* at an excitation 
energy of 2.92 Mev observed by Goldberg,’ which would 
correspond to a proton energy of about 660 kev, was 
not observed in the yield curve of Fig. 3. All the 
Mg™-+ resonances shown in Fig. 4 except those at 
1.20, 2.72, 2.89, and 2.93 Mev were observed by 
Mooring ef al.,! and their total widths have been re- 
ported by Koester.? At the 0.418-, 1.20-, 2.72-, and 
2.89-Mev resonances the total widths appear to be less 
than the target thickness (10 kev at 1.5 Mev). The 
2.93-Mev resonance has a total width of about 50 kev. 

The resonance at E,=1.49 Mev illustrates some 
special points, and it will be discussed first. Subsequent 
resonances will be described in order of increasing 
proton energy. 


1.49-Mev Resonance 


Part of the direct spectrum of gamma rays following 
proton capture in Mg” at this resonance measured at 
90° to the beam is shown in Fig. 5(a). The following 
gamma rays are observed: 3.72 Mev, a 1.91- and 1.81- 
Mev complex unresolved, 1.36 Mev, a 0.95- and 0.86- 
Mev complex partially resolved, and a 0.5-Mev com- 
plex unresolved, not shown in Fig. 5(a). That the peak 
around 1.9 Mev actually consists of two gamma rays 
was clear from an examination of the widths at half- 
maximum as a function of angle with respect to the 
proton beam. This varied from about 8.5% to 12.5% 
while, for a single gamma ray of this energy, it would 
be 8%. The quoted energies for the two components 
are not obtained from these data, but have been 
assumed from the energy levels of Al*® quoted by 
Endt and Kluyver.‘ 

Coincidence spectra were measured in three different 
ways. First, with the two counters set at 90° and 270°, 
respectively to the beam, the single-channel pulse- 
height analyzer was set to include the 1.91, 1.81-Mev 
complex measured by one crystal, and the spectrum of 
gamma rays in coincidence with these was recorded 
from the other. This is illustrated in Figs. 5(b) and 5(c). 
The coincidence spectrum showed all the gamma rays 
found in the corresponding part of the direct spectrum, 
although in different proportions. Secondly, a coinci- 
dence spectrum was measured in the same geometry 
with one counter gated principally to register gamma 
rays in coincidence with the 0.86-Mev gamma ray which 
is only partially resolved from the 0.95-Mev. This is 
shown in Figs. 5(d) and 5(e). The 0.86-Mev gamma ray 
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is considerably reduced in intensity over the 0.95 Mev 
in the coincidence spectrum, compared to the situation 
observed in the direct spectrum. Finally, the counters 
were set at 0° and 90°, respectively, to the beam, and 
shielded from each other. One counter was gated to 
register gamma rays in coincidence with the 0.5-Mev 
complex. This indicated that a gamma ray of about 
0.5 Mev was in coincidence with another of about the 
same energy. 

From these measurements the decay scheme can be 
constructed as shown in Fig. 5(f). The 3.72- and 1.91- 
Mev gamma rays are primary radiations feeding the 
ground state and 1.81-Mev state in Al”, respectively. 
This latter state decays by a direct transition to ground, 
to the first excited state of 0.45 Mev by a gamma ray 
of energy 1.36 Mev, and to the second excited state at 
0.95 Mev by a 0.86-Mev gamma ray. The 0.95-Mev 
state decays by a direct transition to ground and by 
a 0.5-, 0.45-Mev cascade through the first excited state. 
A better measurement of the branching ratio of the 
0.95-Mev state was made at the 1.62-Mev resonance. 
This decay scheme accounts for all the gamma rays 
observed in the direct and coincidence spectra, and is 
consistent with the known‘ low-lying levels in Al**. It 
should be remarked that, in general, no attempt was 
made to measure gamma-ray energies to an accuracy of 
better than + 20 kev, and in most cases energies quoted 
correspond to the excitation energies quoted in Endt 
and Kluyver.‘ 

In order to determine spins and parities of some of 
the levels in Al®* observed at this resonance, a number 
of angular distribution measurements of gamma rays 
with respect to the proton beam was made. These are 
summarized in Table I, which lists for each the coeffi- 
cient of P, and P, in the Legendre polynomial expansion 
of the distribution, and are as follows: (1) the direct 
correlation of the ground state transition (3.72 Mev), 
which is shown in Fig. 6(a); (2) the direct correlation 
of the transition to the 1.81-Mev state (1.91 Mev) 
shown in Fig. 6(b); (3) the direct correlation of the 
transition between the 1.81-Mev and the 0.45-Mev 


TaBLeE I. Angular distribution measurements at the 1.49-Mev 
resonance. The first four distributions are direct correlations with 
respect to the proton beam of the gamma ray whose energy is 
given in Column 3 in Mev. The last three are triple correlations 
with the gamma rays in Column 2 measured in a counter fixed at 
270° to the beam, and those in Column 3, in coincidence with 
the former, measured in the moving counter for angles between 
0° and 180°. The last two columns list the coefficients of P2 and P, 
and their standard deviations (S.D.) in the Legendre polynomial 
expansions of the distributions. 
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Fic. 6. Measurements of angular distributions at the 1.49-Mev 
resonance. (a) The direct correlation of the 3.72-Mev gamma ray 
with respect to the proton beam. The solid line represents 
P )—0.40P2. (b) The direct correlation of the 1.91-Mev gamma 
ray with respect to the proton beam. The solid line represents 
P )—O0.40P2. (c) The direct correlation of the 1.36-Mev gamma 
ray with respect to the proton beam with the intermediate 
1.91-Mev gamma ray unobserved. The solid line represents 
Po+0.47P:—0.32P,. (d) The triple correlation of coincidences 
between the 1.91-Mev gamma ray measured in a counter fixed at 
270° to the beam and the 1.36-Mev gamma ray measured in a 
counter moved between 0=0° and 90° to the beam. The solid line 
represents Po+0.6P2—0.4P,. (e) An energy level diagram showing 
the gamma rays studied. 


state (1.36 Mev) with the intermediate radiation (1.91 
Mev) unobserved, shown in Fig. 6(c); (4) the direct 
correlation of the transition between the 1.81-Mev 
state and ground with the intermediate radiation un- 
observed; and finally three triple correlations (5, 6, 
and 7) which were measured simultaneously. In this 
measurement one counter was fixed at 270° to the beam 
with its single-channel analyzer set on the 1.91+1.81- 
Mev gamma rays. The coincidence spectrum com- 
prising gamma rays of 1.91 and 1.81 Mev unresolved, 
1.36 Mev, and 0.95 and 0.86 Mev partially resolved, 
was recorded as a function of angle between 0° and 90° 
by the movable counter. The results for the 1.36-Mev 
gamma ray are shown in Fig. 6(d). The 0.86-Mev 
gamma ray was resolved graphically from the 0.95- 
Mev to obtain the P2 coefficient listed in Table I which, 
as a consequence, is quite inaccurate. 

From these results some conclusions about the spin 
and parity of the 3.72- and 1.81-Mev levels in Al*® can 
be drawn. The spins and parities of the ground and 
first excited states of Al? have been shown® to be 
(5/2, 3/2)+ and 1/2+, respectively. Measurements 
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TABLE II. Spin and parity combinations for the 3.72- and 
1.81-Mev levels which can be excluded from the angular distri- 
bution measurements. The tabulated numbers refer to the corre- 
sponding distributions in Table I. The row headings refer to 

ible spins and parities for the 3.72-Mev state, and the column 
Leolae to those for the 1.81-Mev state. The presence of a 
tabulated number indicates that the comparison of that distri- 
bution with theory excludes the corresponding spin combination. 
The asterisks indicate that the combination is permitted. 








Jx« for 1.81-Mev level 
3/2+ 


J for 3.72- 


Mev level §/2+ 3/2- 





9/2+ 1,2 1, 3,6 
7/2+ 3,6 
7/2- 2, 3, 6 
5/2+ 3,6 
5/2- 1, 3, 6 
3/2+ 3,6 
3/2— 1, 3,6 








discussed below at the 0.825-Mev resonance establish 
the ground state spin to be 5/2+. The level at 1.81-Mev 
decays to the first excited state (by a gamma ray of 
1.36 Mev). Hence the spin and parity of the 1.81-Mev 
state is 5/2+-, 3/24, or 1/2+. The assignment of 5/2— 
and higher is excluded because this would require the 
radiation to be M2 or higher, and it is unlikely that 
these would compete to any appreciable extent with 
E1, M1, or E2 transitions. The assignments 1/2+ are 
excluded because distributions 3 and 4 (Table I) show 
that the radiations from the 1.81-Mev state are not 
spherically symmetric. Similarly, since the level at 3.72- 
Mev decays to the ground state (5/2+) of Al, it can 
have spin and parity 9/2+, 7/24, 5/24, or 3/2. 
Again 1/2+ is excluded because distributions 1 and 2 
(Table I) are not spherically symmetric. Table II lists 
possible spin-parity combinations between the 3.72- 
Mev and 1.81-Mev states. The numbers in each square, 
which refer to the angular distributions of Table I, 
show that the corresponding combination is not allowed 
by the measurement. The observation of a P, term in 
distribution 3 requires that the spin of both states be 
equal to or greater than 5/2, while the P, term ob- 
served in distribution 6 requires that this condition 
apply only to the 1.81-Mev state. In addition, the com- 
bination 5/2+ for the 3.72-Mev state and 5/2 for the 
1.81-Mev state is eliminated by distribution 3, since 
the theory for this predicts a positive P, coefficient. 
The direct correlations 1 and 2 are readily compared to 
theory, and eliminate all the combinations shown. The 
only assumption on which the conclusions of Table II 
are based is that only £1, M1, and £2 radiations par- 
ticipate. This in itself eliminates four of the combina- 
tions in Table II. From this analysis the spin and parity 
assignments for the 3.72- and 1.81-Mev states in Al” 
are 7/2+ and 5/2+, respectively. Distributions 4, 5, 
and 7 are consistent with these assignments. 

The analysis* of the elastic scattering of protons! by 
Mg” at this resonance indicates that it is formed by 
f-waves, and hence is 5/2— or 7/2—. There may be a 
little uncertainty in this assignment because the target 
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thickness was greater than the natural width of the 
resonance. However, combined with the present results, 
an assignment of 7/2— to the 3.72-Mev state is strongly 
favored. 

Using these assignments, it now becomes possible to 
compute the ratio of intensities of E2 to M1 in both 
the 1.81- and 0.86-Mev gamma rays by comparing the 
appropriate experimental P», coefficients to the theo- 
retical.!® In the case of the 1.81-Mev radiation, distri- 
bution 4 gives an E2 to M1 intensity ratio, x, in the 
range 0.002 to 1.0 with a phase difference of 180°,! and 
distribution 5 is consistent with this. For the 0.86-Mev 
radiation, distribution 7 gives a ratio from 0.02 to 0.07, 
and again a phase difference of 180°. The other range 
of values for x* is eliminated because it would require 
a large positive P, term for distribution 7, which was 
not observed. 

In order to obtain branching ratios, the relative 
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Fic. 7. Measurements at the 418-kev resonance. (a) A portion 
of the direct spectrum of gamma rays. The energies of the prin- 
cipal gamma rays are shown. (b) A portion of the spectrum of 
gamma rays in coincidence principally with the peak in the direct 
spectrum of 0.89 Mev. The direct spectrum from Pr’ is shown 
for comparison. (c) A portion of the spectrum of gamma rays in 
coincidence principally with gamma rays of about 0.5 Mev. 
(d) The decay scheme for the 2.70-Mev state in Al?*. The gamma- 
ray energies are listed together with branching ratios in brackets. 
(e) The direct correlation of the 2.25-Mev gamma rays with 
respect to the proton beam. The dotted line is the theoretical 
distribution Po+(4/7)P:—(4/7)P, which would arise from a 
5§/2+-—1/2+ gamma transition. (f) The direct correlation of the 
2.70-Mev gamma rays with respect to the proton beam. 


19 In angular correlations between the primary gamma rays and 
the proton beam, the phase differences quoted in this paper for 
M1i—E£2 multipole mixtures, which are based on reference 16, 
should be subtracted from 180° to make them agree with those 
of L. C. Biedenharn and M. E. Rose [Revs. Modern Phys. 25, 
729 (1953)]. Statements in reference 16 that its definitions of 
M1—E2 phase differences agree with those of Biedenharn and 
Rose are incorrect [see R. Huby, Proc. Phys. Soc. (London) A67, 
1103 (1954)]. A corresponding correction can be made for the 
other types of correlation measured. 
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TaBLE III. The tabulated numbers are values of y=I',I'y/T for the reaction Mg™(p,7)Al*** in ev except for the last column, which 


lists (J+4)',I',-/T in ev for the reaction Mg™(p,p’y)Mg™, Q= —1.37 M 


ev. Row headings give the excitation energy in Mev and the 


spin and parity of the initial state in Al**, and the column headings list the same quantities for the final state. 








0.45 
1/2+ 


e/ 


0 
5/2+ 


2.70 (J +4) 
3/2+ X(TpI'p’/T) 





0.012" 
0.004 
0.084 


< 0.0005 
0.15 
0.003 
0.18 
<0.02 


< 0.0002" 
0.004 
0.014 
0.0005 


>5/2 
>5/2 
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® D. S. Craig (to be published). 


intensities of the full energy peaks of the various gamma 
rays observed in the spectra of Figs. 5(a) and 5(b) 
were measured. Using the efficiency curve of Fig. 2(b) 
and the measured angular distributions of Table I, the 
branching ratios were calculated and are shown in 
Fig. 5(f) in brackets following the gamma-ray energy. 

The values of y=I',I',/T for the two primary radia- 
tions of 3.72 Mev and 1.91 Mev have been measured 
to be 0.0036 and 0.0084 ev, respectively, with estimated 
accuracies of + 20%, and are listed in Table III. Upper 
limits on y for the other possible primaries were esti- 
mated and are listed in Table III. The total width has 
been estimated? to be 0.3 kev, which is about one- 
quarter of the single-particle value,” and hence the 
values of y discussed above are close to the partial 
widths for gamma emission. 


418-kev Resonance 


The measurement of the direct spectrum at this 
resonance was complicated by the presence of carbon 
contamination on the target, as well as by time- 
dependent background. The reaction C(p,7)N™ shows 
a resonance for a 2.37-Mev gamma ray at E,=457 kev, 
with a width of 40 kev." In order to subtract this 
gamma ray from the spectrum, measurements were 
made just below the resonance at 406 kev and at two 
energies on the maximum of the yield at 421 and 445 
kev. The resulting 90° spectrum, also corrected for 
residual background with the beam off, is shown in 
Fig. 7(a). The following gamma rays are observed: 
2.70 Mev, 2.25 Mev, 1.81 Mev, 1.36 Mev, and a complex 
of energy about 0.9 Mev. In addition, but not shown in 
Fig. 7(a), a complex of energy about 0.5 Mev was 
observed. 

Coincidence spectra were measured in two different 
ways. First, with the counters set at 0° and 90°, respec- 
tively, and shielded from each other, one counter was 
gated to register gamma rays in coincidence with the 


” A. M. Lane, Atomic ost be Research Establishment, Harwell 
un 


Report No. T/R 1289, 1954 (unpublished). 


0.5-Mev complex, and gamma rays of energy 2.25 Mev, 
1.36 Mev, and about 0.9 Mev were observed. Second, 
with the counters set at 90° and 270°, one counter was 
gated to register gamma rays in coincidence with the 
0.9-Mev complex, and gamma rays of energy 1.81 Mev, 
1.36 Mev, and about 0.9 Mev were observed. These 
two coincidence spectra are shown in Figs. 7(c) and 
7(b), respectively. 

From these measurements the decay scheme can be 
constructed as shown in Fig. 7(d). The 2.70-, 2.25-, and 
0.89-Mev gamma rays are primaries feeding the ground 
state, the 0.45-Mev state, and the 1.81-Mev state, 
respectively. The measurements on the branching ratios 
of the 1.81-Mev state are consistent with the somewhat 
better determination described previously at the 1.49- 
Mev resonance. As can be seen from Fig. 7(d), there 
are actually three gamma rays of energy within 50 kev 
of 0.9 Mev, so that, again, this was not a suitable 
resonance for determining the branching ratio of the 
0.95-Mev level. 

Angular distribution measurements were made for 
both the ground state (2.70 Mev) transition and the 
transition to the 0.45-Mev state (2.25 Mev). This 
latter included the gamma ray of energy 2.37 Mev 
from the C"(p,y) reaction, and the combined distri- 
bution is shown in Fig. 7(e). The angular distribution 
of the 2.70-Mev transition is shown in Fig. 7(f). The 
magnitude of the contribution of the carbon gamma 
ray was estimated as described above at 90°. Since it 
originates from a state of spin 1/2," its angular distri- 
bution will be spherically symmetric, and the result of 
this will be to change the P» coefficient from —0.3 to 
—0.5. Since the 0.45-Mev state (J=}$+) is fed by a 
primary transition from the 2.70-Mev state, and the 
distribution is not spherically symmetric, the spin and 
parity of the capturing state must be 3/24 or 5/2+. 
As shown in Fig. 7(e), the 5/2+ assignment is elimi- 
nated by the distribution of the 2.25-Mev gamma ray 
even if no correction for the C” contamination is made. 
The combination 3/2— for the capturing state is elimi- 
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nated since the theory for 3/2— —5/2+ is Po—zsP2, 
assuming no M2 contribution to the Z1. The measured 
value is Po—(0.5+0.1)P2 for the 2.70-Mev ground- 
state transition, which requires the transition to be 
3/2+ —5/2+ with an E2 to M1 intensity ratio in the 
range 0.06 to 0.22 or 20 to 800, and zero phase differ- 
ence. The measured distribution for the 2.25-Mev 
transition is P»—(0.4+0.1)P2, and for 3/2+ —1/2+ 
this corresponds to an £2 to M1 intensity ratio in the 
range 0 to 0.01 with zero phase difference or 3 to 7 
with 180° phase difference. 

The elastic scattering of protons by Mg™ showed no 
indication of the resonance at 418 kev.’ No previous 
spin or parity assignments have been made for this 
level. 

The branching ratios shown in brackets in Fig. 7(d) 
for the primary radiations were measured in a manner 
similar to that described for the previous resonance, 
using the above angular distributions for the 2.25- and 
2.70-Mev gamma rays and a calculated distribution for 
the 0.89-Mev gamma ray, which assumed M1 radiation 
only. The upper limit on a possible primary transition 
to the 0.95-Mev state was estimated from the spectrum 
in coincidence with 0.5-Mev gamma rays [ Fig. 7(c) ]. 

The partial widths (y=I',I’,/T) have been measured 
for the three primary radiations at this resonance, and 
are listed in Table III. The accuracies in this case are 
estimated to be +50% because the H;*+ beam was em- 
ployed, and the relationship between the charge striking 
the target and the total number of protons depends on 
the extent to which the ion is stripped by residual gas 
in the system after being bent by the magnet. There is 
evidence at the 1.66-Mev resonance to be discussed 
later that the proton width of this 418-kev resonance is 
greater than the gamma-ray width, so the values of 7 
measured here are probably approximately equal to I’, 
the partial width for gamma emission. 


825-kev Resonance 


The direct spectrum measured at 90° at this reso- 
nance is shown in Fig. 8(a). Gamma rays of energy 3.09, 
2.64, 2.14, 0.95, and 0.5 Mev were observed. The coinci- 
dence spectra shown in Figs. 8(b), 8(c), and 8(d) indi- 
cated that a gamma ray of about 0.5 Mev was in coinci- 
dence with that of 2.64 Mev, and gamma rays of energy 
0.95 and about 0.5 Mev were in coincidence with that 
of 2.14 Mev. No gamma rays were observed to be in 
coincidence with the 3.09-Mev gamma ray. In these 
measurements the two counters were set at 90° and 
270°, respectively, to the beam. 

From these measurements the decay scheme of 
Fig. 8(e) can be constructed. The 3.09-, 2.64-, and 2.14- 
Mev gamma rays are primaries feeding the ground, 
0.45-Mev, and 0.95-Mev states, respectively. 

The spin and parity of this resonance are unam- 
biguously determined from the elastic scattering data! ? 
to be 3/2—. Theoretical P, coefficients for the angular 
distribution of £1 gamma-ray transitions from an 
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initial 3/2— state to final states of spin and parity 
1/2+, 3/2+, and 5/24- are —0.5, +0.4, and —0.1, 
respectively.’ The spectrum of the three primary 
radiations was measured at three angles, 0°, 45°, and 
90°, and the areas under the total absorption peaks of 
the 3.09-, 2.64-, and 2.14-Mev gamma rays were 
determined, corrected in the case of the 2.14 for the 
tails of the 3.09 and 2.64, and in the case of the 2.64 for 
the tail of the 3.09. In making this correction the stand- 
ard shapes of spectra were employed. The spectra at 0° 
and 90° are compared in Fig. 8(f). From these measure- 
ments, the experimental coefficient of P, for the 3.09-, 
2.64-, and 2.14-Mev transitions was found to be —0.14 
+0.04, —0.48+0.02, and +0.61+0.18, respectively. 
Since the three lowest states of Al** have even parity,’ 
this permits an unambiguous assignment of 5/2+ and 
3/2+ for the ground state and second excited (0.95 
Mev) state of Al*®, and confirms the assignment of 
1/2+ for the first excited state? (0.45 Mev). It should 
be emphasized that these conclusions depend only on 
the assumption that M2 admixtures in the £1 transi- 
tions are negligible. 

Shown in brackets in Fig. 8(e) are the branching 
ratios for the three primary transitions observed at this 
resonance, corrected as described previously. There was 
no evidence for a primary to the 1.81-Mev level. This 
would be an £1 transition of energy 1.28 Mev, and is 
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Fic. 8. Measurements at the 825-kev resonance. (a) A portion 
of the direct spectrum of gamma rays. The energies of the principal 
gamma rays are shown. (b) A portion of the spectrum of gamma 
rays in coincidence principally with gamma rays of 2.64 Mev. 
(c) A portion of the spectrum of gamma rays in coincidence 
principally with gamma rays of 2.14 Mev. (d) Part of the direct 
spectrum showing the limits A and B of the single-channel 
analyzer which gated the coincidence spectrum (c), and C and D 
which gated the coincidence spectrum (b). (e) The decay scheme 
for the 3.09-Mev state in Al**. The gamma-ray energies are listed 
along with branching ratios in brackets. (f) The high-energy part 
of the direct spectrum of gamma rays measured at 0° and 90° to 
the proton beam. 
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estimated to be less than 15% of the ground-state 
transition. 

The values of y=I',I',/T’ measured at this resonance 
are listed in Table III, and have an estimated uncer- 
tainty of +20%. The total width has been estimated? 
to be 1.5 kev, which is about one-quarter of the single- 
particle value and therefore, as at the 1.49-Mev reso- 
nance, the measured values of y are close to the partial 
widths for gamma emission. 


1.20-Mev Resonance 


This rather weak resonance in the reaction Mg*- 
(p,y)Al*, corresponding to a level at 3.44 Mev in 
Al*, is found at a proton energy rather close to a reso- 
nance in the reaction N(p,a7v)C” at E,=1.210 Mev 
with a width of 22.5 kev." This latter reaction gives 
rise to a gamma ray of energy 4.43 Mev, and sufficient 
nitrogen was present on the target to make a contribu- 
tion comparable to that from the weak ground state 
transition of energy 3.44 Mev from the Mg*(p,7)Al*® 
reaction. In addition, gamma rays of 6-7 Mev were 
present from fluorine contamination. The 90° direct 
gamma-ray spectrum shown in Fig. 9(a) was obtained 
by making measurements on and off the resonance in 
order to subtract the contamination radiations. It 
shows gamma rays of energy 3.44, 1.83, 1.61, and 0.51 
Mev. Coincidence measurements shown in Figs. 9(b) 
and 9(c) established that the 1.83- and 1.61-Mev radia- 
tions were in cascade. The 0.51-Mev gamma ray is due 
to positron annihilation. The secondary peak observed 
in the coincidence spectrum [ Fig. 9(b) ], although some- 
what higher than expected from single annihilation 
escape for a gamma ray of this energy, does not appear 
to indicate the presence of another gamma ray, and is 
probably the result of a statistical fluctuation. 

The order of the cascading cannot be determined by 
these measurements. In the decay scheme of Fig. 9(d), 
it is assumed that the cascade proceeds via a state in 
Al*® at 1.61 Mev which has not previously been ob- 
served. Such a state would be analogous to the 1.61-Mev 
level in the mirror nucleus Mg*®.* 

The angular distribution of the ground-state gamma 
ray (3.44 Mev) with respect to the proton beam was 
measured and is shown in Fig. 9(e). To obtain this 
distribution rather long runs (of the order of one hour 
for each angle) were required. The background sub- 
traction discussed above accounts for the large standard 
deviations. The data show some evidence for the 
presence of a negative P, term” and, this being so, the 
spin and parity of the 3.44-Mev level are either 9/2+ 
or 5/2+. Since the latter might be expected to show 
transitions to the 0.95- and 1.81-Mev states, the former 
is favored. If the capturing state is 9/2+, a reasonable 
assignment for the 1.61-Mev state would be 7/2+, 
explaining why it is preferred in the gamma-ray 
cascading. 

%1 Note added in proof.—Analysis by least squares of this distri- 
bution gives a2/ao= +0.33+-0.06 and a4/ao= —0.14+0.05. 
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Fic. 9. Measurements at the 1.20-Mev resonance. (a) The 
direct spectrum of gamma rays. The energies of principal gamma 
rays are shown. (b) A portion of the spectrum of gamma rays in 
coincidence principally with gamma rays of 1.83 Mev. (c) Part of 
the direct spectrum showing the limits A and B of the single- 
channel analyzer which gated the coincidence spectrum (b). 
(d) The decay scheme for the 3.44-Mev state in Al**. The gamma- 
ray energies are listed along with branching ratios in brackets. 
(e) The direct correlation of the 3.44-Mev gamma ray with respect 
to the proton beam. The solid line is the theoretical distribution 
Po +(10/21)P2— (2/7) P4 which would arise from a 9/2+->5/2+ 
gamma transition. (f) The direct correlation of the 1.61-Mev 
gamma ray with respect to the proton beam with the intermediate 
1.83-Mev radiation unobserved. (g) The direct correlation of the 
1.83-Mev gamma ray with respect to the proton beam. 


The angular distribution of the direct transition to 
the 1.61-Mev state, along with the distribution of the 
1.61-Mev gamma ray with respect to the beam with 
the 1.83-Mev gamma ray unobserved, is shown in 
Figs. 9(f) and 9(g). Assuming the three states at 3.44 
Mev, 1.61 Mev, and ground to be 9/2+, 7/2+, and 
5/2+, respectively, the E2 to M1 intensity ratio for 
the 1.83-Mev gamma ray lies in the range 0.01 to 
0.03 with 0° phase difference, to give a distribution 
P + (0.0+0.1)P2; and that for the 1.61-Mev gamma 
ray is 0.02 to 0.06 with 180° phase difference, to result 
in the observed P»2 coefficient of —0.1+0.1. In both 
cases the other range of values for x? permitted by the 
observed coefficients of P: require large P, coefficients 
which are not observed experimentally. 

The branching ratios for the two primary radiations 
are shown in brackets in Fig. 9(d), and the values of 
y=I,,I',/f in Table III. The probable errors for the 
listed values of y are estimated to be +20%. Here, 
again, a spin of 9/2 was assumed for the initial state. 

The single-particle limit for a g-wave resonance at 
this energy would be about 4 ev. However, since other 
even parity resonances discussed below have widths 
considerably less than the single-particle value? by 
factors of the order of 500, one might expect the width 
of this resonance to be as small as 8X 10~ ev. Since this 
is the same order of magnitude as the measured values 
of y, the gamma-ray partial widths cannot be obtained 
from these measurements. 
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Fic. 10. Measurements at the 1.62-Mev resonance. (a) The 
direct gamma-ray spectrum. Energies of the principal gamma 
rays are shown. (b) Part of the spectrum of gamma rays in coinci- 
dence principally with gamma rays of 2.90 Mev. (c) Part of the 
direct spectrum showing the limits A and B of the single-channel 
analyzer which gated the coincidence spectrum (b). (d) The 
decay scheme for the 3.85-Mev state in Al**. The gamma-ray 
energies are listed along with the branching ratios in brackets. 


The level at 1.61 Mev was not observed by Goldberg,’ 
nor was the resonance at a proton energy of 1.20 Mev 
observed by Mooring ef al.! 


1.62-Mev Resonance 


The analysis’ of the elastic scattering of protons! 
from Mg™ showed that this resonance has spin and 
parity 1/2— and a total width of 36 kev. The direct 90° 
spectrum of proton capture gamma rays at the reso- 
nance is shown in Fig. 10(a). Since the resonance is so 
broad, the usual on-off resonance subtraction technique 
could not be applied, and some contaminant gamma 
rays are observed. The direct spectrum shows gamma 
rays of energy 3.40, 2.90, 1.34, 0.95, and 0.51 Mev. In 
addition, a gamma ray of energy 1.63 Mev is observed 
which is assumed to arise from the reaction Na®- 
(pyary)Ne*. There are also gamma rays of energy 
considerably higher than 3.4 Mev which may be from 
nitrogen and fluorine contamination. The coincidence 
spectrum of Figs. 10(b) and 10(c) shows that a 0.95- 
Mev and about a 0.5-Mev gamma ray are in coincidence 
with the 2.90-Mev. It was also shown that the 3.40-Mev 
gamma ray was in coincidence only with one of about 
0.5 Mev. The 1.34-Mev gamma ray corresponds in 
energy to a primary transition to the level at 2.51 Mev 
in Al**. This state is known® to cascade primarily by a 
2.06-Mev transition to the first excited state, and, as 
indicated on Fig. 10(a), the direct spectrum shows that 
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a gamma ray of this energy and of an intensity which 
is comparable to that of the 1.34-Mev appears. A coinci- 
dence spectrum with one counter gated on the 1.34-Mev 
gamma ray also showed the presence of a 2.06-Mev 
gamma ray. This suggests that the proton width of the 
2.51-Mev level is equal to or less than the gamma 
widths. 

The decay scheme based on these considerations is 
shown in Fig. 10(d). The gamma rays of energies 3.40, 
2.90, and 1.34 Mev are primaries feeding the levels in 
Al® at 0.45, 0.95, and 2.51 Mev, respectively. 

A triple correlation was measured with one counter 
fixed at 270° to the beam and gated with its single- 
channel analyzer set on the 2.90-Mev gamma ray. The 
angular distribution of 0.95-Mev gamma rays in coinci- 
dence with those of 2.90 Mev was measured in the 
second counter between 0° and 90°. The result could be 
expressed as P+ (0.0+0.1)Po. 

From the coincidence spectrum measurements of 
Figs. 10(b) and 10(c) and the triple correlation ob- 
tained above, the branching ratio of the 0.95-Mev level 
in Al* and the E2—M1 mixture of the 0.95-Mev 
radiation were obtained. The branching ratio of the 
0.95-Mev state is 42% for 0.95-Mev radiation and 58% 
for 0.50-Mev. The intensity ratio for E2— M1 mixtures 
for the 0.95-Mev gamma ray is 0 to 0.06 with phase 
undetermined or 5 to 50 with zero phase difference. 
All the branching ratios measured at this resonance are 
shown in brackets on Fig. i0(d). 

Absolute partial widths for the three primaries were 
measured and are listed in Table III. In this case the 
proton width of the level is much greater than the 
gamma widths and is about one-sixth of the single 
particle value, and hence the measured values of y are 
close to T',. Again the estimated accuracy for values 
of y is +20%. 

1.66-Mev Resonance 


As shown in the yield curve of Fig. 4, this resonance 
is narrow and is situated on the side of the broad 
1.62-Mev resonance discussed in the foregoing. The 
direct spectrum shown in Fig. 11(a) was obtained by 
subtracting spectra observed just below the resonance 
from those measured at the maximum of the resonant 
yield. In this way gamma-ray transitions due to the 
broad resonance were eliminated. 

The direct spectrum, which is quite complex, shows 
gamma rays of energy 3.88, 3.43, 2.93, 2.07, 1.81, 1.36, 
1.18, 0.95, and 0.51 Mev, which can be ascribed to 
proton capture in Mg’, and a gamma ray of 1.63-Mev 
energy which is probably due to sodium contamination. 

Coincidence measurements were not made at this 
resonance because of the presence of the broad reso- 
nance, and hence the decay scheme shown in Fig. 11(b) 
is based on the direct spectrum of Fig. 11(a). The 3.88-, 
3.43-, and 2.93-Mev radiations feed the ground, first, 
and second excited states respectively. The 2.07-Mev 
gamma ray has the correct energy to be a primary 
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transition to the 1.81-Mev state. It does not, however, 
have sufficient intensity to account for all the 1.81- 
and 1.36-Mev gamma rays observed in the direct 
spectrum, and it may be that a hitherto unobserved 
state is being fed. The 1.18-Mev transition could corre- 
spond energetically to a primary transition to the state 
at 2.70 Mev. If the proton width of this state were 
considerably greater than the gamma widths, no radia- 
tion subsequent to this transition would be observed. 
The fact that, for example, the 2.25-Mev gamma ray 
is not observed is consistent with this hypothesis. 

The angular distributions of the three highest energy 
primary transitions were measured by recording the 
spectrum on and off the resonance at a series of angles 
between 0° and 90°. Figures 11(c) and 11(d) show the 
results for the 2.93- and 3.88-Mev gamma rays. The 
errors on the measurements for the 3.43-Mev gamma 
ray were quite high because of the large subtraction of 
the first escape peak from the ground state transition, 
and the results were useful only for obtaining the 
branching ratio. 

Since the first three states of Al*> are fed by primary 
transitions at this resonance, the spin and parity for 
the capturing state must be 1/2+, 3/2+, or 5/2+, 
assuming that only £1, M1, and £2 participate. The 
coefficient of P: observed in the direct correlation of 
the ground state transition has a value of 0.75+0.15, 
and this requires that the spin and parity of the 1.66- 
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Fic. 11. Measurements at the 1.66-Mev resonance. (a) The 
direct gamma-ray spectrum. Energies of the principal gamma rays 
are shown. (b) The decay scheme for the 3.88-Mev state in AP*®. 
The gamma-ray energies are listed along with the branching 
ratios in brackets. (c) The direct correlation of the 2.93-Mev 
gamma ray with respect to the proton beam. (d) The direct 
correlation of the 3.88-Mev gamma ray with respect to the 
proton beam. 
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Fic. 12. Angular 
distributions of the 
1.37-Mev gamma ray 
with respect to the 
proton m from 
the Mg™(p,p’y) re- 
action at resonances 
corresponding to pro- 
ton energies of (a) 
2.01 Mev and (b) 
2.40 Mev. Curves 
fitted by least squares 
are shown as solid 
lines. L 
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Mev resonance be 5/2+. This is consistent with the 
analysis of the elastic scattering data,'* which required 
d-wave formation. The intensity ratio of the E2—M1 
mixture for the 3.88-Mev gamma ray obtained from 
this angular distribution lies in the range 0.02 to 0.25, 
with 0° phase difference. The E2—M1 mixture for the 
2.93-Mev transition determined from its distribution 
Py— (0.47+0.05) P2 [Fig. 11(c)] lies in the range 0 to 
0.003 with 180° phase difference. The other range of 
values of x? permitted by the observed P» coefficient in 
the distribution of the 2.93-Mev gamma ray again 
requires a large coefficient of Py, which is not observed. 
The 3.43-Mev gamma ray is an £2 transition. 

The quantity y=T',I’,/T for the three highest energy 
primaries is listed in Table ITI, with estimated accu- 
racies of +20%. The total width? for this resonance is 
100 ev, and since this is large compared to y, the latter 
can be assumed to be close to I’, in each case. Unlike 
the odd parity levels discussed previously, the total 
width of this resonance is only 0.2% of the single 
particle value. 


2.01- and 2.40-Mev Resonances 


Above 2 Mev, gamma rays from the reaction 
Mg” (p,p’y)Mg™, Q=—1.37 Mev, dominate the spec- 
trum, and it was the yield of these 1.37-Mev gamma 
rays that was measured for proton energies in the range 
from 2 to 3 Mev. Two very strong resonances are 
observed (Fig. 4) at proton energies of 2.01 and 2.40 
Mev superimposed on a low but slowly rising back- 
ground presumably produced by higher resonances. 

The angular distributions of this 1.37-Mev gamma 
ray were measured at the peak of these two resonances, 
and are shown in Fig. 12. The analysis into a LegenPre 
polynomial expansion up to P,, including odd terms, 
showed that the only significant terms were the Py» 
coefficient (0.43+0.01) at the 2.01-Mev resonance and 





220 


the P; (0.49+0.01) and P, (—0.53+0.01) coefficients 
at the 2.40-Mev resonance. When the P» coefficients are 
increased by 5% and the P, by 10% to correct for 
finite geometry, the distribution at the 2.01-Mev reso- 
nance is consistent only with a spin and parity for the 
resonance of 3/2+, and that at the 2.40-Mev resonance 
only with a spin and parity of 5/2+. The only assump- 
tion used in this analysis is that g-waves or higher are 
negligible for the inelastically scattered protons. 

The analysis of the elastic scattering data'.? showed 
that both resonances were formed by d-wave protons. 
Hence the assignments for the 2.01- and 2.40-Mev 
resonances are 3/2+ and 5/2+, respectively. In both 
cases, the inelastic protons are mostly s-wave, with 
perhaps up to 10% of d-wave admixture. 

The values of wy=I,I',/T’ for inelastic scattering, 
where w=J+4, are shown in Table III, and these 
correspond to values of + of 30 and 117 ev, respectively, 
for the two resonances. It can easily be shown that the 
total width has a lower limit of 4y, and hence must be 
greater than 120 and 468 ev, respectively, in the two 
cases. The analysis of the elastic scattering? data gave 
150 and 300 ev for the two cases, but this was based on 
the assumption that inelastic scattering was negligible. 

Proton capture gamma rays to low-lying states in Al* 
were observed at each of the two resonances, and values 
of y=I',I',/T are given in Table III, again with esti- 
mated accuracies of +20%. Since the ratio of l',/T is 
not known at either resonance, values of I, cannot be 
obtained, but are probably within a factor of two of 
the corresponding values for y. Values for the P» 
coefficients in the angular distributions of the direct 
transitions to the 0.45- and 0.95-Mev levels were ob- 
tained at the 2.01-Mev resonance by measuring the 
spectrum at 0° and 90°. For the first transition, 
3/2+ —1/2+, a2/ao= —0.12+0.02, and for the second, 
3/2+ —3/2+, a2/ao= +0.30+0.04. From these values 
the E2 to M1 intensity ratio of the first transition is 
0.0330.004 with zero phase difference, or 11+1 with 
180° phase difference, and for the second, 0.002 to 
0.009 with 180° phase difference or 20 to 40 with zero 
phase difference. 

At both resonances the total width is about 0.2% of 


TasLe IV. Coefficients for the angular distributions of 1.37- 
Mev gamma rays from the reaction Mg™(p,p’y)Mg™, Q= —1.37 
Mev, expanded as a Legendre polynomial W (@)= Po+ (a2/ao)P2 
+ (a,/a0P, at various proton energies. The standard deviation 
(S.D.) for each coefficient is also listed. 
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the single particle limit? for d-wave protons, which is 
the same value that obtained for the d-wave resonance 
at 1.66 Mev. 


Resonances above 2.4 Mev 


In addition to the 90° yield curve of 1.37-Mev gamma 
rays from the reaction Mg™(p,p’vy)Mg™, Q=—1.37 
Mev, shown in Fig. 3, angular distributions of these 
gamma rays have been measured at several energies, 
both on the resonances at 2.72, 2.89, and 2.93 Mev, as 
well as between resonances at 2.10, 2.47, 2.71, 2.74, 
2.83, and 3.00 Mev. Table IV lists the coefficients of 
P, and P, of the Legendre polynomial expansion of the 
data fitted by least squares on the Ferranti computer 
at the University of Toronto, for the various proton 
energies at which the distributions were measured. All 
but the last three were measured at 11 angles between 
0° and 90°, while the last three were measured at 18 
angles between 0° and 135°. Theory'® predicts that 
these distributions will have no odd Legendre poly- 
nomial terms, and none was observed in the last three 
distributions. 

The distributions at 2.10, 2.47, 2.71, 2.74, and 2.83 
Mev were measured on the slowly rising background 
underlying the narrower resonances at 2.01, 2.40, 2.72, 
2.89, and 2.93 Mev. As shown in Table IV, ali these 
distributions except at 2.10 Mev have similar coeffi- 
cients of P, and P,. The fact that a P, term is observed 
indicates that a broad level of J > 5/2 is contributing to 
this background. A broad level at 3.14 Mev with a 
width of 200 kev was observed! in the yield of elastically 
scattered protons from Mg” and assigned? spin and 
parity 3/2—. When the P, and P, coefficients for the 
broad background are increased by 5% and 10%, respec- 
tively, to correct for geometry, they do not agree with 
the theoretical coefficients for direct distributions from 
J=5/2+, 7/2+, or 9/24 (assuming outgoing g-wave 
protons negligible). Hence it is plausible to assume the 
presence of both a broad state of spin 3/2— and one 
with J2 5/2. 

The angular distribution due to the resonance at 2.72 
Mev can be obtained by the measurements made on the 
resonance and on each side at 2.71 and 2.74 Mev, if 
one can assume that the natural width of this resonance 
is smaller than the energy spread in the beam (~1 kev). 
If this is so, interference terms cancel, and a direct sub- 
traction can be made since the relative intensities of 
the broad background and the narrow resonance can be 
obtained from the 90° yield curve. This yields a2/ao 
=0.506+0.035 and a,/a9= —0.255+-0.038 for the angu- 
lar distribution of the narrow resonance at 2.72 Mev, 
and when the geometry correction is made this fits 
5/24, 7/2+, or 9/24 within the errors. Hence it is 
possible to conclude only that the 2.72-Mev resonance 
has also a spin 25/2. 

When the angular distribution coefficients for the 
resonance at 2.93 Mev are corrected for geometry, the 
spin and parity for the capturing state are found to be 
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Fic. 13. A summary of the decay scheme showing all the levels in Al?* which were studied and their spins and parities where they 
could be established. The principal gamma transitions from each level are shown with the measured branching ratios. The level energy 


is given in Mev. 


5/2+ or 7/2+, assuming no interference contribution 
from underlying states of the same parity and again 
ignoring outgoing g-waves. 

The angular distribution measured at the 2.89-Mev 
resonance is essentially isotropic. Since this state may 
have a natural width comparable to the spread in 
energy of the incident beam, interference terms cannot 
be ignored, and no assignment of spin and parity can 
be made. 

The resonances at 2.72, 2.89, and 2.93 Mev were not 
observed by elastic scattering.! A discontinuity in the 
elastic yield occurred at 2.92 Mev, and this may corre- 
spond to the inflection on the side of the 2.93-Mev 
resonance observed in the yield curve of Fig. 4. 

Values of wy were measured for inelastic proton 
scattering for the three resonances at 2.72, 2.89, and 
2.93 Mev, and are listed in Table IIIgOnly the total 
width of the latter (about 50 kev) is substantially 
greater than the target thickness. Since this resonance 
was not observed in elastic scattering,’ this value of 
50 kev must represent the width for inelastic scattering. 


DISCUSSION OF THE RESULTS 


A summary of the spin and parity assignments and 
gamma-ray branching ratios for the levels of Al® is 
given in Fig. 13. All the spins and parities shown can be 
regarded as certain on the basis of the rather general 
assumptions made in the previous section, with the 
exception of those for the 1.61-, 2.51-, and 3.44-Mev 
levels. In these cases, the most reasonable assignments 
are given in brackets. 


One of the most striking features of the branching is 
the relative weakness of the direct transition to the 
ground state of Al?* compared to transitions of the same 
multipolarity to higher states, despite the fact that such 
ground state transitions are favored on energy grounds. 

At only one resonance is a transition to the state at 
1.61 Mev seen, and this resonance is not observed! in 
the yield of elastically scattered protons from Mg’, nor 
is the level at 1.61 Mev observed in the Mg™(d,n)Al*® 
reaction.’ Transitions to the 1.61-Mev state in the 
mirror nucleus Mg** from the beta decay of Na® are 
observed,” and this state is excited at many resonances 
in the reaction Mg”*(p,p’y) Mg”®. 

There are at least two cases of £2 transitions to the 
first excited state of Al*® of intensity comparable to 
the ground state M1— £2 transition. These occur at the 
1.81- and 3.88-Mev levels in Al”. 

This observation of £2 transitions competing favor- 
ably with M1 transitions of higher energy, and the 
tendency for ground state transitions to be consider- 
ably unfavored, have suggested that some of these 
features might be interpreted in terms of series of 
rotational states. The large quadrupole moments of 
Na® ” and Al?’,* and the reduced excitation energy of 
the first excited states of neighboring even-even nuclei, 
suggest that it is possible that considerable distortions 
may arise near mass 25. 

2 Gove, Litherland, Paul, and Bartholomew, Phys. Rev. 99, 
1649(A) (1955). 


% Perl, Rabi, and Senitzky, Phys. Rev. 98, 611 (1955). 
% J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 
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TaBLeE V. Comparison between experimental and theoretical 
£1 partial widths, based on the collective model, for gamma-ray 
transitions between the initial and final states shown in the first 
two columns. 








Observed 
Ty ev 


0.084 
0.010 
¢ 0.002 


Theoretical 
ry ev 


0.090 
0.012 
0.013 


0.044 


0.14 
0.24 


Final state Mev 
0.45 (1/2+) 
0.95 (3/2+) 
1.81 (5/2+) 
1.81 (5/2+) 


0.45 (1/2+) 
0.95 (3/2+) 


Initial state Mev 


3.09 (3/2—) 





3.72 (7/2—) 0.008 


3.85 (1/2—) 0.15 


0.30 








On this model, the ground state (5/2+-), the 1.61- 
Mev state (7/2+), and the 3.44-Mev state (9/2+) 
constitute a rotational series with K = 5/2. The positions 
of the states are fitted with a value of 3h?/J=1.626 
Mev, where J is the moment of inertia, and with vibra- 
tion-rotation correction terms involving the squares of 
the spins (tiwgs~hw,y~11 Mev).” Approximately the 
same values of the moment of inertia and of the vibra- 
tion-rotation correction parameter also give the correct 
positions for the 0+, 2+, and 4+ states of Mg™. The 
states at 0.45 (1/2+), 0.95 (3/2+), and 1.81 Mev 
(5/2+) would be a series with K=} (3h?/J=1.04 Mev 
and a= —0.025), where a is the parameter defined by 
Bohr and Mottelson® for the positions of K=} states. 
The states at 2.51 (1/2+-), 2.70 (3/2+), and 3.88 Mev 
(5/2+) may possibly constitute a similar K=4 set 
(3h?/I=0.914 Mev and a= —0.575). Finally, the nega- 
tive parity states at 3.09 (3/2—), 3.72 (7/2—), and 
3.85 Mev (1/2—) may be a K=} series resulting from 
the coupling of an f7/2 particle to the core (3#?/J=0.701 
Mev and a= —3.16). In all the cases of K=} series, 
the value of vibration-rotation correction used was the 
same as for the series based on the ground state. 

These hypotheses led to a search for the level at 3.44 
Mev (£,=1.20 Mev) which had not been observed in 
the proton scattering.' This fed the hitherto unobserved 
level at 1.61 Mev. Many of the branching ratios from 
the other resonances can also be explained in terms of 
this model. Ground-state M1 transitions from any of 


%* A. Bohr and B. R. Mottelson, in Bela- and Gamma-Ray 
Spectroscopy, edited by Kai Siegbahn (North-Holland Publishing 
Company, Amsterdam, 1955). 
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the K=}4 series should be K-forbidden, and in fact 
seem to be attenuated by factors of approximately 20. 

As an example, in Table V are compared the experi- 
mental and theoretical 1 partial widths for transitions 
between the negative parity series and the series based 
on the 0.45-Mev state, both having K=}. Two param- 
eters were used to fit the results: b= +-0.07, introduced 
by Alaga ef al.,® which depends on the intrinsic wave 
function and is significant mainly in K=}-~K=} 
transitions; and the electric dipole moment equal to 
0.4X 10-" cm, which is about one-tenth of the moment 
for a single particle, f72—ds5;2 transition. The dis- 
crepancies may reflect admixtures of other values of K. 

In the decay of the 3.44-Mev state (the 9/2+ 
member of the K=5/2 series based on the ground 
state), the E2—M1 intensity ratio has been measured 
for both the 9/2-47/2 transition and the 7/2-+5/2 
transition. They are, respectively, 0.01 to 0.03 and 0.02 
to 0.06. The theoretical values are 0.03 and 0.02, using 
a quadrupole moment 1/,/5 times that derived from 
the level spacings, and a magnetic moment assuming 
that the coupled particle is in a ds;2 state. The strong- 
coupling approximation has been assumed in these 
calculations. 

The fact that many of the properties of low-lying 
levels in Al** can be described on the assumption of 
rotational bands suggests that marked collective effects 
may be playing a role in the neighborhood of mass 
number 25. 
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Sources of Rb® were prepared from the decay of fission product Kr* and studied by scintillation methods. 


The half-life was found to be 14.9+0.3 minutes. 


Gamma rays of energy 0.663+0.006, 1.05+0.02, 1.26+0.01, 1.55+0.03, 2.20+0.02, 2.59+0.03, 2.75 
+0.05, and 3.52+0.07 Mev and relative intensity 0.217+0.026, 1.00, 0.717+0.090, 0.048+-0.010, 0.190 
+0.025, 0.169+0.031, 0.037+0.007, and 0.029+-0.005 were measured. Gamma-gamma coincidence spec- 
troscopy and summing of gamma rays in a 4}-inch diameter Nal(TII) crystal, used in anticoincidence 
with a surrounding solution phosphor tank, establish a decay scheme with levels in Sr® at 1.05, 2.31, 2.59, 


2.75, 3.25, and 3.52 Mev. 


The ground-state beta-ray transition was measured as 3.92+0.05 Mev, and is present in about 7% of the 


beta-ray transitions. 





INTRODUCTION 


ARLY studies by Seelman-Eggebert of the radio- 

active fission products with inert gas precursors 
disclosed a beta-ray activity in rubidium with a half- 
life of 15.5 minutes.'! That this activity was not 18- 
minute Rb** was established by its growth from a 
krypton isotope of half-life! about 3 minutes while the 
parent of Rb** was known to be 2.8-hour Kr**, Further 
investigation by Hahn and Strassman* and by Glasoe 
and Steigman* demonstrated that the 15-minute ru- 
bidium isotope was the parent of a long-lived strontium 
isotope having a half-life of about 54 days. Glasoe and 
Steigman’® assigned the rubidium activity to mass 89, 
reported the Rb® half-life as 15.4+0.2 minutes, and 
measured the beta-ray energy as 3.8 Mev by aluminum 
absorption techniques. Recalculating the beta-ray ab- 
sorption results of Glasoe and Steigman, and Bleuler and 
Zunti* proposed an energy of 4.5 Mev for the beta-ray 
energy of Rb®. The beta-ray energy of 3.92 Mev 
reported below is in good agreement with the early 
value of 3.8 Mev from aluminum absorption measure- 
ments. 

Because of the lack of detailed information regarding 
the decay of Rb®, the present study was undertaken, 
using scintillation methods for the study of both beta- 
and gamma-ray spectra. 


EXPERIMENTAL METHODS AND RESULTS 
Irradiations and Source Purification 


The favorable distribution of krypton and rubidium 
half-lives among the fission products makes it possible 
to prepare rather pure sources of Rb® by judiciously 
“milking” the 3-minute Kr® parent. Experimentally 
the decay products of xenon as well as krypton must be 
considered, since both are found in high yield in 
uranium fission. To prepare Rb® sources uncontami- 
nated by cesium activities, it is necessary, therefore, 


1 W. Seelman-Eggebert, Naturwiss. 28, 451 (1940). 

20. Hahn and F. Strassman, Naturwiss. 28, 455 (1940). 

3G. N. Glasoe and J. Steigman, Phys. Rev. 58, 1 (1940). 
4E. Bleuler and W. Zunti, Helv. Phys. Acta, 19, 375 (1946). 


to separate the inert fission product gases before the 
rubidium milking, to chemically separate the rubidium 
activity from any other alkali metal activity, or to 
separate the krypton and xenon fission fragments 
during the neutron irradiation of uranium. For the 
work reported here, the last two of these techniques 
were employed as described below. 

Irradiations to collect krypton fission gas by sepa- 
rating fission fragments were performed in the pneu- 
matic transfer tube “rabbit” sketched in Fig. 1. The 
fission source consisted of enriched uranium, about 
0.3 mg/cm? thick and 1.6 cm in diameter, over which 
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Fic. 1. Apparatus for separation of fission fragments during 


irradiation and rapid removal of krypton gas. 


223 





O'KELLEY, LAZAR, AND EICHLER 





! eT | 


Rb®* on 3°x 3" Nol (TII) 
ot 93cm 


[ie oe ee 





tam coil 











! 

HH 30 3.2, 382 
' sum. 
i 2% Bee 





cts /sec 
TTT oh TTT oe 


1 rosiul 


























’ 
| 

Lat. 
0 


60 B00 1000 
PULSE HEIGHT 


Fic. 2. Gamma-ray spectrum from a source of Rb®, 9.3 cm above 
a NalI(TI) crystal 3 inches in diameter and 3 inches high. 


a 3.12-mg/cm? aluminum foil was placed to absorb the 
heavy xenon fission fragments. When the apparatus 
was assembled in the micarta rabbit, the stainless steel 
gas cell was sealed at the top by the rubber disk, and 
at the bottom by the rubber gasket and aluminum 
absorber foil. 

In experiments where larger amounts of Rb® activity 
were desired, the gas cell in the rabbit was longer and 
closed at the bottom. Enriched uranium was deposited 
on a large platinum foil to which the aluminum absorber 
was cemented; the foil “sandwich” was then rolled 
into a cylinder and inserted in the gas cell, where it 
formed a liner. 

Samples were irradiated for 3 minutes, the approxi- 
mate half-life of Kr®. After irradiation, the sample was 
ejected from the reactor core and dropped into a 
shielded holder for another 3 minutes, permitting the 
higher-mass krypton isotopes of shorter half-life to 
decay out. At this time a needle (see Fig. 1), made of 
two concentric stainless steel tubes sealed at the tip, 
was forced downward until the rubber disk covering 


the gas cell was punctured and the needle chuck engaged 


the cap of the rabbit. Simultaneously, air was drawn 
down the inner tube of the needle and, after sweeping 
the gas cell, passed into the jacket of the needle through 
the gas inlet holes. Air and radioactive gas traveled up 
the needle jacket, through a trap of glass wool refriger- 
ated with dry ice-acetone mixture, and finally into an 
evacuated collection cell. For another 3-minute period 
the krypton gas was allowed to decay, the Rb recoil 
atoms being collected on a negatively charged strip of 
thin aluminum foil. 

Although the beta-decay curves of Rb® samples 
prepared in this way indicated a high degree of purity, 
the gamma-ray spectra always showed several percent 
of the 1.44-Mev gamma ray of 30-minute Cs"*, due to 
straggling of the xenon recoils through the aluminum 
absorber. 


The fission recoil absorber technique reduced the 
yield of Rb® considerably, since the absorber foil was 
made relatively thick to reduce the Xe recoil straggling 
contribution. Both the yield and purity of the Rb® 
samples were improved by substituting a chemical 
separation of the alkali meta! daughters of the inert 
gas fission products for the physical separation of the 
recoils. In these experiments large, enriched uranium 
foils were irradiated as described above, except that 
there was no aluminum absorber foil. After milking 
the alkali metal daughters as described, the aluminum 
collecting foil was boiled in a few ml of distilled water 
to remove the activity. The active solution was poured 
onto an ion exchange column of Amberlite IR-100 
resin, 100-170 mesh, 0.4 cm in diameter and 26 cm 
long. When the water had flowed through the column, 
the rubidium and cesium were eluted with 1N HCl. By 
this technique a good rubidium-cesium separation was 
accomplished. While the recoil absorber technique was 
employed as an exploratory method, the conclusions to 
be discussed later were all checked using the chemically 
separated samples. 


Source Purity and Half-Life 


A few mg of Rb carrier were added to the eluent from 
the ion exchange purification of Rb®, and precipitated 
as the phosphotungstate. This sample was mounted and 
its decay followed on a 2m beta proportional counter. 
The decay curve thus obtained was exponential over 
about 8 half-lives, after which the contribution from 
the growth of 54-day Sr® became appreciable. A least 
squares analysis of the decay data was made, using the 
counts taken early enough so that the contribution of 
Sr® was unimportant. The half-life thus obtained was 
14.9+0.3 minutes. 

In the gamma-ray spectroscopy measurements to be 
described, several gamma-ray spectra were run on each 
chemically purified sample over periods of from 3 to as 
long as 9 haif-lives, during which time all gamma-ray 
peaks were found to decay with the same half-life. 

It is concluded that the source purity was adequate 
for the measurements described below, and that the 
radiations measured below, indeed, are due to the 
decay of Rb®. 


Gamma-Ray Spectroscopy 


The scintillation spectrometers used in this investi- 
gation consisted of cylindrical NaI(TII) crystals, 3 
inches in diameter and 3 inches long, attached to 
Dumont 6363 photomultiplier tubes in the manner 
described by Lazar and Klema.* For the single-crystal 
measurements reported below, the sources were centered 
9.3 cm above the top surface of the crystal. About 
2 g/cm? of polystyrene was placed between the source 
and crystal to remove the beta rays. The lead spec- 


5 N. H. Lazar and E. D. Klema, Phys. Rev. 98, 710 (1955). 
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trometer shield had 4-inch thick walls, and inside 
dimensions of 14 14X22 inches. All inside lead sur- 
faces were covered first with 0.015 inch of cadmium 
and then 0.005 inch of copper. Experience in this Lab- 
oratory has shown that such a shield achieves the low 
scattering required for the analysis of complex gamma- 
ray spectra. A twenty-channel analyzer designed by 
Bell, Kelley, and Goss* was employed for pulse-height 
analysis. 

The single-crystal pulse-height spectrum of Rb® was 
analyzed as shown in Fig. 2. Analysis of gamma-ray 
spectra in the manner demonstrated is possible since 
the shape of the pulse height distributions obtained 
from various energy gamma rays impinging on large 
NalI(TID) crystals of the dimensions used in the present 
work, under similar scattering conditions, is known 
from past experience at this Laboratory. The full-energy 
peak of a gamma ray at 3.52 Mev is seen, together 
with its middle pair peak at 3.0 Mev. In Fig. 2 the 
expected Compton distribution and pair peaks for the 
3.52-Mev gamma ray have been drawn in, using careful 
measurements of the spectram from the 2.76-Mev 
gamma ray of Na™ and the 4.44-Mev gamma ray from 
the N'*(p,vy)C” reaction for comparison. A counting 
rate in excess of the expected Compton distribution 
from the 3.52-Mev gamma ray is seen in the region of 
3.2 Mev. A calculation of the summing of the 1.05- and 
2.20-Mev gamma rays’ showed that the excess counting 
rate at 3.2 Mev is of the expected intensity for the 
summing process. In the many gamma-ray spectra of 
Rb® which were measured, the full-energy peak for the 
2.59-Mev gamma ray always showed an asymmetry on 
its high-energy side, which was attributed to a low- 
intensity gamma ray at 2.75 Mev. The intensity of the 
2.75-Mev gamma ray was determined by using the 
shape of the full-energy peak of the 2.62-Mev gamma 
ray from ThC” for comparison with the 2.59-Mev peak. 

The valley between the 1.55- and 2.20-Mev gamma 
rays cannot be accounted for by the several pair peaks 
and Compton distribution from the 2.20-Mev and 
higher energy gamma rays and so two gamma rays of 
energy 1.84 and 2.0 Mev are postulated to account for 
the experimentally observed spectrum. For clarity only 
the full-energy peaks from these gamma rays are dotted 
in the figure, although their Compton and pair spectra 
were included in tke analysis. These latter transitions 
are in less than 5% of the intensity of the 1.05-Mev 
gamma ray. The intensity of the 1.84-Mev peak 
is reasonable if it is assumed to be the 1.85-Mev gamma 
ray from Rb*, but it was impossible to study the origin 
of the 2.0-Mev gamma ray with any precision because 
of its low intensity and position in a complex gamma-ray 
spectrum. 

Analysis of the 1.26-, 1.05-, and 0.66-Mev gamma 


* Bell, Kelley, and Goss, Oak Ridge National Laboratory 
Report ORNL-1278, 1951 (unpublished). 
7 Lazar, Eichler, and O’Kelley, Phys. Rev. 101, 723 (1956). 
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TABLE I. Energies and intensities of the Rb® gamma rays. 








Intrinsic peak 
efficiency used 
(h =9.3 cm) 


0.327 
0.216 
0.183 
0.153 
0.113 
0.098 
0.092 
0.056 


Intensity relative to 
.0S-Mev gamma-ray 


0.217+0.026 
1.00 


0.717+0.090 
0.048+0.010 
0.190+0.025 
0.169+0.031 
0.037 0.007 
0.029+0.005 


Gamma-ray energy, 











rays used the spectral shapes from sources of Y** (0.908 
and 1.85 Mev), Zn® (1.11 Mev), and Cs!*? (0.662 Mev) 
for comparison. The remaining, broad peak at about 
80 pulse height is attributed to gamma-ray scattering 
from the source environment, and no special attempts 
have been made to establish the presence of nuclear 
gamma rays in this region. 

For calibration of the energy scale of a scintillation 
spectrometer using type 6363 photomultiplier tubes, 
it is advisable to measure both energy standards and 
unknown gamma-ray source together to avoid gain 
shifts with counting rate.* Four gamma-ray lines in the 
Rb® spectrum were measured in this way and, using 
these lines as internal standards, the other Rb® gamma- 
ray energies were obtained. From these measurements, 
the lowest energy gamma ray was measured as 0.663 
+0.006 Mev, using Sr®* (0.513 Mev) and Y* (0.908 
Mev) standards. The gamma rays at 1.05+0.02 and 
1.26+0.01 Mev were measured against Y** (0.908 and 
1.85 Mev), and the 2.20+0.02 Mev gamma ray was 
referred to Y** (1.85 Mev) and ThC” (2.62 Mev) 
sources. 

Relative gamma-ray intensities were calculated from 
the full-energy peak areas corrected for loss of intensity 
due to summing, and from values of intrinsic peak 
efficiencies determined according to the method de- 
scribed by Lazar and Klema.° Table I lists the measured 
gamma-ray energies, their relative intensities, and the 
intrinsic efficiencies used. 

A NalI(TII) spectrometer,’ designed to reduce the 
contribution to the spectrum from gamma rays which 
have undergone Compton scattering in the crystal, 
was used to investigate the radiations from Rb®. The 
spectrometer consists of a 44-inch NalI(TII) crystal 
and photomultiplier tube, surrounded by a large liquid 
scintillator tank with five 5-inch photomultiplier tubes 
viewing its scintillations. Only those pulses from the 
Nal(TII) spectrometer are recorded which are not in 
coincidence with pulses from the liquid scintillator. 
Thus, Compton pulses in the crystal whose associated 
scattered radiation has a high probability of being 
detected in the tank simultaneously, would not appear 

® Bell, Davis, and Bernstein, Rev. Sci. Instr. 26, 726 (1955). 

® P. R. Bell, Science 120, 625 (1954); Bell, Kelley, Lazar, Harris, 


Davis, Neiler, Hall, and Sampley, Oak Ridge National Laboratory 
Report ORNL-1798, 1954 (unpublished), p. 23. 
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Fic. 3. Gamma-ray trum from a Rb® source inside a 
43-inch NaI(TI) crystal, with a surrounding liquid scintillator 
tank in anticoincidence. 


in the spectrum. Coincident radiation from a source 
placed at the center of the crystal, if completely 
absorbed in the NaI(TII), would appear as a peak at 
the sum of the gamma-ray pulse heights, and no other 
pulses should be seen. In practice, since the scintillator 
tank has less than 100 percent efficiency for such high- 
energy gamma-rays, some of those pulses which are 
incompletely absorbed in the NaI(TII) crystal also 
escape the tank, and a low Compton background is 
still found. 

A source of Rb® activity was surrounded by brass 
thick enough to absorb the beta-rays, and was placed 
inside the 4$ inches diameter NaI (TI) crystal. Figure 3 
shows the spectrum obtained. Sum lines at 2.32+0.04 
Mev (1.05+1.26 Mev) and 3.27+0.05 Mev (1.05+-2.20 
Mev and 2.59+0.66 Mev) are clearly indicated. The 
energy values from the large crystal data should not 
be taken as the most accurate ones, since the 43-inch 
crystal lacks the resolution of the crystals used in the 
experiments described previously. In addition to the 
unsummed remainder of the gamma-ray peaks at 0.66, 
1.05, 1.26, and 2.20 Mev, two small peaks at 2.7 and 
3.54 Mev are seen; these are best interpreted as the 
2.75- and 3.52-Mev gamma-ray peaks, which appar- 
ently do not sum with any other intense gamma rays. 
The 2.75-Mev peak is more prominent inside the large 
crystal since the 2.59-Mev peak has been greatly 
reduced by summing with the 0.66-Mev transition. 
(See decay scheme below.) 

Gamma-gamma coincidence measurements were made 
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using a “fast-slow” coincidence circuit, so that energy 
selection could be used in both channels. The resolving 
time of the circuit was 2r=0.40 usec. The multichannel 
analyzer displayed the pulse-height distribution from a 
3-inchX3-inch NaI(T1D) crystal in coincidence with 
selectively chosen gamma-rays from another 3-inch 
X3-inch NaI (TID) crystal. Only the 1.05-Mev transition 
appeared in coincidence with the 1.26-Mev gamma ray 
and, with the gate set on 2.59 Mev, only the 0.663- 
Mev peak was seen in coincidence. These results 
establish the levels at 2.31 and 3.25 Mev, in agreement 
with the summing data from the 43-inch NalI(TII) 
crystal. 
Beta-Ray Spectroscopy 


Beta-ray spectra were measured on a well-type, 
anthracene scintillation spectrometer’ used in con- 
junction with the 20-channel analyzer. Small amounts 
of rubidium phosphotungstate precipitated from the 
ion exchange eluent were slurried onto laminated 
Formvar-polystyrene films about 25 ug/cm? thick, and 
dried. The total source thickness was less than about 
1 mg/cm?. Energy calibration was accomplished using 
the 0.625-Mev Ba'*’™ and 0.976-Mev Bi” conversion 
lines. 

Fermi analysis of a typical beta-ray spectrum is 
shown in Fig. 4. The figure shows the data resolved 
into components of energy 3.92+0.05 and 2.81+0.15 
Mev. From the Fermi analysis, the following intensity 
ratios were obtained: I(2.8)/7(3.9)=0.57, and I(3.9)/ 
I (total 8)=0.11. 

An independent measurement of the beta-ray branch- 
ing of Rb® to the ground state of Sr®’ was undertaken. 
In this experiment a small sample of Rb® was mounted 
on a Formvar-polystyrene film about 25 ug/cm? thick 
and counted in a 4m counter" to measure the beta 
disintegration rate. The sample was then rapidly trans- 
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Fic. 4. Fermi analysis of the Rb® beta-ray spectrum. 


© P.R. Bell in Beta- and Gamma-Ray Spectroscopy, edited by 
4 —— (Interscience Publishers, Inc., New York, 1955), 
Chap. V. 


1 The authors are indebted to A. R. Brosi for the use of his 44 
counting equipment. 
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ported to the scintillation spectrometer, where it was 
positioned 9.3 cm above the 3-inchX3-inch NaI(TII) 
crystal, with 2 g/cm? of polystyrene absorber between 
source and crystal. The area of the 1.05-Mev peak, 
corrected for Compton and pair distributions from the 
higher energy gamma rays and for summing with the 
1.26- and 2.20-Mev gamma rays, was divided by 
the product of geometry and peak efficiency to obtain 
the absolute number of 1.05-Mev gamma rays in the 
sample. From these data, the relative gamma-ray 
intensities, and the decay scheme proposed below, it is 
estimated that 7+5% of the beta decays are ground- 
state transitions, in agreement with the beta-ray spec- 
troscopy results. 
DISCUSSION 


The decay scheme shown in Fig. 5 summarizes the 
available information on the decay of Rb®, and Table IT 
includes numerical values for the intensities and com- 
parative half-lives of the beta-ray transitions. Beta-ray 
intensities were calculated from relative gamma-ray 
intensities and the decay scheme, assuming that seven 
percent of the beta-ray transitions decay to the ground 
state; however, the logarithm of the comparative half- 
life is not sensitive to rather large errors in the ground 
state beta-ray intensity. It should be mentioned that 
the beta-ray intensities are in some error due to the 
lack of information on additional cascading gamma rays 
which must be present and unknown, but probably 
small, internal conversion of the high-energy gamma 
rays. The cascading gamma rays would be of such an 
energy that they could not be resolved from the strong 
lines of the Rb® spectrum. Detection of these gamma 
rays would be helpful in assigning spins and parities 
to the levels of Sr®, and in further establishing the 
decay scheme. 

Data on the Sr**(d,p)Sr® reaction may be compared 
with the level scheme proposed here. McFarland and 
Shull” found excited states in Sr® at 1.07+0.10, 2.07 
+0.10, and 2.54+0.20 Mev, while Holt and Marsham™ 
measured these levels at 1.07+-0.08, 2.09+-0.08, 2.66 


TABLE IT. Intensities and comparative half-lives of Rb® beta-ray 
transitions. (Subscripts denote final states.) 








Logarithm of 
comparative half-life 


Beta-ray 


group Intensity 





Bo 0.078 7.8 
0.11> 
0.05* 
0.06 
0.53* 
0.02* 
0.03* 
0.28 
0.02* 


B1.05 


Bo.s1 
Bo. 59 
B2.75 
B3.25 
B3. 62 








* From 8/y ratio and relative gamma-ray intensities. 
> From Fermi analysis of beta-ray spectrum. 


2 C, E. McFarland and F. B. Shull, Phys. Rev. 89, 489 (1953). 
13 J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 565 (1953). 


Mev 
3.52 (-) 
3.25 (-) 








2.75 
2.59 


2.34 (-) 














4.05 (+) 




















Fic. 5. Decay scheme proposed for Rb®. 


+0.08 Mev, and others above the 3.9-Mev excitation 
available from Rb* decay. Two of the levels correspond 
within experimental error to the 1.05- and 2.59-Mev 
levels reported here; the 2.1-Mev level in the nuclear 
reaction work does not appear to be present in the 
Rb® beta decay. It is tempting to attribute the weak 
gamma ray seen on the 3-inchX3-inch NalI(TII) spec- 
trometer at 2.0 Mev to the deexcitation of this level, 
but the origin of this gamma ray is not sufficiently 
established to warrant such an assignment. 

As expected from the shell model, the ground state 
of Sr® can be assigned a ds,2 configuration on the basis 
of the unique shape of its beta-ray spectrum.* The 
log ft for the 3.92-Mev beta-ray group in Rb® indicates 
a first forbidden transition, which supports the shell 
model assignment of 3/2 to the Rb® ground state. 

The remaining levels do not lend themselves to 
interpretation by the single-particle model. Positive 
parity is assigned to the fist excited state on the basis 
of the 3,2 configuration of Rb®, and the log ft for the 
beta-ray transition. The excited states at 2.31, 3.25, 
and 3.52 Mev all are assigned negative parity from the 
low logft values for the associated beta-ray groups. 
The remaining levels at 2.59 and 2.75 Mev cannot be 
assigned parities from comparative half-life data alone, 
since a logft of about 6 might indicate an allowed, 
first forbidden, or /-forbidden transition, and further 
data are needed to establish even the parities of these 
levels. 
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The results of neutron transmission measurements on antimony, gallium, cadmium, and mercury, and on 
their separated isotopes are presented. Several methods are described for finding resonance parameters from 
neutron transmission measurements. Level parameters are reported for six resonances of Sb'!; four of Sb; 
three for Ga®; four for Ga”; and one each for Cd" and Cd", Isotopic assignments are made for three 


resonances in mercury. 





I. INTRODUCTION 


HIS paper is No. II of a series of papers reporting 
results of neutron cross section measurements 
using the Argonne Fast Chopper. Paper No. I' described 
the apparatus and operating characteristics of the 
chopper system, and presented results of transmission 
measurements on bismuth, selenium, and manganese. 
Briefly, the chopper system, as used in the present 
measurements, consists of a mechanical device for re- 
leasing short bursts of neutrons from the Argonne 
Heavy Water Pile (C P-3’), a counter for detecting these 
neutrons, and a 100-channel flight time analyzer. The 
latter records the number of neutrons which have 
traveled a given distance from the chopper as a function 
of the time required. Flight paths of 10, 20, and 40 
meters length were used. Runs of several hours duration 
taken with and without a sample material interposed in 


the beam enable one to calculate the transmission of the 
sample and, from this, its nuclear cross section. The 
results of such measurements on antimony, cadmium, 
gallium, and mercury, and on their partially separated 
isotopes, are presented in this paper, together with a 
determination of the resonance parameters for the 
prominent resonances observed. 


Il. ANALYSIS OF DATA 


When the neutron transmission of a particular element 
is plotted as a function of neutron energy occasional 
dips may be observed at certain critical energies. For the 
present data, each dip is due to a selective process of 
scattering or radiative absorption of the neutron (or 
both) and, in many cases, the parameters associated 
with the resonance process may be found by applying 
the Breit-Wigner one-level formulas. These formulas 
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tion of 0.12 yusec/m for energies 
greater than 35 ev and about 0.35 
usec/m at the lower energies. 
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t When on leave from Beloit College, Beloit, Wisconsi: 


' Bollinger, Dahlberg, Palmer, and Thomas, Phys. Rev. “{00, 126 (1955). 
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TABLE I. Resonance parameters for Sb". Parameters are determined for assumed values of I’, of 0.06 and 0.10 ev except in the case of 
the 6.25 ev resonance where the most probable value of I’, is 0.06+0.02 ev. 








ry 7 
(ev) (barns) 


ool? 
(b-(ev)*) 


Samples used 
for analysis 
(g/cm?) 


T'n/ VE» 
(ev) 





0.06 10 800 
+0.02 +4000 


0.06 11 900 
0.10 5800 


0.06 5200 
0.10 2600 
0.06 1400 
0.10 630 
0.06 
0.10 
0.06 
0.10 


0.06 
0.10 


360 
200 


2900 
1300 


5800 
3500 


41.5 
+1.5 


0.0013 1.8, 0.17, and 12.5 


0.0025 
0.0019 


0.0015 1.8 
0.0012 


0.0005 
0.0004 


0.00013 
0.00012 


0.0014 
0.0010 


0.0043 
0.0033 


1.8 and 0.17 


12.5 








express the cross section for scattering o,, and for 
neutron capture c, as a function of energy as follows’: 


4R 
1+——(E— Ey) 
r 


n OA n 


"TP 14[(E-Ey/TP 





a Ku Py 





oy=0 


T,/Eo\! 1 
=(G) . 
r\e/ 14+[(£E-E) Ar? 
oo=4rko' gl" “f/f. 


where 


g-3( 1 ), and r=P,+Tr,. 


2i+1 


Here E is the energy of the incident neutron and £p is 
the energy at exact resonance; go is the cross section at 
resonance; @, is the potential cross section—that cross 
section which presumably would prevail in the absence 
of the resonance; i is the spin of the target nucleus ; 24Ao 
is the wavelength of the neut t resonance; R is the 
“hard core’’ radius of the target nucleus; I is t 

of the resonance at half-maximum; ayd I’,/Tya 

give the fraction of a» due to neutron scatterin 
neutron capture, respectively. 

Because of finite instrumental resolution and because 
of the temperature motion of target nuclei, one cannot, 
in general, obtain resonance parameters directly from 
an experimentally determined transmission dip. The 
methods used by the Columbia Velocity Selector Group 
and by the Brookhaven Fast Chopper Group for de- 
termining resonance parameters have been described in 
detail in recent papers.’ The methods used in this 

2H. A. Bethe, Revs. Modern Phys. 9, 115 (1937). 

3 Melkonian, Havens, and Rainwater, Phys. Rev. 92, 702 (1953). 


4 Seidl, Hughes, Palevsky, Levin, Kato, and Sjostrand, Phys. 
Rev. 95, 476 (1954). 


paper are quite similar; modifications will be described 


as required. 
Ill, RESULTS 


Antimony 


The cross section of antimony had earlier been meas- 
ured by the Columbia Velocity Selector Group.’ How- 
ever, since the Argonne Fast Chopper had a higher 
resolution, and since an enriched sample of Sb’ was 
available, it seemed desirable to repeat the measure- 
ments over the resonance energy region. It is of course 
possible to make a detailed determination of resonance 
parameters only if isotopic assignment is known. 

Three different normal antimony samples were used, 
with thicknesses 0.170, 1.786, and 12.52 g/cm*. The 
thickness of the Sb’ sample was 1.27 g/cm*. The 
measured transmission of the thick antimony sample 
and also that for the Sb’ sample are shown in Fig. 1, 
plotted as a function of time-of-flight in ysec/meter. 
The energy corresponding to each resonance is indicated 
in electron volts. Though the transmission curves for 
the other antimony samples are not reproduced here 
they were all used in making the analyses reported 

w. Cross sections calculated from our data appear in 

e literature.® 

By comparing the two curves of Fig. 1, each of the 
major resonances can be assigned to one of the two 
isotopes of antimony. Those resonances which have 
been assigned to Sb’ and for which resonance parame- 
ters have also been determined, are listed in Table I. 
Likewise, Table II lists those assigned to Sb. 


( — Havens, Wu, and Dunning, Phys. Rev. 71, 65 
1 ; 

6 Neutron Cross Sections, and 3 supplements, U. S. Atomic 
Energy Commission Report AECU-2040 (Office of Technical 
Services, Department of Commerce, Washington, D. C., 1952). 
Also, D. J. Hughes and J. A. Harvey, ‘‘Neutron Cross Sections,” 
BNL 325, July 1, 1955, Brookhaven National Laboratory (U. S. 
Government Printing Office.) 
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TaBLE II. Resonance parameters for Sb. Parameters are determined for assumed values of I’, of 0.06 and 0,10 ev. 








ry 0 
(ev) (barns) 


Samples used 
for analysis 
(g/cm?) 


T:/ V/Eo 
(evt) 





0.06 21 000 
0.10 11 700 


2480 
1250 


4350 
2400 


6700 
4600 


0.06 
0.10 


0.06 
0.10 


0.06 
0.10 


1.8 and 0.17 
and Sb 


12.5 and Sb! 


0.0069 
0.0052 


0.0009 
0.0007 


0.0023 
0.0018 


0.0069 
0.0060 


12.5 and Sb 


12.5 and Sb'% 








Inasmuch as these resonances are primarily capture 
resonances and are therefore expected to be somewhat 
symmetrical in shape, the parameters reported in 
Tables I and II were determined by a modification of the 
by now standard area analysis method which includes 
the effect of Doppler broadening.*’ A curve fitting 
procedure was also applied to the wings of the promi- 
nent 6.25-ev resonance to yield an independent determi- 
nation of ool for that level. 


(a) 6.25-ev Resonance 


Figure 2 gives the result of applying the area analysis 
technique to the 6.25-ev transmission dip for two 
sample thicknesses. The two heavy intersecting lines 
give pairs of values of o) and I’ which satisfy the area- 
Doppler criterion for the respective sample thicknesses. 
The point of intersection of the two heavy lines gives 
preliminary estimates of a» and I’. The dashed line in 
Fig. 2 is an independent determination of the combi- 
nation of parameters ool by making use of the shape of 
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Fic. 2. Analysis 
of the 6.25-ev reso- 
nance in Sb”. The 
heavy solid lines 
were obtained from 
area data and the 
heavy dashed line 
was calculated from 
the value of oI? 
obtained by curve 
fitting. The fine solid 
lines indicate the 
magnitude of the er- 
rors associated with 
the 0.170 g/cm? data. 
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7G. von Dardel and R. Persson, Nature 170, 1117 (1952). 


the experimental curve in the wings of the resonance as 
follows: Since the 6.25-ev resonance is primarily a 
capture resonance (i.e., ,~I’), the total cross section in 
the wings, where |E—E,|>>T, is given to a good 
approximation by 


ool R ool” Ey j 
r= = (~) +7>. 
Ao(E—Ey) 4(E—E,)?\ E 





It turns out that the second term on the left is small 
compared to the term in (E—£,)~*; therefore appreci- 
able uncertainties in the values of ooI’ and R have but a 
small effect on the value of the equation. Furthermore, 
one may use experimentally measured cross sections for 
o; in this equation, for neither instrumental] resolution 
nor Doppler broadening appreciably affects the meas- 
urement of cross section in the wings of the resonance. 
Using approximate values for oo! and for R, the quan- 
tity Z=o,—ool' R/[Xo(E—E»)] may be plotted as a 
function of (Ey—E)-*(£)/E)'. This should yield a 
straight line with its Z intercept equal to c, and a slope 
equal to ool/4. Since ¢,=4rR®, R may be calculated. 
If the derived parameters are appreciably different 
from the values initially used in the calculation, the 
process is repeated for new parameters. Only one or two 
repetitions are required before satisfactory agreement is 
reached. 

Figure 3 shows the result of applying this procedure 
to the 6.25-ev resonance of antimony using the thick 
12.5 g/cm? data for o;. The slope of the line gives us 
ool*= 24.6 b-(ev)? referred to normal antimony or 43 
b-(ev)? referred to the proper isotope, Sb”! (since 
normal antimony is 57.2% Sb"). When o I?=43 is 
plotted in Fig. 2, it quite accurately parallels the line 
obtained by the area analysis method applied to the 1.8- 
g/cm? data. Evidently a 1.8-g/cm? sample of antimony 
is a “thick” sample. The parameters obtained for the 
6.25-ev resonance by combining the results of the area 
and curve fitting techniques of analysis are listed in 
Table I. 

The Z-intercept of the straight line of Fig. 3 yields a 
potential cross section of ¢p,=4rR?=4.4X 10-™ cm’, or 
R=0.59X10-" cm. This is 20% less than the radius 
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calculated from the frequently used relation R= 1.45 
X 10-8 A}, 

The above method of determining oI? is somewhat 
similar to that used by Kato ef al.§ to give gl’, for 
resonances which have a scattering shape, knowing 
beforehand the approximate value of oI”. 


(b) Resonance at Higher Energies 


An area analysis of two sets of data obtained for the 
15.6-ev resonance yields the intersecting straight lines in 
Fig. 4. The errors associated with the thin sample data 
are so large, however, that reliable independent values 
of ) and T cannot be deduced from the area data alone. 
Additional information can be obtained by making use 
of Eq. (3), which for our purpose may be written 
oo= 2.6X 10°8gEo(1—-T,/T). A plot of this equation 
may be superposed on the graph of oo vs I’ obtained 
from the area analysis, using assumed values for the 
radiation width I’, and the statistical factor g. Such 
curves have been drawn in Fig. 4 for two assumed 
values of I',, namely 0.06 ev and 0.10 ev; 0.06 ev was 
selected as the value obtained for the 6.25-ev resonance 
and 0.10 ev was the value suggested by the widths of 
neighboring isotopes, as quoted by Hughes and Harvey® 
and Heidmann and Bethe." It is seen that, for a given 
I’, the two possible values of g, 5/12 and 7/12 in the 
case of antimony, give nearly the same curve in the 
region of interest—an effect caused by the small magni- 
tude of T/T. On the other hand, when I’,,/'<1, the 
value assumed for I’, has a strong influence on the 
values derived for o) and I’. The present technique can 
nevertheless give meaningful results because other use- 
ful parameters, such as I’,,, are not sensitively dependent 
on the value assumed for I’). 

The foregoing procedure has been followed for each of 
the resonances of antimony. The values of parameters 
that were obtained are reported in Tables I and II. In 
each case the parameters selected are the coordinates of 
the point on the theoretical curve, obtained for each T’,, 
which is midway between the two straight lines obtained 
by the area analysis method outlined previously. The 
principle source of error in the parameters of all reso- 
nances except that at 6.25 ev is the uncertainty in the 
value of I',. A qualitative measure of the magnitude of 
the resulting uncertainties in the derived parameters is 
given by the differences between the values obtained for 
l',=0.06 and l',=0.10. 


(c) Determination of V', from Resonance 
Scattering Integral 


In principle, it is possible to make a determination of 
a weighted average value of I’, for an element for which 
I',<1 by making use of measured values of its resonance 
scattering integral. Such measurements have been re- 
8 Kato, Hughes, and Levin, Phys. Rev. 93, 931 (1954). 


9D. J. Hughes and J. A. Harvey, Nature 173, 942 (1954). 
1 J. Heidmann and H. A. Bethe, Phys. Rev. 84, 274 (1951). 
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Fic. 3. Wing analysis of the 6.25-ev resonance in Sb"!. The slope 


of the straight line gives oI'y?= 24.6 b-ev? for normal antimony or 
43 b-ev? referred to Sb"!. The Z-intercept gives R=0.59X 10-? cm. 





ported by Muehlhause and co-workers,'' who give 
values of the quantity $4 >>,(S(Eo)ool’,/Eo),, where 
S(Eo) is the sensitivity of the detection system used and 
the summation is over all resonances r. An average 
radiation width may be obtained by finding the I, 
giving resonance parameters which, when substituted in 
the above summation, result in a “resonance integral” 
equal in value to that reported by Muehlhause; the 
value of the sum varies rapidly with I’, since the ov’, 
obtained for each resonance depends sensitively on the 
assumed [',. A comparison of this kind can only be 
accomplished in those cases where the parameters o» and 
I’, are known for a sufficient number of resonances so 
tnat the contribution of the higher energy resonances to 
the summation can be satisfactorily approximated. 
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Fic. 4. Analysis of the 15.6-ev resonance in Sb™, illustrating a 
convenient technique of obtaining resonance parameters from area 
data for assumed values of I’y. 


4 Harris, Muehlhause, and Thomas, Phys. Rev. 79, 11 (1950). 
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Fic. 5. Neutron transmission of normal gallium and its isotopes as 
obtained with a resolution of 0.14 usec/m. 


The foregoing summation has been calculated for 
antimony using both sets of parameters listed in 
Tables I and II, i.e., those for '.,=0.06 ev and also for 
0.10 ev. The measured scattering integral for antimony 
reported by Harris ef al." falls approximately midway 
between these two calculated summations. On esti- 
mating the possible range of errors in the reported value 
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Fic. 6. Comparison of the calculated transmission, using the 
parameters given in Table III, and the experimentally measured 
= in the vicinity of the 290- and 380-ev resonances 
of Ga”. 
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of the measured scattering integral and also in the 
values of the parameters used in the summation, this 
method leads to I',=0.07+0.02 ev for the capture 
width of antimony. This value is a weighted average 
value which is strongly influenced by the width of the 
21.6-ev resonance. It is noteworthy that the two values 
obtained for I',, namely, 0.07+0.02 and 0.06+-0.02, are 
in good agreement. 
Gallium 

The neutron cross section of gallium had previously 
been measured at Harwell’ and at Columbia* but with 
poorer instrumental resolution than available with the 
Argonne Fast Chopper. Our results for the potential 
cross section are in essential agreement with these 
earlier measurements, but because of better resolution, 
we observe a finer structure in the resonance region. 
Furthermore, since separated isotopes of gallium were 
available for transmission measurements, we were able 
to make isotopic assignment for several of the promi- 
nent resonances, and thus to determine their resonance 
parameters. 

(a) Resonance Parameters 


Two different samples of normal gallium were used, 
one of thickness 7.75 g/cm? and the other, 5.95 g/cm’. 
The latter was used only for normalization purposes at 
low resolution. The Ga® and Ga”! samples were oxides 
of thickness 1.98 g/cm? and 1.126 g/cm’, respectively ; 
they were 98.4% and 98.1% isotopically pure, re- 
spectively. 

The measured transmission for normal gallium and 
for its isotopes is plotted in Fig. 5. The Columbia 
Velocity Selector Group* reported broad resonances at 
about 100 and 300 ev; it will be noted from Fig. 5 that 
each of these is in reality two separate resonances. No 
additional resonances have been observed at lower 
energy in runs taken down to about 3 ev. A comparison 
of the three transmission curves of Fig. 5 enables one to 
make isotopic assignment for several of the major 
resonances. These assignments are listed in Table III. 
One cannot be certain from the present data whether the 
340-ev transmission dip observed with the Ga® sample 
is caused by Ga® or by a Mn impurity in the sample. A 
later run with improved resolution” shows, however, 
that it should certainly be attributed to Ga®. 

The parameters which have been assigned the gallium 
resonances are also recorded in Table III. The parame- 
ters for several of these resonances were obtained by the 
area analysis method outlined in the foregoing ; for the 
290-ev, the 380-ev, and the 710-ev resonances the modi- 
fied procedure to be described below was employed. In 
each case the value of I’, was taken to be 0.30 ev as sug- 
gested by Fig. 1 in reference 10. The value of g was taken 
to be 4, the two possible values being either } or 3 for 
both gallium isotopes. 

12 A. W. Merrison and E. R. Wiblin, Proc. Roy. Soc. (London) 


A65, 992 (1952). 
#8 Bollinger, Cote’, and LeBlanc (private communication). 
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Since the 290-ev and the 380-ev resonances in Ga” are 
predominantly scattering resonances, the assumption of 
resonance symmetry, which governs the validity of the 
method of area analysis used with the antimony data, is 
not justified. However, it is always true that the experi- 
mental transmission area must be equal to the calcu- 
lated area if the correct resonance shape and parameters 
are used. For the case of a resonance having a scattering 
shape, in particular, the width [ may be obtained by 
finding the value of [ for which the area above the 
calculated transmission dip is equal to that above the 
experimental dip for assumed values of ',, R, and g; the 
appropriate I must be found by a method of successive 
approximation. This procedure is especially suitable for 
the wide resonances in gallium since Doppler broadening 
may be neglected and since I’,,/['~1, making the final T 
insensitive to the assumed value of I’,. 

In applying the above technique to the 290 ev and 
380 ev transmission dips in the Ga” data of Fig. 5, the 
combined effects of the two resonances were calculated. 
For both resonances, I, was assumed to be 0.30, a value 
of } was used for g, and R was obtained from the 
relationship R=1.5X10-" A? cm; it was found, more- 
over, that the measured shape of the transmission dip 
could be explained only by assuming the two resonances 
to be of differing J-values. The final values of the 
widths I’ that were arrived at in this manner are re- 
corded in Table III, and were used to draw the trans- 
mission curve shown in Fig. 6. Data points for the 
experimentally measured transmission also appear in 
the figure. As is to be expected, primarily because of 
instrumental resolution, a curve through the experi- 
mental data would yield transmission dips both broader 
and less deep than those of the theoretical curve. How- 
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TaBLE III. Resonance parameters of gallium for the assumed 
values ',=0.3 and g=}. The errors quoted do not include those 
caused by the uncertainty in the correct values of g. 








Thermal 
capture 
contri- 
I'n/VEo bution 


r rn 
(ev’) (barns) 


oo 
(barns) (ev) (ev) 


Eo ool? 
(ev) (b-ev?) 





Ga® Resonance 
112 233 1800 +400 0.36 +0.02 
340 360 +150 1 0.49 


710 3840 1500 +200 


0.005 

0.010 

0.047 0.06 
Total 0.41 

(Measured thermal o- =2.0 b) 


0.06 0.30 
y 0.19 0.05 
1.6 +0.2 1.3 


Ga"™ Resonances 
2700+1000 0.37+40.04 0. 
4300 +100 7.7 +0.5 7. 
3100+100 3.6 +0.5 3. 

710+200 0.52+0.10 0. 


07 0.007 0.57 
4 0.43 3.00 
3 0.19 0.74 
22 ~=0.008 0.01 


Total 4.32 
(Measured thermal o- =4.9 b) 








ever, because of the satisfactory area agreement, it is 
believed that the parameters selected are reasonably 
good. 


(b) Thermal Capture Cross Section 


It is possible to calculate the contribution which each 
of the gallium resonances makes to the thermal capture 
cross section by using the parameters assigned each 
resonance. This contribution also appears in Table ITI. 
The sum of the contributions due to the three resonances 
of Ga” is seen to be 4.3 barns whereas the measured 
value of its thermal capture cross section® is 4.9 barns. 
This difference represents a reasonable contribution for 
the remaining resonances at higher energies and those at 
negative energies. This suggests that the value 0.30 ev 
used for I’, in our analysis (and which is used in this 
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calculation) is approximately correct, though if there 
are any significant resonances in Ga” at small negative 
energies its value would have to be reduced somewhat. 
In the case of Ga®, the four resonances analyzed 
contribute only 0.41 barn to the thermal capture cross 
section, whereas the measured value is 2.0 barns.® Since 
it does not appear that higher energy resonances could 
account for this difference, it may well be that there is a 
fairly prominent resonance in Ga®™ at a small negative 
energy. 


TABLE IV. Resonance parameters for cadmium for an assumed 
value ',=0.12. 
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Cadmium 


The unique cross section of cadmium has made it a 
significantly useful metal in neutron physics research. 
Because of its strong resonance near thermal neutron 
energies, a relatively thin sheet of cadmium can be used 
to filter out the slow neutrons from a beam of broad 
distribution in velocity. Furthermore, since earlier cross- 
section measurements of the Columbia Velocity Selector 
Group® showed no significant resonances at higher 
energies, neutrons passed by such a filter have been 
assumed to be fairly uniformly attenuated. Our results 
show that this is not the case. 

The measured transmission of a normal cadmium 
sample about one inch thick (19.9 g/cm”) is plotted as a 
function of time of flight in Fig. 7. Prominent reso- 
nances are observed at 18.0, 27.2, 66.6, and 88.2 ev, and 
others less prominent at higher energies. 

The transmission of seven samples of the separated 
isotopes of cadmium was also measured. These samples 
were in the form of oxides of cadmium, most of them 
somewhat less than 1.0 g/cm? in thickness. Figure 8 
shows the measured transmission for these samples 
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Fic. 9. Neutron transmission 
of separated isotopes of mer- 
cury and the transmission of 
normal mercury. The resolution 
used was about 0.3 usec/m. 
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together with that of normal cadmium plotted over the isotopic constitution, enables one to assign the 27.2-ev 
energy region of interest. The isotopic constitution for resonance to Cd!" and the 88-ev resonance to Cd", 

each sample is displayed at the right of each curve. A These two resonances have been analyzed to deter- 
comparison of these curves, taking into consideration mine their resonance parameters, and the results are 
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TaBLE V. Isotopic assigament for the resonances in mercury. 
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TaBLe VI. Summary of average resonance parameters. 








Resonance Resonance 
energy energy 
(ev) (ev) 


23 128 see 
34 177 199 
43 206 
73 311 
90 





198* 








* These assignments are in some doubt. 


recorded in Table IV. The capture width I’, was taken 
to be 0.12 ev as suggested by Fig. 1 of reference 10. The 
spin of Cd" is 4, and hence the value of g may be either 
} or 3. The parameters were determined for both these 
possible values, using the area analysis procedure for a 
symmetrical resonance. Since the spin of Cd""° is zero, g 
can have only the value unity. Using this value, the 
parameters for the 88-ev resonance were approximated 
by both the standard area analysis method and by the 
comparison method for asymmetric resonances used for 
the gallium data. 
Mercury 


Cross-section measurements of mercury over the 
resonance region had also been made by the Harwell 
group.® They had observed two prominent resonances at 
23 and 35 ev and some unresolved resonances at higher 
energies. By using better instrumental resolution and by 
making in addition, transmission measurements on the 
separated isotopes we are able to resolve a number of 
other resonances and to make isotopic assignment for 
several of the prominent resonances. This assignment 
has been used at Brookhaven in determining the 
parameters of the first two resonances." 

The measured transmission for normal mercury and 
for six samples of its partially separated isotopes is 
plotted in Fig. 9. The sample thickness and isotopic 
constitution of each sample is given adjacent to each 
curve. By comparing the various curves in this figure it 
is possible to make the four isotopic assignments listed 
in Table V. An area analysis of these resonances based 
on this assignment gives consistent results, thereby 
confirming the assignment. Three additional possible 
assignments are also listed in the table. 


Reduced Neutron Widths 


On the black nucleus model of the nucleus,’ the ratio 
I’.°/D of the average reduced neutron width to the 
average level spacing should be a constant independent 
of atomic weight. On the more recent “cloudy crystal 


“4 J. S. Levin and D. J. Hughes, Phys. Rev. 95, 645 (1954). 
‘6 Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 


Probable 
range of Theoretical 


Numbe: 

a — (Pwd) (fae/D) (Tae) 
reso- 8 ro X108 X10 X10 
nances (ev) (evi) 


236 0.031 
9.160 
0.0017 
0.0013 
0.0042 
0.0034 


(ev) 


0.40 
0.32 
0.29 


0.33 


(ev) 


0.36-1.2 
2.5 -7.0 
0.45-0.93 
0.35-0.72 
0.48-1.3 
0.39-1.1 


(ev) 
0.66 


Nuclide 


Ga® 3 
Ga”! 4 
T,=0.06 7 
Sb™\ry=0.10 7 

Ty=0.06 4 
Sb™\ry=0.10 4 











ball” model,'* which assumes that the incident neutron 
interacts with a complex potential well of the form 
V=V (1+i¢), the width-to-spacing ratio is not con- 
stant but is predicted to have sharp maxima in the 
neighborhood of atomic weights 11, 55, and 155. The 
data presented in the present paper are not extensive 
enough, in themselves, to give much information about 
the validity of these theories. For convenience in 
comparing our results with others reported in the 
literature, however, the average nuclear parameters 
that may be deduced from the present data b, r,.°, and 
I’,.°/D, are summarized in Table VI. Since there are two 
possible spin states, D, which is the average spacing per 
spin state, was assumed to be twice the average ob- 
served spacing}S. The probable errors associated with 
these parameters were all calculated on the basis of the 
number of resonances for which data were obtained, 
assuming that the density distributions of both D and 
I,” are of exponential form and are independent. 

The abnormally large value of I',°/D that is obtained 
for Ga™ is probably caused by a statistical fluctuation. 
If it were a reliable value, it would be expected that 
other wide resonances, in addition to those at 290 and 
370 ev, would be observed at higher energies. The 
results obtained for the antimony isotopes should be 
more reliable, however; a greater number of resonances 
were observed and there is fair agreement in the results 
obtained for the two isotopes. For these data, values of 
[.°/D are listed for the two assumed values of I’, that 
were used. It is seen that I',°/D does not depend 
sensitively on I’y. 

The last column in Table VI lists the values of f',°/D 
that are predicted by the cloudy crystal ball model for 
the currently favored constants Vo=—42 Mev and 
¢=0.03. The experimental results contain uncertainties 
that are too large to make a quantitative comparison 
with the theory meaningful. It is seen, however, that the 
theoretical values of f',°/D agree, as to order of magni- 
tude, with the results obtained from our data. 


16 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
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The following nuclear reactions were detected from the bombardment of elemental boron and oxygen by 
energetic nitrogen ions: (1) B%(N™, O')Be®, (2) B!(N*, N™)B", (3) BY(N*, C4)C¥, (4) BY(N*, F'8)Lié, 
(5) BY(N™, p)Na™, (6) O(N", 2p)Al®, and (7) O'%8(N*, F!8)C The yields for these reactions were 
differentiated to obtain the cross sections as a function of energy. Reactions (2) and (3) can be identified as 
stripping reactions by comparison with similar proton-induced reactions and by comparison with previously 
studied nitrogen-induced reactions. Only a small part of neaction (1) seems to proceed through a stripping 
reaction although it should be similar to reaction (3). Reactions (1) and (4) are compared to proton-induced 
reactions in Na* which lead to the same residual radioactive nuclei. The nitrogen-induced reactions are 
more probable by factors of 4 and 2, respectively, after barrier corrections, indicating that the nitrogen- and 
proton-induced reactions proceed through somewhat different mechanisms. The reactions observed in the 
bombardment of oxygen are compared to proton-induced reactions in Si®. The (N™, 2p) and (p, 2p) excita- 
tion functions may be similar but the lack of barrier penetration calculations prohibits accurate comparisons. 





INTRODUCTION 


HE following reactions were observed when boron 

and oxygen were bombarded with 25-Mev nitro- 

gen ions in the internal beam of the ORNL 63-inch 
cyclotron!: 


(1) B°(N"4, 0") Be’, 

(3) BY(N, C4)C8, (4) BY(N4, F'8)Li8, 

(5) BU(N™, p)Na%, (6) O18(N4, 26)Al?8, 
(7) O'8(N'4, F18)C12, 


It has been shown? that some nitrogen-induced reactions 
proceed through a stripping mechanism. In the case of 
boron, it is possible that reactions (1), (2), and (3) 
proceed through a stripping mechanism. Reactions (1) 
and (3) should be similar since (1) could be the stripping 
of a proton from B?° while (3) could be the stripping of 
a proton from N'*. The counterpart of the neutron 
stripping reaction leads to the products B® and N® 
which were not observable by radioactive product 
analysis. It is expected that reaction (6) should be simi- 
lar to the previously observed* reaction C!2(N"4, 2p) Al’, 
which proceeds through a compound nucleus. A bom- 
bardment of separated B'® showed that the products 
from reactions (1) and (4) resulted from B". This is to 
be expected since the Q-values for the production of 
these radionuclides from B' are considerably higher 
than those for B". 

The excitation functions for all the listed reactions 
were measured to determine, if possible, the mechanism 
through which these reactions take place. In order to 
compare the measured excitation functions with corre- 
sponding proton-induced reactions, the reactions of 


(2) B!°(N4, N')B", 


* Now at University of California Radiation Laboratory, Liver- 
more, California. 

t Now at Physics Department, Massachusetts Institute of 
Technology, Cambridge, Massachusetts. 

1 Reynolds, Scott, and Zucker, Proc. Nat. Acad. Sci. U. S. 39, 
975 (1953). 

2H. L. Reynolds and A. Zucker, Phys. Rev. 101, 166 (ost 

*H. L. Reynolds and A. Zucker, Phys. Rev. 96, 1615 (1954). 


30-Mev protons on Na* and Si®® were studied. If the 
nitrogen- and proton-induced reactions proceed through 
the compound nuclei Mg” and P*° the excitation func- 
tions should be similar, if corrections for excitation 
energy and entrance barrier penetration are made. 


EXPERIMENTAL METHOD 


The excitation functions were measured in a manner 
reported previously.?* Thick boron or oxygen targets 
were bombarded directly in a Faraday cup; thin nickel 
foils varying from 0.5 to 3.5 mg/cm? were placed before 
the targets so that yields could be measured at various 
maximum energies. The beam current was integrated 
with a vibrating reed electrometer and also plotted on 
a recorder so that corrections could be made for beam 
fluctuations. Consideration of electron pickup and loss 
in the foils was avoided by placing the foils inside the 
cup. Secondary emission from the cup was negligible 
because of the 2 kilogauss cyclotron fringing field. 
After bombardments of about 10 minutes the targets 
were placed in shielded Geiger counters and the dis- 
integration rate followed for several days; the counters 
were calibrated by standard techniques. From the 
disintegration rate for each product, the total charge 
collected, and the Geiger counter efficiency, the yield 
per incident particle can be calculated. 

The targets, ¢ in. in diameter, were made by pressing 
pure boron powder or TiO: powder in brass molds 
under a pressure of approximately 20 tons per square 
inch. The targets thus prepared had a hard, smooth sur- 
face which remained unchanged under bombardment. 


RESULTS 


The half-lives and Q-values for the reactions observed 
in boron and oxygen are presented in Table I. It should 
be recognized that many more reactions are possible, 
such as those leading to stable products or to products 
with half-lives that do not fall within a convenient 
measurement range. The reactions are listed in the first 
column. In the second and third column are listed the 
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Taste I. Nitrogen-induced reactions observed in boron and 
oxygen. Stable products listed as those with the largest binding 
energy. 





Reaction Ty(min) Q(Mev) Q" (Mev) 





B™(N™, 015) Be? 2.1 
B"(N™« Niv)Bu 10.1 
B™(N™, Cu)Cu 20.4 
B%(N™ Fis)Ljs 112 
B"(N™, p)Na™ 900 
O%(N™) 2p) AP® 2.27 
O(N™ Fi8)C12 112 


+0.77 
+0.92 
+1.15 
—0.04 
+0.38 
—2.73 


— 3.88 
— 7.18 
— 2.13 
— 4.25 
+12.75 





half-lives and Q-values, respectively. Column four, 
labeled Q"', gives the Q-value for the reactions in B' 
which lead to the same radioactive products as ob- 
served in B’*. These Q-values are all considerably less 
than those for B', and it was shown by bombarding a 
target of 96% B*® that the cross sections for the pro- 
duction of the reaction products for the first four re- 
actions listed are at least 10 times larger in B’® than 
in B". The table has been prepared with only two 
products as the end result of each reaction. Because of 
the large amount of energy necessary to break up 
the stable products C’ and B"™ in the reactions 
B’(N, C")C™ and B'°(N“, N™)B", it is reasonably 
certain that C’ and B" are the residual products. 
The boron reactions leading to O and F'® possibly 
proceed, so that instead of the listed stable products 
Be® and Li‘, actually a group of smaller particles should 
be listed. The reaction listed for B'! must be as repre- 
sented and cannot be a product of B'® and the same 
argument holds for the 2p reaction in O'*. The large 
amount of energy required to break up C! makes it 
likely that for the listed reaction O'*(N'4, F!8)C!? the 
residual product is C'?. 

The nuclides listed in Table I for the boron reactions 
are the only ones with half-lives between 2 minutes 
and several days that it is possible to create with the 
nitrogen bombardment of boron, if the existence of 
unknown isotopes is excluded in this well-explored 
region of the periodic table. In the case of the nitrogen 
bombardment of oxygen, only those reactions which 
have been observed are listed. It is possible to produce 
Pp? O', and Al** in oxygen, all with half-lives near 
2 minutes. The identification of Al** was assured by 
the following arguments. The observation of the residual 
nucleus P** is unlikely since the excitation of this 
nucleus would be over 30 Mev and the complete de- 
excitation by gamma rays without particle emission 
would have a very small probability. The reaction 
leading to O has a negative Q-value of —4.9 Mev, 
making it unlikely to occur. If this reaction did occur, 
it would probably proceed through a stripping reaction 
which would have a maximum cross section of about 
5 mb.? This is quite small compared to the cross section 
measured for the formation of the 2-min activity. To 
check these arguments, the 2-min activity was investi- 
gated with a sodium iodide scintillation spectrometer. 
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The pulses were displayed on an oscilloscope screen 
which was photographed. The density of the photo- 
graphic image was read with a photodensitometer. By 
applying suitable corrections the intensity of the gamma 
rays was obtained as a function of energy. Both P*° and 
O' emit positons with no subsequent gamma rays. 
Al*’ emits electrons and a 1.78-Mev gamma ray. It was 
observed that a 1.78-Mev gamma ray with a 2-min 
half-life was present with no evidence for annihilation 
radiation with a 2-min half-life, and it was, therefore, 
established that at least 90% of the 2-min activity was 
due to Al’. 

Knowledge of the half-lives which might be present 
simplified the analysis of the decay curves. The analysis 
was performed in the standard way by subtracting 
activities, in order of decreasing half-life, from the 
decay curves which were plotted on semilog paper. 
Analysis of the same curves by several people were in 
satisfactory agreement. The Laboratory’s high-speed 
digital computer (Oracle) was used to check the graphic 
analyses in four cases for boron. The computer routine 
followed with only minor changes one written by N. M. 
Dismuke of this Laboratory. The Oracle analyses were 
made by minimizing the sum }>; W;(1— #,/R;)*, where 
the R; are the rate data points, W; their statistical 
weights, and R;=>0",., A; exp(—A,t,) the computed 
rate points. The A,’s (initial decay rates) obtained by 
the Oracle agreed within 10% with the values obtained 
by graphic analysis. The time needed for an Oracle 
analysis was somewhat longer than that required for a 
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Fic. 1. Yield per incident particle in natural boron for the 
reactions B”(N*, 0*)Be®, B°(N¥%, F!8)Li®, and BU(N™, p)Na™ as 
a function of nitrogen laboratory energy. 
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graphic analysis because of the time required for 
preparation of the data tapes. 

The yield curves for boron are presented in Figs. 1 
and 2 as reactions per incident particle in natural boron. 
These curves are not corrected for isotopic abundance, 
which is 18.8% B'° and 81.2% B". The yield curves for 
oxygen are presented in Fig. 3 as reactions per incident 
particle in TiO2. Several runs were made with PbO and 
PbO, targets. After correction for relative stopping 
power the results were in good agreement with those 
obtained with TiO». The absolute values of these yields 
have a probable error of 15% mainly due to errors in 
Geiger counter calibration. The relative errors may be 
estimated from the spread in the points. The smooth 
curves drawn through the points were used to obtain 
the cross sections as a function of energy shown in 
Fig. 4 for boron and Fig. 5 for oxygen. The probable 
error in the cross sections is about 20%. 

The possibility remains that some of the activities 
associated with the boron are due to contaminants in 
the targets. Possible light contaminants would be 
oxygen and carbon. The cross section for the production 
of 2.3-min Al?* in O"* is quite large, as seen from Fig. 5. 
Therefore, it is possible that Al** from O'* could be 
confused with the O” from boron. However, the cross 
section for the reaction O'*(N'4, 2)Al*8 falls off with 
energy over the energy region covered much more 
rapidly than the cross section observed in boron. Also 
the cross sections of the two reactions are nearly equal 
at 25 Mev, indicating that if the 2-min activity were 
due to O'*, the boron powder would have to contain 
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Fic. 2. Yield per incident particle in natural boron for the 
reactions B®(N™%, C")C® and B”(N*%, N)B" as a function of 
nitrogen laboratory energy, 
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Fic. 3. Yield per incident particle in TiO. for the reactions 

O(N, 26)AP® and O!6(N4, F8)C” as a function of nitrogen 

laboratory energy. 


about 20% oxygen. It is therefore unlikely that more 
than a few percent of the 2-min activity is due to O"* 
contamination. F!* and Na*‘ have been observed as 
products from the nitrogen bombardment of carbon.’ 
However, the relative cross sections for F'* and Na™ 
production in carbon are entirely different from the 
ratio in boron. Also, the bombardment of separated B'® 
reduced the Na* activity by a factor of 10 without 
influencing the F'* activity. Therefore, less than a few 
percent of the activity in boron can be due to carbon. 
It is not likely that other light contaminants could be 
present in large enough quantities to affect the results. 

Carbon is the only impurity which would cause diffi- 
culty in the oxygen target analysis. In carbon, however, 
the F!* activity must be accompanied by Na” activity 
as stated above. At the maximum energy at least 95% 
of the F'® activity is due to oxygen as shown by the F'* 
to Na* ratio. At lower energies (below 20 Mev) the F'* 
yield curve becomes fairly independent of energy. It is 
concluded that this is caused by carbon either in or on 
the nickel foils used for energy degradation since F'® 
made in the foils has sufficient energy to traverse the 
foils and stop in the oxygen target. Therefore, the data 
for the F'* reaction are presented only for the narrow 
energy range from 21 to 25 Mev. 


DISCUSSION 
1. Boron 


The reaction B'(N", p)Na™ probably proceeds 
through a compound nucleus. The decrease in cross 
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Es a 4. Absolute cross section as a function of nitrogen labora- 
ry energy for the reactions B(N*, O)Be®, B(N™*, N¥)B", 
BUN, Cu)C, BY(N™, Fi8)Li®, and B'(N¥, p)Na™. 


section with increasing energy is due to competition 
with other decay modes. The cross section for this 
reaction is lower than for the other compound nucleus 
reactions. This is probably due to the fact that the Q 
for this reaction is very high and therefore the proba- 
bility for emission of another particle after the forma- 
tion of Na* is very large. 

The excitation functions for the reactions in B'° 
leading to C'! and N" have a different shape than those 
leading to O and F'*. The former reactions are 
stripping reactions: the first of a proton, the second of 
a neutron. The basis for this statement is first the strong 
similarity of these excitation functions to those for the 
reactions N'4(N'4, N'4)N™ and N'4(N4, 0!®)C!8 which 
were identified previously as stripping reactions.? Sec- 
ondly, Cohen‘ of this laboratory has bombarded Na”* 
with protons, which would lead to the same inter- 
mediate nucleus Mg” as the nitrogen-boron reaction. 
Proton energies of 30 Mev were necessary to obtain 
the same excitation of the intermediate nucleus as the 
nitrogen-boron bombardments. The reactions leading to 
C" and N"® were not observed; the cross sections must 
be at least a factor of 20 less than those for the nitrogen- 
induced reactions. Barrier penetration corrections would 
increase the factor. This indicates that the nitrogen- 
induced reactions do not proceed through the fission 
of a compound nucleus. However, the reactions leading 
to O and F'® were observed with proton bombard- 
ments. In order to compare these excitation functions 


4B. L. Cohen, Phys. Rev. (to be published). 
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with those produced by nitrogen one must compare 
cross sections at the same excitation energies and make 
corrections for the barrier penetration. The latter were 
made in the following manner. The total cross sections 
were calculated from the relation 


or=mh*>_, (2/+-1)Pié:, 


where the sticking probability ; was taken as unity 
and the penetrabilities P; were taken from the tables of 
Feshbach e al.5 Then the percentage cross sections, 
which are the ratios of the observed cross sections to 
the total cross sections, can be compared. The nitrogen- 
induced O* reaction has the unusual property of having 
a minimum in the percentage-of-total cross section. As 
mentioned previously, it is expected that this reaction 
would occur through stripping of a proton from B® and 
that it should have an excitation function similar to 
that for the reaction B!°(N', C™)C'* which occurs 
through stripping of a proton from N". If it is assumed 
that the O" excitation function is due to the sum of a 
stripping reaction and another type of mechanism, and 
if a stripping cross section such as the B!°(N'4, C")C8 
cross section is subtracted, the resultant percentage of 
total cross section is given by the dotted line in Fig. 6. 
The minimum disappears and the resultant curve is 
similar to that of other reactions in which nuclear 
fragments are emitted by a compound nucleus. 

The proton-induced reactions in Fig. 6 may be de- 
scribed as Na**(p, 2an)O and Na**(p, apn)F'® and 
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Fic. 5. Absolute cross section as a function of nitrogen laboratory 
energy for the reactions O'*(N™, 2p)AI?* and O'%(N¥, F18)C¥®. 


5 Feshbach, Shapiro, and Weisskopf, U. S. Atomic Energy Com- 
mission Report NYO-3077, 1953 (unpublished). 
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probably occur partially through a direct and partially 
through a compound nucleus process. Since in the 
nitrogen-induced reactions a large number of nucleons 
with relatively small kinetic energies conglomerate, 
a thorough sharing of the energy should occur through- 
out the intermediate nucleus. Therefore, in the nitrogen- 
induced reactions it would be expected that many 
particles would be boiled off with energies near the exit 
barrier height, as in the usual compound nucleus model, 
which would mean that the number of emitted particles 
would be greater than for proton-induced reactions. 
The latter reactions would have some particles with 
large kinetic energy emitted by a direct interaction 
leaving less energy for the emission of successive 
particles. This may be the reason why the percentage- 
of-total cross sections for the nitrogen-induced reactions 
in Fig. 6 are larger than for the proton-induced reac- 
tions and fall off, as the excitation energy decreases, 
more slowly than the proton-induced reactions. 

On the basis of such a description, it would be of 
interest to study the energy spectrum of alpha particles 
and protons from both the proton- and nitrogen-induced 
reactions. One would expect that for the proton- 
induced reactions the emitted light particles should, 
in general, have a higher kinetic energy. 


2. Oxygen 


The cross section as a function of the excitation 
energy of the compound nucleus P*® for the reaction 
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Fic. 6. Ratios of observed cross sections to theoretical total cross 
sections for proton- and nitrogen-induced reactions as a function of 
the excitation energy of the compound nucleus Mg*. The dotted 
line represents the percentage cross section for B(N", O'5)Be® 
minus that for the stripping reaction B°(N™, C")C®. 
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Fic. 7. Absolute cross sections as a function of the excitation 
energy of the compound nucleus for the 2 reactions induced by 
protons on Si” and Mg® and nitrogen on O'* and C®. 


O'*(N'4, 2) Al’ is shown in Fig. 7. Plotted on the same 
graph is the cross section for the reaction Si*(p, 2p)Al** 
which is the proton induced reaction leading to the 
same compound nucleus. The corrections necessary for 
barrier penetration could not be made in this case 
because the tables of Feshbach ef al. do not extend 
into this region. Although the two curves differ by 
several orders of magnitude at low energies, rough 
estimates of the penetrabilities indicate that the per- 
centage-of-total cross sections are similar. The excita- 
tion curves for 2 reactions from the compound nucleus 
Al** obtained by nitrogen bombardment of carbon and 
by proton bombardment of Mg” are also shown in 
Fig. 7 for comparison.® 

The cross section for the reaction Si?*(p, C'*)F'® is 
smaller by a factor of at least twenty than the com- 
parable cross section for the nitrogen-induced reaction 
O'*(N'4, F'8)C!. The latter reaction might be an 
example of deuteron stripping or a fission of the inter- 
mediate nucleus. In the absence of other information 
about the reaction, such as the angular distributions or 
the energy spectrum of the products no definite state- 
ment can be made concerning the reaction mecha- 
nism. It is unlikely that the reaction proceeds as 
O'*(N4, 3a)F!8, because the Q-value is then —9.3 Mev 
and at 25.5 Mev incident energy only 4.3 Mev is 
available in the center-of-mass system for the emission 
of 3 alpha particles. 


* Cohen, Reynolds, and Zucker, Phys. Rev. 96, 1617 (1954). 
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By using tritons from pile-irradiated Li, the reactions O"8(t,n)F*®, O'8(/,a)N"", and N"4(t,p)N!” have been 
observed, and their relative yields obtained. The cross section at about 2.7 Mev of the well-known reaction 


O'(¢,n)F"8 was also measured and is roughly 0.5 barn. 





HE technique of observing triton-induced re- 

actions by mixing lithium with a target element 
and irradiating in a pile is by now well known. The 
slow-neutron reaction Li®(n,a)H® yields 2.8-Mev tritons. 
With Li,CO;, the O'*(t,2)F'® reaction was observed 
during the Manhattan Project work.’ Iwerson ef al.? 
used Li-Al and Li-Mg mixtures and observed the 
Al’"(t,p)Al® and Mg**(t,p)Mg®* reactions, and searched 
for, but did not find, the P**(¢,p)P* reaction. In the 
present work, the reactions O'*(t,n)F*®, O'8(t,0)N", 
and N'*(t,p)N'” were observed, and the cross section 
of the O'*(t,2)F'® reaction at about 2.7 Mev was 
obtained. 


O'8(t,a)N!” 


LieCO; and an aqueous solution of LiF were each 
irradiated in the BNL reactor for about 20 seconds, 
and a BF; counter, set up at the pneumatic tube which 


carried the samples into and out of the reactor, was 
used to detect the 4.1-second delayed neutron activity 
characteristic of N'’.* No such activity was found in 
control samples containing either Li or O without the 
other. [The reaction O'"(,p)N" could occur, but was 
not detected because of the extremely low abundance 
of O"" and the low fast-neutron flux. | Consideration of 
possible triton- or alpha-induced reactions in oxygen 
leading to N"’ shows that the only reaction energetically 
possible is O'*(t,a)N"’, with a Q-value of 3.8 Mev.‘ 
Banks® has measured the saturated yield of F'* from 
the reaction O'*(t,n)F'* in LigCO; as 2 millicuries per 
gram Li,CO; under identical irradiation conditions in 
the pile as the present work. By calibrating the BF; 
counter with a Po-Be source of known strength, the 
saturated N'’ yield was measured as 0.8+0.3 micro- 
curie per gram Li,CO;; by correcting for the relative 
abundances of O"* and O'*, the N"’ yield per target atom 
is therefore obtained as about 0.2 times the F'* yield. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

Knight, Novey, Cannon, and Turkevich, Radiochemical 
Studies: The Fission Products (McGraw-Hill Book Company, 
New York, 1951), Paper No. 326, National Nuclear Energy Series, 
Plutonium Project Record, Vol. 9, Div. IV, Book 3, p. 1916. 

* Iwerson, Koski, and Rasetti, Phys. Rev. 91, 1229 (1953). 

*L. W. Alvarez, Phys. Rev. 75, 1127 (1949). 

‘ The mass of N"’ is taken as 17.01385 amu [R. A. Charpie ef al., 
Phys. Rev. 76, 1255 (1949)]. 

5H. O. Banks, Jr., Nucleonics 13, No. 12, 62 (1955). We are 
indebted to Dr. Banks for communicating this result to us prior 
to publication. 


O'8(t,n)F” 

The BF; counter was replaced by a NalI(TI) scintil- 
lation counter. The 12-sec 1.6-Mev gamma ray of F” 
was observed. The yield of this reaction was estimated 
by “doping” the Li,CO; with known small amounts of 
LiF, and measuring the F*” activity generated by the 
reaction F'*(n,y)F*. This, together with the known 
thermal-neutron capture cross section of F” and the 
known thermal-neutron flux in the reactor, permitted 
an estimate of the absolute efficiency of the scintillation 
counter. The undoped Li;CO; was spectrographically 
analyzed for fluorine contamination; the amount de- 
tected could have accounted for only 1.5% of the 
observed F* activity. The yield of the reaction 
O'*(t,n)F*® was 23+4 microcuries per gram LigCOs, or 
(6+1) times the O'*(,7)F"’ yield per target atom, and 
about 30 times the N" yield from the O'8(t,a)N"” 
reaction. 

N'5(t,p) N27 

The sample was Li;N, and again the 4.1-second 
delayed neutron activity was observed. The yield per 
gram Li;N is about the same as the yield per gram 
Li,CO; in the reaction O'8(t,)N!". Since there are both 
more atoms of Li® and more target atoms (N'® or O!8) 
per gram Li;N than per gram Li,CO,, this result implies 
a somewhat higher effective cross section for the re- 
action O'(t,2)N"’ than for the N'°(t,p)N"? reaction. 

The arrangement for the O'*(t,7)F'* cross-section 
measurement was somewhat different than that men- 
tioned above. A thin source of Li;N was prepared by 
placing Li;N powder on Scotch tape. Two sheets of 
Mylar (of order 0.6 mg/cm?) separated by thin Al foil 
were placed over the Li;N. This arrangement pre- 
sumably insured that tritons of somewhat higher 
energy would induce the reactions in the oxygen in the 
Mylar, rather than the strongly degraded tritons 
available in the chemical compounds or mixtures. The 
estimated average energy of tritons in the Mylar sheet 
next to the Li;N was 2.7 Mev; the thickness of the Al 
foil was chosen so as to make the average energy of the 
tritons in the further Mylar sheet about 2.1 Mev. A 
Geiger counter was used to observe the 112-min F"* 
positron activity of the Mylar sheets; this gave the 
ratio of the cross section at 2.7 Mev relative to 2.1 Mev 
and, by comparison with Jarmie’s curves,® the absolute 
cross section at 2.7 Mev. This is 0.5+0.2 barn. The 
measurement is.a rough one, with energy uncertainties 
of at least +0.1 Mev. 

®N. Jarmie, Phys. Rev. 98, 41 (1955). 
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Measurements made on two 7 mesons, one positive and one negative, which decayed in flight in a cloud 
chamber in a magnetic field are given. The Q-value calculated for the positive event is 84-++6 Mev and for the 
negative event is 77+9 Mev. The momentum, energy, and angles of the decay products in the center-of-mass 


system are also given. 





N scanning approximately 30 000 photographs of a 

cloud chamber in a magnetic field,! we have ob- 
served two r mesons that decayed in flight. One was 
positive and the other negative. Because of the im- 
portance of unbiased statistics regarding the mode of 
decay’ and the ratio of positive to negative events, and 
in view of the small number of events that have been 
observed in magnetic cloud chambers, it seemed ad- 
visable to publish the data obtained from these two 
events. 

Table I gives the measurements made on the two 
events. The direction cosines are given with respect to 
the cloud-chamber coordinates. The error in the direc- 
tion cosines corresponds to plus or minus one degree in 
each of the three angles that define a direction. 


TABLE I. Momentum, angle, and ionization measurements on the 
positive and negative 7 mesons. 








Direction cosines 


Ionization 
Particle Sign Momentum “m,n I/TIo 





Event No. 29 701: Positive 

551431 (+0.188, —0.982, +0.016) 
26247 (—0.140, —0.985, —0.101) 
166+4 (+0.313, —0.925, —0.213) 
15545 (+0.621, —0.611, +0.489) 


Event No. 43 000: Negative 
Negative Not (+0.389, —0.920, +0.049) 


measurable 
389 +22 (+0.293, —0.932, —0.215) 
227+10 (+0.309, —0.867, +0.391) 
(+0.581, —0.799, +0.159) 


Primary Positive 

2 Positive 
Negative 

Positive 


measurable 
1.00+0.19 
1.56 +0.21 
1.20+0.18 


Positive 
Negative 


Negative 216214 








NEGATIVE 

P = 44 Mev/C 
\\Eser? Mev 
77°\ !23° 


tha POSITIVE 
POSITIVE 


P = 120 Mev/C 
Evin 45Mev 

P = 100 Mev/C 

E xin? 32 Mev 


Fic. 1. Mode of decay 
of the positive + meson 
in the center-of-mass 
system. 





* Supported in oa by the joint program of the Office of Naval 


Research and the U. S. Atomic Energy Commission. 
t Now at the Department of Physics, Indiana University, 
Bloomington, Indiana. 
t Now at the Ecole Polytechnique, Paris, France. 
( a B. Fretter and E. W. Friesen, Rev. Sci. Instr. 26, 703 
1955). 
?R. H. Dalitz, Phys. Rev. 94, 1046 (1954). 


Because of the large error in the momentum measure- 
ments of the primary in event number 29 701, and be- 
cause the primary of event number 43 000 is too short 
for momentum measurements, both Q-calculations are 
based only on measurements on the secondary particles. 
For the positive event, event number 29 701, the total 
secondary momentum was 519+9 Mev/c and the angle 
between the total secondary momentum and the direc- 
tion of the primary was 0-+3 degrees. The Q-value was 
84+6 Mev/c which gives a mass of 980-+11 electron 
masses. For the negative event the total secondary 
momentum was 795+27 Mev/c and the angle between 
the total secondary momentum and the primary was 
0+4 degrees. The Q-vaiue for the negative event was 
77+9 Mev and therefore the mass of the primary was 
968+ 18 electron masses. 

Both events are therefore consistent with a r decay. 
There is no unbalance in momentum and the calculated 


NEGATIVE 
P= 56 Mev/C 
\ aie Mev 
leg POSITIVE 
NEGATIVE 


P = 17 Mev/C 
Exin® 43 Mev 

P = 83 Mev/C 

Exin®23 Mev 


Fic. 2. Mode of decay 
of the negative r meson 
in the center-of-mass 
system. 





Q-values are consistent with the well established Q-value 
of approximately 74.7 Mev. The identification is made 
even more definite by the ionization measurements. For 
the positive event the mass of the primary based on its 
ionization and momentum measurements is 1060+115 
electron masses. The masses calculated for the second- 
aries of both events are all consistent with the meson 
mass. No ionization measurements were possible on the 
primary of the negative event. 

Since the useful data for making a statistical study of 
possible spin and parity combinations are the data in 
the center-of-mass system, the measurements were’ 
transformed to this system. Figure 1 shows the con- 
figuration of the decay of the positive event in its 
center-of-mass system. Figure 2 shows the corresponding 
data for the negative event. 
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Emulsion stacks of Ilford G-5 exposed to x~-meson and K~-meson beams of the Berkeley Bevatron have 
been scanned for K-meson and hyperon events. An event initiated by a 3.0-Bev x~ meson is described which 
is interpreted as mesonic decay of a tritium hyperfragment according to the scheme: ,H**->p+ p+n+2-+Q. 
All of the charged particles from the decay come to rest in the stack. The binding energy of the A° is found to 
be 1.40.6 Mev. Two additional cases of the same decay scheme are described, one produced in a K~-capture 
star, another in a 4.3-Bev x~ star, yielding binding energies B.E.(A°) <1.30.6 Mev and B.E.(A°) =3.342.0 
Mev, respectively. A weighted average of these three events gives B.E.(A°)=1.4+0.5 Mev, and of all ,H* 
events reported, including those found by other workers, B.E.(A°) =0.5+0.3 Mev. 





STACK (10X15X5 cm) of 600u Ilford G-5 

pellicles has been exposed to a 3.0-Bev 7 beam 
of the Berkeley Bevatron. In scanning for K-meson and 
hyperon events, an example of mesonic decay of a 
tritium hyperfragment has been observed. 

The event is produced in a 3.0-Bev m~ star of the type 
10+ 2x and is shown in Fig. 1. Track 1 is emitted at an 
angle of 140° with respect to the incident pion and has a 
range of 152u. From the number of gaps along the track 
and the complete absence of 6 rays, track 1 is most 
likely of unit charge. A comparison of the track with 
nearby ending protons bears out this conclusion. The 
scattering at the end of track 1 is typical of a singly 
charged particle coming to rest. Three secondary tracks 
emerge from the point of disintegration. Track a has 
been identified by grain density and scattering as a 
a meson. After passing through six pellicles with a total 
range of 11 100u, track a comes to rest and forms a 
two-prong capture star, identifying it as a ~ meson. 
Tracks 6 and c are compatible with the tracks of protons, 
as will be shown later. The experimental data are sum- 
marized in Table I. 

The total energy release in the disintegration, on the 
basis of the above assumptions, is somewhat less than 


TABLE I. Summary of 9 ureeepe and computed data for three 
cases of mesonic decay of tritium hyperfragments. 








Components of 
momentum (Mev/c) 


P: Py P: 


Iden- 


Parentevent Track tity Range (u) 





3.0-Bev x~-star i1H* 
11 100 
157 


5 


Nn 


K--capture star 368 
>11 200 
81 
69 


Nees oMFn 
CO’ wW UNIS 


4.3-Bev x~-star 


1 
a 
b 
¢ 
1 
a 
b 
c 
1 
a 
b 
c 








* Sup  eemented 1 in part by a joint program of the Office of Naval 
Resell and the U. S. Atomic Energy Commission. 

¢ Now at Princeton University, Princeton, New Jersey. 

t Now at Naval Research Laboratory, Washington, D. C. 


the Q-value for the decay of the A°. The possibility that 
either track 6 or c is a deuteron and the decay is ac- 
cording to the scheme 


1H*—ptd+e-+0 


can be ruled out, since the event is clearly not coplanar, 
implying the emission of a neutral particle. The process 
therefore is 


H*—p-+p-+nt+e+0. 


From the Q of the reaction, the binding of the A® can 
be determined. The energies of a, 6, and c have been 
evaluated from the range-energy relation of Barkas,! 
using the range of » mesons from 2-4 decay to normalize 
the emulsion density,? and are tabulated in Table I. 
(For this stack, the normalization factor was 1.0.) 
From the momenta and directions of a, 6, and ¢, the 
residual momentum is determined to be 78.4 Mev/c. 
This momentum implies that a neutron of 3.3-Mev 
energy is needed to balance the system. The Q of the 
reaction is then the sum of energies of the particles, 33.3 
Mev. The binding energy of the A° is 


B.E.(A°)=Q(A°)—B.E.(H,?) —0=36.9—2.2—33.3 
=1.4+0.6 Mev. 


The moderation time of the fragment is 1.0 10-" sec. 

It is unlikely that the event represents the decay of 
H,** from a consideration of binding energies obtained 
using that assumption. Considering either track ) or ¢ 
as a deuteron and the reaction to be 


1H p+d+n+x+0, 


the binding energies obtained are —8.5 Mev and —1.7 
Mev respectively. If both 6 and ¢ are regarded as 
protons but two neutrons are also emitted according to 
the reaction 


1H pt ptntnt+e+Q, 


a binding energy less than or equal to —4.8 Mev is 


'W. H. Barkas, University of California Radiation Laboratory 
Report UCRL—2579 Rev. (unpublished). 
2 W. F. Fry and G. R. White, Phys. Rev. 90, 207 (1953). 
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found. For comparison, a :,H** event found in this 
laboratory yielded a binding energy of 3.31.0 Mev.’ 

The second event is produced in a five-prong K-- 
capture star and is shown in Fig. 2. In this case also, 
track 1 appears to represent a stopping particle with 
unit charge. Track @ can be identified as a + meson 
which, after passing through three pellicles, leaves the 
stack with a remaining residual range implied from 
grain density of 2.2 mm. Tracks a, b, and c are identified 
as in the previous case in Table I, and the data sum- 


| 

i 

1 

8 

= 
| 


eneetn cegueee 


a 


Zz 
| 


Fic. 1. Projection drawing of event one. A 3.0-Bev 7 meson 
forms a 12-prong star. Track 1 is a Hi’ hyperfragment, track a is a 
a~ meson, and tracks 6 and ¢ are protons. 


marized. This event is nearly coplanar, yet no choices 
can be found for particles 6 and ¢ which will balance 
momentum. The smallest momentum unbalance is ob- 
tained if c is a deuteron or triton, resulting in unbalances 
of 30.0 and 23.2 Mev/c, respectively, which far exceed 
the experimental uncertainties of approximately +5 
Mev/c. Therefore, a neutral particle is required to 
balance momentum. The residual momentum is 71.3 
Mev/c and the neutron energy 2.7 Mev. The Q of the 


3 Schein, Haskin, and Leenov, Phys. Rev. 100, 1455 (1955). 


HYPERFRAGMENTS 





Fic. 2. Projection drawing of event two. A stopping K~ meson 
forms a five-prong star. Track 1 is a ;H* hyperfragment, track a is 
a m meson, and tracks 0 and ¢ are protons. 


reaction is then 35.6 Mev and the binding energy of the 
A° is —0.942.0 Mev. Since the range of the pion is 
known to be >11 200u, the energy of the pion must be 
> 25.8 Mev. If one uses this figure for the pion energy, 
an upper limit for the binding energy of the A° of 1.3 
+0.6 Mev is found. Since binding energy is expected to 
be a positive quantity, the result, B.E.(A°)= —0.9+2.0 
Mev combines with the above limit to indicate that very 
probably B.E.(A°) lies somewhere between 0 and 1.3 
Mev. As in the first case, considering the event as the 
decay of ,H** leads to larger negative binding energies 
for all possibilities. The moderation time of the frag- 
ment is 2X 10~" sec. 

Event number 3 is produced in a 4.3-Bev x star of 
the type 15+-3m and is shown in Fig. 3. This event was 
found in a glass-backed plate that faced the end of a 
stack, and track a escapes after 2 mm. From grain 
density and scattering, it is identified as a pion of 26+2 
Mev. The data is summarized in Table I. The residual 
mometnum is 70.3 Mev/c and the neutron energy 2.6 
Mev. The Q of the reaction is 33.5 Mev and the binding 
of the A°® is 3.342 Mev. The moderation time is 
5X 10-” sec. 

It is apparent from an examination of the experi- 
mental data that event number 1 affords the most 
reliable value for the binding of the A°. The other cases 
are consistent with it, within error. The weighted 
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Fic. 3. Projection drawing of event three. A 4.3-Bev ~ meson 
forms an 18-prong star. Track 1 is a ,;H* hyperfragment, track a is 
a x meson, and tracks } and ¢ are protons. 


average for the three cases is 1.4+0.5 Mev. Events 
found in other laboratories have also been interpreted as 
the decay of ,H**, yielding A° binding energies of 
0.7+1.0,4 0.344.0,5 —0.2+1.0,° 3.24+1.0,’ —0.6+0.8,° 
1.2445, —0.4+1.2,” 0540.6," —0.5+0.6," and 0.4 
+0.7 Mev," which are in reasonable agreement with our 


‘Bonnetti, Levi, Setti, Panetti, Scarsi, and Tomasini, Nuovo 
cimento II, 210 (1954 ). 
s Debenedetti, Garelli, Tallone, and Vigone, Nuovo cimento 12, 
466 (1954); 11, 330 (1954). 
* Baldo, Belliboni, Ceccarelli, Grilli, Sechi, Vitale, and Zorn, 
Nuovo cimento 1, 1180 (1955). 
7H. Yagoda, Phys. Rev. 98, 153 (1955). 
* Anderson, Lawler, and Nevin [Reported at Pisa Conference, 
Nuovo cimento (to be published) ]. 
® Castagnoli, Cortini, and Franzinetti a arin at Pisa Con- 
ference, Nuovo cimento (to be published 
© Crussard, Fouche, Kayas, LePrince-Ringuet, Morellet, 


Renard, and Trembley oy, Reported at Pisa Conference, Nuovo ci- 
mento (to be publish 
1 Fry, Schneps, and Swami, Phys. Rev. (to be publishen). 
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results. The weighted average of all results, including 
those reported here, yields for ,H®*, B.E.(A°) av=0.5 
+0.3 Mev. The binding energies from other laboratories 
listed here have all been calculated with Q(A°)=36.9 
Mev, but no corrections have been made for other 
possible systematic errors due to the use of different 
range-energy curves and different corrections for varia- 
tions in emulsion density. 

Dalitz,” Jones and Knipp,” and Gatto“ have made 
predictions that the A® binding energy in ;H** should be 
greater than in »He**, based on the assignment of zero 
isotopic spin to the A°. Since B.E.(A°) in ,He** is small, 
it might be expected from these predictions that 
B.E.(A°) in ;He** be negative. The experimental ob- 
servations seem to bear this out, as no well-substanti- 
ated cases of »He** have been reported, whereas ,H** 
seems fairly abundant (~3%)" among hyperfragments. 
Similarly, ,;H®** probably does not exist, since an increase 
of A° binding with increasing nuclear volume might be 
expected. Wentzel'® has estimated the trend of the 
binding energy of the A° as a function of mass number 
for various types of A°-nucleon coupling and assign- 
ments of spin (and parity) to the A° and @. A general 
increase of A° binding with nuclear volume is found, the 
effect being more pronounced with some models. While a 
trend of increasing binding with increasing mass number 
in light nuclei is visible, it seems too early to distinguish 
between the possible coupling types and spin and 
parity assignments. 
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An analysis of the mesonic and nonmesonic decay of hyperfragments shows that the spin of the A° par- 
ticle is 1/2 or 3/2. If the spin is 3/2, the parity is that of the proton. 





INTRODUCTION 


MONG the early suggestions to explain the long 
lifetime of the new heavy mesons and hyperons 
was the hypothesis that they possess a high spin.’ The 
high centrifugal barrier which the decay products had 
to penetrate could be very effective in reducing the 
transition probability. However, in correlating and 
predicting strange particle decays and production, this 
kind of model has not proved nearly as fruitful as those 
based upon isotopic spin.? The relationship of the ordi- 
nary to the isotopic spin depends upon the detailed 
structure of such models. In particular, the usual 
“strangeness” classification leaves entirely open the 
assignment of ordinary spins and parities among the 
strange particles. 

For the 7 meson, which has a three-pion decay, it 
seems possible to infer the spin and parity from the 
angular and energy distribution of the decay mesons.’ 
No such inference is possible for those strange particles 
which are defined by a two-particle decay such as 
A°— p+. Here measurement of angular correlation 
between the A° decay and its line of flight or its plane of 
production have been suggested as possible ways to 
obtain spin and parity information,*.® but experimental 
data are far from definitive. In eight examples of 
a~+p— A°+@ observed in the Brookhaven pion beam, 
the A° decay plane is always within 45° of the produc- 
tion plane.* On the other hand, no such correlation has 
been found for A®° particles produced by cosmic-ray 
particles in heavier nuclei.’ If such a high degree of 
correlation is borne out, it would imply a high spin 
>9/2. 

The existence of bound A° hyperons® (hyperfrag- 


1E. Fermi and R. P. Feynman (unpublished); see M. Gell- 
Mann and A. Pais, Proceedings of the 1954 Glasgow Conference on 
Nuclear and Meson Physics (Pergamon Press, London and New 
York, 1955), p. 342; and R. Gatto, Nuovo cimento 1, 378 (1955). 

2M. Gell-Mann and A. Pais, reference 1; M. Goldhaber, Phys. 
Rev. 92, 1279 (1953) and Phys. Rev. 101, 433 (1956); A. Salam 
and J. C. Polkinghorne, Nuovo cimento 2, 685 (1955). 

3R. H. Dalitz, Phil. Mag. 44, 1068 (1953); R. H. Dalitz, Phys. 
Rev. 94, 1046 (1954); E. Fabri, Nuovo cimento 11, 479 (1954). 

4R. Adair, Phys. Rev. 100, 1540 (1955). 

5 Treiman, Reynolds, and Hodson, Phys. Rev. 97, 244 (1955); 
S. P. Treiman, Phys. Rev. 101, 1217 (1956). 

6 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 98, 
121 (1955); W. D. Walker (private communication). 

7J. D. Sorrels, Proceedings of the Fifth Annual Rochester Con- 
fereuce (Interscience Publishers, Inc., New York, 1955). 

8M. Danysz and J. Pniewski, Phil. Mag. 44, 348 (1953); Fry, 
Schneps, and Swami, Phys. Rev. 99, 1561 (1955); and see bibli- 
ography in R. Gatto, reference 1. 


ments) suggests a simple way to decide the A° parity 
(relative to a proton) and to estimate its spin. Such 
hyperfragments decay either by complete conversion 
of the A°—nucleon mass difference into nucleon kinetic 
energy or through pion emission. The former mechanism 
dominates for all nuclei with Z>2. It has been pointed 
out by Cheston and Primakoff® that this is expected 
because of the high probability for internal conversion 
of the pion by neighboring nucleons. This stimulated 
process is much more effective than self-absorption in 
contributing to the nonmesonic decay. However, the 
ratio of mesonic to nonmesonic decay turns out to be 
such a very sensitive function of the orbital momentum 
of the pion-proton in the decay A°— p+ that the 
orbital momentum can be inferred from present data 
with only an approximate knowledge of the interaction 
of the pion field with nuclear matter. 

This possibility is quite analogous to the use of the 
internal conversion coefficient to determine the multi- 
polarity of a nuclear electromagnetic transition," except 
that the energy is transferred to nucleons via a mesonic 
field instead of being transferred to electrons via the 
electromagnetic field. For a radiator with frequency w, 
the radial dependence of the radiated wave at large 
distances is e‘e**r/ry, where k= (w?—y?)! and kr>>1. 
Close to the source, the wave amplitude becomes large 
like 1-1-3- ++ (2/—1)/r(kr)', where / is the multipolarity 
of the radiation. Because of the high Fourier compo- 
nents of such a rapidly varying field, the results for 
internal conversion of the A® are relatively insensitive 
to any assumed correlations between the A°® and any 
of the nucleons in the fragment. It is the very large 
nucleon mass relative to the energy transferred (~180 
Mev) that makes this hyperfragment internal con- 
version so very sensitive to multipolarity. 

The contributions of self-absorption to nonmesonic 
decays are estimated from data on photomeson pro- 
duction. The partial lifetime for the mesonic decay of 
a bound A° is also lengthened by the restrictions of the 
exclusion principle on the possible states for the re- 
sidual proton. A precise estimate of these effects is not 
essential to the conclusion that /=1 or 0 in A°—> p+7-. 


* H. Primakoff and W. B. Cheston, Phys. Rev. 92, 1537 (1953). 
This effect has also been considered by Pais and Serber and by 
Goldhaber, Brueckner, and Goldberger. 

«J. M. Blatt and V. G. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 614. 
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CALCULATION 


Since only the ratio of the rate of internal conversion 
to the rate of ordinary decay is needed, the absolute 
value of the interaction between the hyperon and the 
nucleon and meson fields is immaterial. The principal 
feature of the interaction that we shall employ is its 
invariance under spatial rotation. The results are inde- 
pendent of the specific description used here but depend 
only upon the angular momenta. Since the heavy 
particles are nonrelativistic, we can describe the proton 
of mass M by a two-component operator y,‘?)(r) 
(v=4, —4) and the A° particle with spin j and mass M’ 
by a (2j+1)-component operator y,“ (r) (—j<u<j). 
We shall write the interaction operator, with units such 
that #=c=mass,= 1," 


H.= f dr y,*(1)dr'T,,(r—r)o(rv(2), (1) 


where ¢(r) is the pseudoscalar negative meson field 
operator and 7,, is a matrix which projects the pion- 
proton system on the angular momentum state that 
will insure the conservation of parity and angular 
momentum. It is therefore possible for the meson to 
be emitted with angular momentum j+4 or j—}, de- 
pending on the relative parity a of the A° particle and 
a nucleon. 
The two possible forms for T,, are 


T,,(r) 
a 
(2m)? 


ay 
Ay faae'erar ink VY > "He, ai? q 
(2m)? | Aaa 


ier 
+(—) Varta] @) 
2j 


i+ut+1\? 
= nd fieaerarl —(? i )v 
(2x) 2j+2 
j-uti 
+(= 
2j+2 


feaeieratV i y"G,0)5 a= (—1)4 





; 
) Yor. a=(—1), 


Here \_ and , are the relevant coupling constants; 
q, 9, and g are the spherical coordinates of q. The 
total rate for decay of the A° particle into a free negative 


" This interaction represents the decay of a A° particle into a 
proton and a pion. We not inquire into the mechanism of this 
reaction except to assume that it is localized in a region smaller 
than the wavelength of the neutron emitted as a result of internal 
conversion. If the range is of the same itude as the K- 
particle Compton wavelength, for instance, this requirement is 
satisfied. 


AND R. 


KARPLUS 


meson which has momentum g=0.73, is 


2/2m)g, a=(--1)*4; 
R© mesonic= | “ . + : i (3) 
(Ay?/2n) gi, a=(--1)F4 


To calculate the internal conversion, we take the 
pion-nucleon coupling 


Hi=gf ery*(e)ro-Vodev(0) (4) 


For low momentum mesons, the interaction (4) is 
known to give a quantitatively accurate description of 
the matrix element for the absorption of a meson by a 
nucleon when both initial and final nucleon states are 
approximately free.” Analyses of meson-nucleon scat- 
tering and of photomeson production give” g*/44r~0.08.__ 
With the interaction (4), the process is described by 
the Feynman diagram in Fig. 1, where the A° and the 
initial proton are assumed at rest and uncorrelated and 
the final-state nucleons are assumed to be free. They 
have equal and opposite momenta of magnitude k~3, 
so that exchange effects with other nucleons in the 
nucleus have been neglected. At the vertex A, of 
course, the appropriate Fourier transform of T,, 
must be inserted. The resulting matrix element is 


M(k) 
(ae . ku) (a ferr(yes 0) 


=¢(2p,)* 
6(2p») P4+1—[(#+M)—MP 


where the wu“ are the normalized spinors describing the 
baryons and p, is the actual proton density (p,~3/8r 
in all but the lightest nuclei). The total rate for the 
nonmesonic decay subject to these assumptions is 





R™ nonmesonic 
ere caged, a=(—1)4; 
| Lagat MLM (MM) Mp», a= (—1)F4, 
(S) 
The ratio of the two rates, (3) and (5), finally is 


Fic. 1. Feynman 
diagram for internal 
conversion of x mes- 
on emitted by A°. 


2 N. M. Kroll and M. A. Ruderman, Phys. Rev. 93, 233 (1954); 
G. F. Chew and F. E. Low, Phys. Rev. 101, 1570, 1579 (1956). 





SPIN OF A°® 


0% : R™ nonmesonic 


R™ mesonic 


2l+1 
~2¢M Tar’) +11+,(-) ~Sp,(17)!, (6) 


where / is the angular momentum of the meson actually 
emitted. The approximation that the nucleon density 
is constant is adequate as long as it does not change 
appreciably over one wavelength of the final nucleons. 
This is certainly true if the interaction between the A° 
and any single nucleon of the nucleus is not very strong. 

We can apply exactly the same calculation to the 
other possible meson decay mode of the A°, 


A® > w+ Nn. (7) 


The neutral pion can be absorbed by either protons or 
neutrons, but the coupling constant is only g/V2. The 
ratio of conversion to emission is proportional to the 
total density p of nucleons. For the mode (7), Eq. (6) 
becomes 

Q =2.5p(17)'~Q. (8) 


APPLICATIONS 


We shall make use of the observations of Fry, 
Schneps, and Swami" and of Blau," according to whom 
the heavier hyperfragments (Z>2) decay almost ex- 
clusively by nonmesonic decay while mesonic and 
nonmesonic decay compete in helium and hydrogen. 
Moreover, for Z<2 the A° binding energy is so small 
that the A° spends most of its time outside of the nu- 
cleus. For larger Z, the binding energy increases 
sufficiently to confine the A° pretty well within the 
nuclear volume. The application of Eqs. (3), (5), and 
(6) for Z>2 and Z<2 leads to a result which is consist- 
ent with both sets of data. 

For Z<2, corrections for self-absorption of the 
emitted a and for the effects of the exclusion principle 
on the residual proton are almost certainly negligible 
if the A° is so weakly bound that its wave function is 
spread over a volume much larger than 4X (42/3) 
X (h/uc)*. Moreover, the relative wave function of the 
A® and the nucleus is completely determined by the 
binding energy. The density of protons around the A° 
varies slowly enough so that Eq. (6) may be used with 
confidence. The average density of protons near a 
loosely bound A° is the product of the proton density 
in the nucleus times the probability of the A° being in 
the nucleus, approximately (3Z/42R*)R(2M’E,)', where 
E, is the small binding energy and R is the nuclear 
radius. Using R=A!,Z=2, A=3, and Eq. (6), we 
obtain the ratio’of nonmesonic to mesonic decay given 
in Table I. For helium, the observed ratio based on 
nine events is 1.25. The reported binding energies for 
A° in hydrogen and helium isotopes are of the order of 
one Mev or less. Thus the helium data alone strongly 


% Fry, Schneps, and Swami, Phys. Rev. 101, 1526 (1956); 
M. Blau, Phys. Rev. (to be published). 
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TABLE I. Ratio Q™ of nonmesonic to mesonic decay for helium 
hyperfragments as a function of the pion angular momentum / 
and the A° binding energy , in Mev. 








I 0 1 2 3 
Q° O04(%)' 6.8(%)! 120(%) —-2000()4 











favors 1=0 or 1. An orbital momentum /=2 is not 
reasonable unless E,<1 kev. 

Since A° is an isotopic singlet, hydrogen and helium 
hyperfragments of the same mass should have almost 
identical structures and the ratio Q™ for 4H should be 
just one-half that for ,He. Of five hydrogen hyper- 
fragments which have been definitely observed, one 
has had a nonmesonic decay," while two were expected. 

The decays of the heavier fragments give additional 
support to the assignment. In order to evaluate the 
data, however, an estimate of self-absorption and the 
much more important correction for exclusion effects 
must be made. 

The 6.5-Mev binding energy which has been reported 
for a A® bound in Be® makes it a good approximation to 
consider the A° confined to the nuclear volume. Then 
the density p, of Eq. (5) is approximately 3/87. 

The suppression of the mesonic decay in nuclear 
matter is qualitatively similar to the changed lifetime 
of a neutron for 8 decay when it is immersed in nuclear 
matter. The size of this effect is most simply estimated 
for an independent-particle model of the nucleus. We 
first note that, because there is no exclusion principle 
for A° and nucleon, a A° in a nucleus has about the 
same wave function, but not the same energy, as the 
lowest-energy proton or neutron. Thus the residual 
proton from A°— p+77 will be excluded from a wave 
function similar to that of the A°. The overlap intergal 
between initial and final states cannot be 1 as for the 
free A° decay, but rather is 

2 
P=E| f vet(Wa(nerdr] (9 
Pp 


Here y/, is any unoccupied proton wave function and q 
is the - momentum. Equation (9) is certainly some- 
thing of an overestimate because the higher energy 
proton states are accessible only when the pion momen- 
tum is very small, and that in turn reduces the density 
of states and matrix element for pion emission unless 
1=0. If the summation is over a complete set of proton 
states, J?~1. If the lowest proton state and A° state 
are assumed identical, Eq. (9) becomes 

2 


P=1- f Vat (ne'ttpa(r)dr 


—E| fvo(nevatayas| (10) 


4Tt should be noted that nonmesonic decays of 4H may be 
difficult to identify unambiguously. 
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TaBLe II. Corrected ratio Q.“ of nonmesonic to mesonic 
decay expected for heavier hyperfragments as a function of the 

_ angular momentum; the various corrections are discussed 
in the text. 
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The third term in Eq. (10) is summed over all occupied 
proton states except the ground state. In light nuclei 
these are only p-state protons; but q-r is small, so 
that we shall neglect this third term compared to the 
second, again an approximation which overestimates 
I’. For A=8 and R=2, an estimate of Eq. (10) then 
gives ?~4. 

An estimate of the importance of self-absorption can 
be inferred from photoproduction data. A proton in 
C®, for instance, is only one-half as effective as a free 
proton for the photoproduction of 42-Mev mesons." 
According to Lax and Feshbach,'* however, the effect 
of the exclusion principle is sufficient to account for the 
reduction. We shall therefore neglect the effect of self- 
absorption, which is certainly no greater than a factor 
of two even in carbon.!” 

A further correction to the observed mesonic decay 
is necessary for the alternative mode A°— n+7°. If 
A®— nucleon+pion is a transition from isotopic spin 
T=0 to T=}, then the neutral-decay mode is half as 


1 R. F. Mozley, Phys. Rev. 80, 493 (1950 

16H. Feshbach and M. Lax, Phys. Rev. 6 134 (1949). 

17 Any internal conversion of the emitted pion by neighboring 
nucleons of C™ can increase the cross section for absorption of 
photons but does not affect the cross section for making free pions. 
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prevalent as the x mode. But since the 7° is not seen, 
such decays are always interpreted as nonmesonic. 
Including this and the correction to J*, we have the 
predicted ratio of nonmesonic to mesonic decays in 
Table II. 

The experimental ratio” is about 40. The best fit is 
again /=0 or 1.18 

Thus the conclusions from both the light (Z<2) and 
heavier hyperfragments are as follows: 

(a) 1>2 gives ratios differing from experiment by 
factors of 100 or more. 

(b) The data are not inconsistent with either /=0 or 
l=1. If the spin of the A° is 3/2, therefore, its parity is 
the same as that of the proton. Since an angular correla- 
tion has been observed in the free decay of the A°,® a 
spin of 3/2 is favored over the value 1/2. It should be 
emphasized, however, that the arguments presented 
here give a limit to the magnitude of / only if the 
“size” of the A° particle is no larger than about 
0.5X10-* cm. 
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which has also been treated by Primakoff and Cheston (see refer- 
ence 9). With their approximations they predict a Q,“ for J=1 
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For example, a strong correlation in position between the A® and 

ighboring protons, if due to an attraction, will increase the 
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The differential cross section for the reaction x*+- — «++» was measured in the angular interval 45° to 
135° in the center-of-mass system at a pion energy of 21.5+3.5 Mev in the laboratory system. The pion 
beam was formed by a magnetic-focusing selection of pions produced from polyethylene at an angle of 0° 
in the reaction + — r*++d. The production target was placed in the strong-focused 340-Mev proton 
beam electrostatically deflected from the Berkeley synchrocyclotron. The pion beam entered liquid hydrogen 
contained in a Styrofoam scattering target at 25.0 Mev, with an energy spread of +0.6 Mev, and left at 
18.0 Mev. Scattered pions were detected in an emulsion stack placed 1 inch from the beam edge and } inch 
from the liquid hydrogen. The data, consisting of 41 acceptable events, were analyzed by a maximum- 
likelihood method to obtain the following best values for the pion-proton scattering phase shifts at a relative 
momentum, 7=0.49: a3= —0.048+0.007, as3= +0.013+0.013, a3:=0.000+0.016. 





I, INTRODUCTION 


HE study of pion-proton scattering has already 
provided considerable information concerning 
the interaction in the lowest two angular momentum 
states, usually expressed in terms of the S- and P-wave 
phase shifts. The behavior of the P phase shift for the 
state of total isotopic spin T7=3/2, which largely deter- 
mines the scattering cross section at pion energies be- 
tween about 30 and 300 Mev by its “resonant” behavior 
in the neighborhood of 180 Mev, has been rather well 
determined by experiments in this energy region, and 
quite well explained by a phenomenological meson 
theory.’ 

The behavior of the S-wave phase shifts, which have 
an appreciable effect on the cross sections only at low 
energies, is less well known experimentally, and has 
been a subject of debate among theorists. At the time 
this experiment was begun, the available experimenta 
data! (from the Panofsky effect at zero energy and the 
pion-proton scattering at energies higher than about 
33 Mev) indicated quite strongly that the T=3/2, 
S-wave phase shift, although negative at the higher 
energies, changed sign at about 20 Mev and approached 
zero energy with a positive slope. Several experiments 
to determine the S-wave phase shift for positive pion- 
proton scattering at about 20 Mev have been attempted. 
The preliminary results of the scattering-in-emulsion 
experiment of Orear‘ indicate that the S-wave phase 
shift is sufficiently negative at 20 Mev to preclude any 
cross over in this energy region. Meanwhile, the zero- 
energy data have been improved, with valuable in- 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Now at 5 Alamos Scientific Laboratory, Los Alamos, New 
Mexico. 

t University of California thesis (unpublished). 

1 Proceedings of the Fourth Annual Rochester Conference, January, 
1954 (University of Rochester Press, Rochester, 1954). 

2 Proceedings of the Fifth Annual Rochester Conference, January- 
February, 1955 (Interscience Publishers, Inc., New York, 1955). 

2H. A. Bethe and F. de Hoffman, Mesons and Fields (Row, 
Peterson, and Company, Evanston, 1955), Vol. 2. 

‘J. Orear, Phys. Rev. 98, 239(A) (1955). 


formation obtained from the study of mesonic atoms, 
so that the original requirement that the S-wave phase 
shift approach zero energy with a positive slope was 
invalidated.? 

The specification of the over-all sign of the phase 
shifts was also, until recently, uncertain.® At the time, 
the only method used to determine this over-all sign 
was to note the effect on the angular distribution of the 
interference between the nuclear scattering amplitudes 
and the amplitudes for the Coulomb scattering, the 
signs of the latter being known for interacting particles 
of known charge. At low energies the effect of the Cou- 
lomb interaction extends to scattering angles large 
enough to be experimentally accessible. Measurements 
of the angular distribution of the scattering in the 
region from 40 to 65 Mev,® however, could not estab- 
lish the behavior of the interference because of a 

ce near-canceling of the nuclear part of the scatter- 
Ing amplitude in the angular region where the inter- 
ference predominates. Experiments near 120 Mev’ 
(where the scattering cross sections are large), per- 
formed using the scattering-in-emulsion method—in 
which the cross sections could be determined down to 
fairly small angles—permitted a rather definite deter- 
mination of the interference, with which the present 
experiment is in agreement. More recently, it has been 
shown that application of causality requirements to the 
general scattering theory requires a positive sign for the 
T=3/2, Py phase shift, in view of the resonance be- 
havior of this phase shift. 

The experimental study of pion-proton scattering in 
the lower energy region is rendered increasingly more 
difficult by the smaller scattering cross sections involved, 
the lower flux of the available pion beams, and the 
shorter range and greater multiple Coulomb scattering 

5 See, for example, H. A. Bethe, Phys. Rev. 90, 994 (1953). 

* Orear, Lord, and Weaver, Phys. Rev. 93, 575 (1954); Bodan- 
sky, Sachs, and Steinberger, Phys. Rev. 93, 1367 (1954); J. P. 


Perry, and C. E. Angell, Phys. Rev. 91, 1289 (1953). 

i Orear, Phys. Rev. 96, 1417 (1954); G. Puppi, reference 2, 
p. 9. 
*R. Karplus and M. Ruderman, Phys. Rev. 98, 771 (1955); 
Anderson, Davidon, and Kruse, Phys. Rev. 100, 339 (1955). 


251 





S. L. WHETSTONE, JR., 





340 Mev EXTERNAL 
TON BEAM 
SYNCHROCYCLOTRON 








CONCRETE SHIELDING - 10 FT THICK 








Fic. 1. Experimental arrangement. 


in the targets and detectors. One successful solution to 
these problems is the emulsion technique, where 
scatters from the hydrogen in the emulsion gelatin are 
recognized from the kinematics of the observed events. 
Studies are also being made using high-pressure 
hydrogen-filled diffusion cloud chambers.® 

The method we have adopted requires that the 
scattered pions escape from a liquid hydrogen target 
and reach an emulsion stack with an energy great 
enough to permit an accurate measurement of the 
scattering direction. Our method recommends itself 
chiefly because of the relatively rapid collection of 
scattering events it provides. This is a particularly 
important consideration, since the limiting factor in 
the study of the low-energy pion-proton scattering by 
the methods available at present is the slow rate of 
data collection. 


II. EXPERIMENTAL APPARATUS AND PROCEDURE 


The general arrangement of the apparatus in the 
experimental area is shown in Fig. 1. 


Formation of the Pion Beam 


A low-energy pion beam of sufficient flux and ade- 
quate energy resolution was formed by the following 
means : 

Advantage was taken of the very large cross section 
for the production of positive pions at forward angles 
in the reaction p+ — #++d." The incident protons 
were obtained from the 340-Mev proton beam electro- 
statically deflected from the 184-inch synchrocyclotron. 
Target protons were provided by the hydrogen in 
polyethylene, (CH:2),. The target thickness was chosen 
to provide the energy degradation required to give 


® Rinehart, Rogers, and Lederman, Phys. Rev. 99, 673(A) 
(1955); also Nevis Cyclotron Laboratory Report No. 12, June, 
1955 (unpublished). 

% Cartwright, Richman, Whitehead, and Wilcox, Phys. Rev. 
91, 677 (1953). 
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pions produced in the above reaction at 0° to the beam 
at the center of the target the desired energy on emer- 
gence from the polyethylene. Because of a degradation 
of the proton beam that is very nearly compensating 
for hydrogenous materials," pions produced at 0° else- 
where in the target will have very nearly the same 
emergence energy. An analyzing magnet was used to 
deflect the pions produced in this fashion away from the 
higher momentum beam protons and into a collimator 
that lead to the liquid hydrogen scattering target. 

Advantage was taken also of the double-focusing 
properties of the magnetic field provided by the 
analyzing magnet’s wedge-shaped pole piece. Several 
geometries for double-focus conditions were first deter- 
mined for the simple case of an infinitely narrow fringe 
field, following Camac.” The optimum case was chosen 
and checked by the following procedure: an analog 
computing machine, known as the “the mechanical 
particle,” was used to trace out, on a full-scale 
contour plot of the magnetic field, central trajectories. 
The vertical or horizontal focus points were found by 
considering trajectories deviating slightly from the 
central trajectory and numerically integrating the first- 
order equations of motion. A significant change in the 
original calculated focus conditions was found neces- 
sary. The central trajectories were finally checked in 
the magnet itself by use of a flexible current-carrying 
wire held in tension in the field. : 

To ensure a sufficient flux of pions through the 
scattering target, it was necessary to concentrate 
vertically the proton beam at the production target. 
Concentration of the proton beam horizontally, as 
well, improved the energy resolution. Three pairs of 
quadrupole strong-focusing magnets, one “lens” at 
the exit of the proton beam steering magnet and the 
other two in the target area, were used to focus the 
2-inch diameter proton beam into an area roughly } 
inch wide and # inch high at the production target. 

To avoid scattering by air and thus increase the 
efficiency of the focusing, the proton beam was brought 
up to the production target, through the quadrupole 
magnets, in a pipe providing an extension of the vacuum 
system of the cyclotron. Replacing the air in the path 
of the pion beam with helium gas reduced the calcu- 
lated rms lateral deviation at the scattering target due 
to multiple Coulomb scattering by a factor of five, to 
approximately $ inch. The helium was contained in a 
large 0.004-inch-thick polyethylene bag, which bulged 
out from between the magnet pole pieces up against the 
production target, and which was sealed around the 
collimator opening. The other end of the pion beam 


os Skinner, Merritt, and Youtz, Phys. Rev. 80, 900 

2M. Camac, Rev. Sci. Instr. 22, 197 (1951). 

% B. Rankin, Rev. Sci. Instr. 25, 675 (1954). 

™ Courant, Livingston, and Snyder, Phys. Rev. 88, 1190 (1952); 
B. Cork and E. Zajec, University of California Radiation Labora- 
tory Report UCRL-2181, April, 1953 (unpublished). 





SCATTERING OF 22-MEV 


collimator pipe was sealed against the Styrofoam jacket 
of the scattering target to close the system. A small bag 
of the same polyethylene material was connected to 
the system outside the shielding, where it was always 
accessible for visual and tactual monitoring of the 
helium pressure. 


Counter Telescope 


The counter telescope consisted of a 1-inch-thick 
polystyrene-terpheny] plastic scintillator, 1.5 inches in 
diameter, placed 1.25 inches behind an anthracene 
crystal 3 by 2 by $ inch both viewed by DuMont 6292 
photomultiplier tubes. 

Situated in the pion beam behind the scattering 
target, the counter telescope provided a continuous 
monitor of the pion beam flux. The counters were thus 
indispensable during the initial forming of the beam. 
The pion-to-proton flux ratio was found to remain con- 
stant, within the limitations of the instruments, 
throughout the experiment. By placing various thick- 
nesses of copper absorber between the two crystals, 
integral range curves were obtained, from which the 
pion beam energy was determined. 

It should be pointed out that the cross sections 
measured in this experiment do not depend on the 
counting system. Measurements of the pion beam 
energy were obtained independently from pion ranges 
in several emulsion stacks. 


Liquid Hydrogen Scattering Target 


Details of the target structure are shown in Figs. 2 
and 3. The recently developed material, expanded 
polystyrene, (CH), (better known by the trade name, 
Styrofoam), provided an efficient insulating jacket 
which interfered little with the scattering process and 
permitted the close approach of the emulsion detector 
to the target protons. 

The actual target volume was defined by the pion 
beam cross-sectional area and by the length of the 
hydrogen container. This length represents a compro- 
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Fic. 2. Scattering target and detector, plan view. 
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Fic. 3. Scattering target and detector, vertical section. 


mise between a large number of scattering centers and 
a small energy loss in the target. The necessary use of a 
beam of large cross-sectional area, and the desire not 
to include scattering events from the directions of the 
carbon-rich ends of the target, argued for the length 
chosen: 3.5 inches. 

Several attempts to use the Styrofoam jacket as the 
actual container of the liquid hydrogen proved un- 
successful. After some trial, it was found that poly- 
ethylene sheet could be fabricated into a leakproof 
container for liquid hydrogen. The welding of satis- 
factory joints was accomplished with commercially 
available hot-air guns. Shrinkage of the expected 
amount was observed when the container was filled 
with liquid nitrogen, and the warping was not serious. 
The container, of 0.040-inch polyethylene, was cut 
away in the area of the beam entrance and exit and 
along the entire side facing the emulsion stack detector. 
This area was covered with 0.004-inch polyethylene 
foil, stretched tight and welded to the heavier container. 

The Styrofoam jacket was everywhere at least 2 
inches thick, except for the $-inch thin wall facing the 
emulsion stack, and a small 1-inch-thick beam entrance 
window. The jacket was made in two pieces which fit 
together by a tongue-and-groove joint, sealed with 
silicone grease, and pulled together by rods reaching 
from the plywood top and bottom plates. The target 
was designed to force the evaporating hydrogen vapor 
to flow down and around the sides of the polyethylene 
container before passing through the jacket to the 
exhaust hose. Despite this design, the measured evapora- 
tion rate was about 7 liters/hour, requiring a refill 
every 20 to 25 minutes. 
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The level of the liquid was indicated by a long straw 
glued to a Styrofoam float. For insurance and con- 
venience, the target was also fitted with a sensing 
element (donated by Dr. Clyde Wiegand) which con- 
sisted of a cylindrical nickel capacitor connected to the 
tuning circuit of a simple ratio transmitter. The relation 
between the liquid height in the capacitor and the fre- 
quency of the radio signal was easily found by calibra- 
tion against the float. 

The emulsion stack detector was held in a drawerlike 
Lucite holder, which slid into a hole in the Styrofoam 
jacket at the side of the target and permitted an ac- 
curate determination of the detector position and 
orientation. The holder was designed so that warmed 
helium gas could be passed across the face of the 
emulsion stack, in an attempt to keep the emulsion 
temperature well above the temperature of the liquid 
hydrogen. At liquid hydrogen temperature the sensi- 
tivity of the emulsion is reported to be zero.'® During 
each of the two days the stack was exposed, the tem- 
perature at the stack face was monitored with an 
iron-constantan thermocouple. This temperature was 
typically from —10 to —20°C, except for brief periods 
the first day when overfilling of the liquid hydrogen 
container dropped the reading to the neighborhood of 
— 80°C. Even at these lowest temperatures, the emul- 
sion sensitivity is reported'* to be decreased by only a 
factor of two, so that all tracks of scattered pions should 
still have been visible. 


Emulsion Stack Detector 


To be able to observe with ease and assurance the 
tracks of the scattered pions entering the emulsion de- 
tector with energies up to 25 Mev (with ionization down 
to about twice minimum), it was considered advisable 
to use the highly sensitive Ilford G. 5 emulsion. This 
choice was also insurance against any decrease in 
emulsion sensitivity at the temperatures to which it 
would be subjected at a distance of one inch from the 
liquid hydrogen in the target. 

The emulsion stack detector consisted of a stack of 
60 Ilford G. 5 pellicles 6 by 1.7 inches by 600 microns, 
bolted tightly together between two sheets of 0.25-inch 
black Bakelite by stainless steel screws.'7? The screws 
passed through holes, punched in the individual emul- 
sions with a simple jig, in positions beyond the range 
of the scattered pions. Once the screws were tightened 
the stack could be exposed to daylight. All edges of 
the stack were then milled smooth and to the desired 
dimensions. X-ray marks were placed in the stack to 
facilitate the later realignment of the individual 
processed layers. The milled front surface permitted a 


16 J. J. Lord, Phys. Rev. 81, 901 (1951). 

16 See A. Beiser, Revs. Modern Phys. 24, 273 (1952). 

17 Birge, Kerth, Richman, Stork, and Whetstone, University of 
California Radiation Laboratory Report UCRL-2690, September, 
1954 (unpublished). 
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more accurate measure of the ranges of the scattered 
pions. 

After the exposure, the stack was unbolted and the 
layers were stripped apart and mounted on glass slides. 
The chemical processing procedure followed closely 
that developed by the Bristol Group for thick G.5 
emulsion.'* 

To simplify the relative alignment of the emulsion 
layers, brass tabs were glued across the two back 
corners of the glass mounts. With the stage stops of the 
scanning microscope for reference the tabs were then 
systematically sanded down until the x-ray lines came 
into approximate coincidence in the field of view. 
Alignment to +50 microns was very easily attained; 
follow-through track shift near the plate edge caused 
by misalignment was smaller than that resulting from 
emulsion distortion. 


Scanning Procedure 


The range of a 25-Mev pion in G.5 emulsion is 
approximately 11.5 mm. The scattered pions were 
therefore confined to the volume within at most 12.5 
mm from the front edge of each of the 60 plates. One 
method of locating all the scattered pion tracks would 
be simply to scan “by area”’ this entire volume plate by 
plate, looking for the positive pion endings. Another 
method, suggested by the relatively low number of 
background tracks and the possibility of following 
through tracks from one plate to the next, was to scan 
just one swath along the front edge of each plate, 
following every track that showed a likelihood of being 
a pion, until the likelihood was decisively reduced in 
some way—excessive range, non-follow-through (pre- 
stacking background amounted to some 20%), proton 
endings, star events, etc.—or until the likelihood was 
rendered a certainty by the recognition of the char- 
acteristic pion ending. 

The second method was used; although, to make it 
certain that every pion track would be seen, it was 
found necessary to take the swath a distance of 3 mm 
from the emulsion edge. (The quality of our processed 
emulsion deteriorated rapidly as the edge was ap- 
proached.) The swaths at 3.0 mm thus determined the 
solid angle of the detector, the endings in the region 
nearer the plate edge were picked up by area scanning. 

All of the scanning was done with 10 wide-field 
oculars and 22X oil-immersion objectives. The field 
diameter of nearly 1.0 mm expedited the area scanning 
and provided a track selection swath sufficiently broad 
to allow for any misalignment due to emulsion dis- 
tortion. The use of an oil-immersion objective for the 
follow through was found to be advisable to obtain the 
visibility required for picking up all the tracks. With 
practice it became possible to follow through under oil, 


18 Dainton, Gattiker, and Lock, Phil. Mag. 42, 396 (1951). 
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Fic. 4. Pion beam, integral-range measurements in copper. 


with the Leitz normal-working-distance 22 objective, 
very nearly as rapidly as with an air objective. 

Rough checks of the follow-through scanning effi- 
ciency were made by rescanning several centimeters of 
swath and comparing the track-following records. 
Since the area scanning overlapped the follow-through 
swath by several millimeters, it was possible to check 
the area scanning efficiency against the eighty-odd pion 
endings in the area-scanned region found mostly at 
random in the course of the follow-through scanning. 

A pion track recognition efficiency of 9545% is 
believed. The loss uncertainty here adds little to the 
over-all statistical uncertainty of the experimental 
results. 

Ill. EXPERIMENTAL DATA 


Pion Beam 
1. Energy Measurements 


The energy of the pion beam was measured peri- 
odically during the exposure, with and without liquid 
hydrogen in the beam, by two independent methods: 
integral range measurements in copper with the 
counters, and projected range measurements in emul- 
sion stacks. 

(a) Integral range measurements.—A pair of integral 
range curves are shown in Fig. 4. The points, as plotted, 
include an addition of 0.072 g/cm’, the equivalent 
copper range required in the back counter for a pulse 
greater than the discrimination level. The ranges at 
half-height (a good measure of the mean ranges in this 
case, since the incident beam was nearly monoenergetic) 
are 3.80+0.22 g/cm? and 1.55+0.22 g/cm? for target 
out and for filled target in, respectively. The uncer- 
tainties represent a rough estimate of the range spread 
at half-maximum of the differential range curves. The 
mean ranges at the front of the copper absorbers, cor- 
rected for scattering, are 3.95 and 1.60 g/cm’, corre- 
sponding to 23.9 and 14.2 Mev according to the range- 
energy curves of Aron.”® The energy of the pion beam 
is found to be 25.5+0.7 Mev into the liquid hydrogen 
and 18.4+0.5 Mev out. This corresponds to passage 
through a thickness of 8.61 cm of liquid hydrogen, a 


1%W. A. Aron, thesis, University of California Radiation 
Laboratory Report UCRL-1325, April, 1951 (unpublished). 
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thickness just 3.3% less than the designed length of the 
target. This would indicate that neither the shrinkage 
nor the bubbling was serious. 

The mean ranges determined from three other in- 
tegral range curves agree to within about 1.5% with 
the corresponding mean ranges obtained above, al- 
though these curves were not quite as complete as the 
two analyzed above. This indicates that the energy of 
the pion beam varied less than 1% over the two days 
of the scattering exposure. 

(b) Projected range measurements.—Samples of the 
pion beam were taken with emulsion stacks during the 
two days of the scattering exposure. Typical projected 
range distributions in emulsion are given in Fig. 5. The 
analysis of these distributions to determine the mean 
energy and rms spread of the pion beam into and out 
of the liquid hydrogen may be summarized as follows: 
The measured projected ranges (mean and rms devia- 
tion) are 11.15+0.75 and 5.29+0.75 mm, for target 
out and hydrogen in, respectively. The mean ranges 
corresponding to the above, obtained by correcting 
for the scatter-shortening, are 11.80 and 5.61 mm. These 
mean ranges correspond to mean energies into the 
emulsion of 25.4 and 16.55 Mev,” or to calculated mean 
energies into and out of the liquid hydrogen, of 24.9 
and 17.9 Mev, respectively. An effective target length 
4.8% shorter than designed is indicated. The calculated 
rms energy spreads into and out of the liquid hydrogen, 
corrected for the small (3%) energy straggling in the 
emulsion, are +0.8 and +1.2 Mev, respectively. The 
true energy spreads of the beam are smaller than these, 
because of the contribution of the scatter-straggling 
to the measured spread. 

An analysis of a projected range distribution, ob- 
tained during the other day of the exposure, gives 
17.6 Mev for the mean energy out of the liquid hydrogen 


*” Fay, Gottstein, and Hain, Nuovo cimento 11, 234 (1954). 
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—in good agreement with the value 17.9 Mev found 
above. 

It is believed that more weight should be given to the 
emulsion measurements of the beam energies than to 
the measurements made with the counters and copper 
absorbers. We thus believe the pion beam energy to 
have been (25.0_9.:*+-5) Mev, with rms spread +0.6 
Mey, into the liquid hydrogen, and 18.0 Mev out. This 
corresponds to a mean energy of 21.5 Mev. 


2. Spatial Beam Distribution 


Pion beam intensity distributions, measured in 
emulsion stacks across the approximate beam center in 
both the horizontal and vertical planes, are presented 
in Fig. 6. The vertical distribution was obtained at the 
exit of the collimator the first day of the scattering 
exposure. The symmetric trapezoid (dashed lines) repre- 
sents the distribution expected at the collimator exit, 
assuming a uniform diffuse source of pions across the 
collimator entrance aperture, and using the average of 
the central points for the value of the “full beam” 
intensity. 

The horizontal distribution, although not so likely 
to be affected by the focusing, was also checked. 


3. Total Number of Pions through the Target 


With the ratio of pions through the target to protons 
through the ionization chamber constant, the total 
number of pions was determined from the total inte- 
grated proton beam current, the average number of 
pions found per unit area per unit integrated proton 
beam current in the full-intensity regions of the beam- 
sampling monitor stacks, and the total equivalent full- 
intensity area of the beam in the scattering target. 
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Before averaging, pion fluxes measured at different 
distances from the pion source (taken to be the colli- 
mator entrance aperture) were normalized to the center 
of the scattering target (an inverse-square dependence 
was assumed). 

Four samples of the pion beam, taken over the two 
days of the exposure, were analyzed and found mutually 
consistent with respect to the number of pions per unit 
area per unit integrated proton beam current. The total 
“two-day” exposure yielded 1.12 10* pions per square 
mm, a total number of pions through the target, 
N=1.73+0.08X 10°. (The pion flux averaged about 9 
per square inch per second.) 


B. Scattered Pions 


Tracks of scattered pions entering the face of an 
emulsion stack detector possess information essential 
for the reconstruction of the kinematics of the indi- 
vidual scattering events. 


1. Measurements 


A measurement of the projected and dip angles a, 6 
specifies the direction of the scattered pion. Since the 
direction of the incident pion beam is known, this 
permits a direct calculation of the polar and azimuthal 
scattering angles 6,¢. A measurement of the point of 
entrance into the stack then specifies the actual line of 
scatter. Since the position of the stack with respect to 
the liquid hydrogen target is known, this permits the 
rejection of scatters not passing through the target, as 
well as those coming from the direction of the front and 
back ends of the target. A measurement of the residual 
range of the pion at the stack face Ro specifies the en- 
trance energy EZ, there. From the foregoing information 
it is possible to reconstruct the scattering event by mak- 
ing the assumption that the scatter occurred at either 
the near or the far edge of the effective target. At the 
near edge, defined by the thin polyethylene window, the 
scatter could possibly have been from a carbon atom. 

For each of the three assumptions—i.e., elastic 
carbon or hydrogen event at the near side or hydrogen 
event at the far side of the target—it is possible to 
calculate the expected energy of the pion incident on 
the liquid hydrogen. The three estimated incident 
energies may be compared with the known pion beam 
energy into the liquid hydrogen. The two estimations 
for hydrogen scattering represent the lower and upper 
bounds for the estimated energy, assuming the event 
to have taken place in the target volume. For true 
hydrogen events, these bounds should bracket the beam 
energy, to within the limits of experimental error and 
the beam energy spread. For true carbon events, the 
estimated energy should coincide, to within similar 
limits, with the beam energy. The result of this analysis 
of all of the otherwise acceptable scattering events, 
found in the center-of-mass angular interval 35°<x 
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<135°, is presented in Fig. 7. Two certain and three 
possible carbon events are indicated. 

All measurements were made using 6X oculars and 
a 53X oil objective. The most important measurement, 
that of the projected scattering angle a, was made 
with an eyepiece goniometer. The dip angle 6 was deter- 
mined by measuring the coordinates of two points on 
the track, one as near the stack-face edge as the dis- 
tortion and blackening would permit, the other 400 to 
800 microns removed. The vertical ccordinates, meas- 
ured with the calibrated fine-focus adjustment, were 
all corrected for the emulsion shrinkage by determining 
the fractional depth in the emulsion and assuming the 
original thickness to have been 595 microns. (This 
thickness is equal to the measured net thickness of the 
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Fic. 7. The kinematic analysis of all otherwise acceptable 
scattering events found in the interval 35°<x<135°. (The dots 
(e) correspond to the assumption of elastic scattering from carbon, 
the limits (I) to the assumed scattering from hydrogen at the 
near and far side of the target.) 


emulsion in the clamped stack divided by the total 
number of pellicles. This value of the thickness, com- 
bined with accurate measurements of the length and 
width of the milled stack and of the net weight of the 
emulsion, yielded the value 3.80 g/cm’, in very good 
agreement with the value 3.81 g/cm’, commonly 
obtained.” 

The emulsion-to-glass bond is strong,” the original 
position of the much distorted edge is preserved there. 
The point of entry and the length of track through the 
edge region, could therefore be calculated. 


21 A. Oliver, Rev. Sci. Instr. 25, 326 (1953); O. Heinz, Phys. 


Rev. 94, 1728 (1954). sith 
2 R, W. Birge (private communication). 











TOTAL SHIFT A y (MICRONS) 


°o 
° 





2 4 6 8 
DISTANCE (mm) FROM FRONT EDGE 


Fic. 8. Emulsion-distortion correction curve, from 
measurements of five steep tracks. 


2. Correction for Emulsion Distortion 


The distortion of the emulsion near the plate edges 
was investigated by measurements made on very steep, 
light tracks that could be followed through many suc- 
cessive layers. Effects of plate misalignment were re- 
moved to good approximation by measuring the emul- 
sion edges at the glass. The distortion, as was expected, 
affected appreciably only the coordinate y, perpendicu- 
lar to the edge. The y-coordinate distortion shift be- 
tween the bottom (fixed) surface of one emulsion and the 
top (displaced) surface of the next was measured along 
the same steep track through many plates. The results 
are plotted in Fig. 8. The magnitude of the shift is seen 
to be quite systematic, decreasing linearly from a value 
near 160 microns at a distance of 1.0 mm from the edge 
to 0 at about 11.5 mm. For a first-order correction, the 
shift of the y-coordinate of a track grain may be con- 
sidered equal to the total shift appropriate for its dis- 
tance from the emulsion edge, times its height in the 
emulsion, divided by the total emulsion thickness. This 
correction to all y-coordinates was made in all 
measurements. 


3. Uncertainties in the Determination of the 
Scattering Angles 


The factors introducing uncertainties in the measured 
values of the individual scattering angles, @, and the 
magnitudes of their respective effects may be sum- 
marized as follows: (a) beam divergence, |A@|<2.5°; 
(b) stack line-up with respect to beam, |A@|<1°; 
(c) instrumental limitations (goniometer and micro- 
scope readings), | Aa], |Ad| <1°(cos@=cosa cosé); (d) 
emulsion distortion, |A4a|=1—2°, |Aé]|<1—2°, with 
use of distortion correction curve; (e) multiple scatter- 
ing in the liquid hydrogen target and in the entrance 
edge region of the emulsion. The multiple scattering 
along the unobservable portion of the trajectories in 
the emulsion contributes an rms projected angular 
spread of from 6° at forward and central scattering 
angles to 8.5° at the extreme backward angles accepted. 
The contribution to the angular spread due to the 
multiple scattering in the target aggregate (both before 
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and after scattering) was, for the worst case (Eo= 10 
Mev), about 4°. 

The over-all uncertainty in the determination of the 
individual center-of-mass scattering angles, x, in the 
range considered, was thus of the order of 7° to 10°. 


4. Summary of the Analysis of the Pion Endings 


A total of 329 positive-pion endings were located, 
acceptable in the 12-plate solid angle. Six of these tracks 
too short to measure, and 211 at the extreme forward 
angles, 0<30°, were rejected forthwith. Measurements 
of the remaining tracks found 20 rejected by a mini- 
mum range criterion (Z)<10 Mev), 26 not from the 
direction of the target volume, and 18 from the direc- 
tion of the front and back ends of the target. 

The remaining 48 events found in the center-of-mass 
angular interval 35°<x<135° are plotted in Fig. 7. 
The rejection of the two certain carbon events (labeled 
C in the figure) results in 41 probable hydrogen events 
in the interval 45°<< 135°, and 29 in 60°<,<120°. 
The exclusion of the three possible elastic carbon events 
(labeled C? in the figure) leaves 38 certain hydrogen 
events in 45°<x< 135°, and 28 in 60°<x<120°. 


IV. CALCULATION OF THE DIFFERENTIAL 
CROSS SECTION 


For the purpose of simplifying the calculation of the 
scattering cross section, the actual pion beam flux dis- 
tribution through the liquid hydrogen was replaced to 
sufficiently good approximation by a distribution uni- 
form throughout a suitably chosen rectangular area, A. 
The expression for the expected number of scatters (in 
d§ at @, from all volume elements of the target) that 
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would enter an infinitely long emulsion layer becomes 


dC 
@) 


da (6) 
=Nn 


sin6d0(Ad) mw, 
dQ 


where da(@)/dQ is the differential scattering cross sec- 
tion per unit solid angle, @ and ¢ are the laboratory polar 
and azimuthal scattering angles, N is the total number 
of pions passed through the scattering volume, and m is 
the total number of target protons per cm? in the target 
length, L. (A¢), is the interval of the angle ¢ subtended 
by the emulsion layer at a point in the target, averaged 
over the entire target volume. 


1 $2 
7P vied f dgdV, 
Ald, Jy: 


where V’ represents the boundaries of the idealized 
target of length L and area normal to the beam, A. 

Three considerations complicate the evaluation of 
the quantity (Ad), for the actual situation: (a) the 
finite length of the emulsion layer, (b) the requirement 
that no scatters come from the direction of a target 
end, (c) the requirement that only pions entering the 
stack with energies greater than a specified amount be 
counted. (The minimum energy limit of 10 Mev at 
the stack entrance point requires that pions scattering 
at large angles from the back portions of the target 
must be excluded.) 

The main effect of these conditions is to modify the 
boundary of the volume integration, V’, so that (A¢d)w 
becomes a function of 6. If (Ado), is the mean azimuthal 
angular interval subtended by a single emulsion layer 
averaged over the unmodified, total volume (V=AL), 
the quantity F (0) =(Ad)w/(Ado)w is a weight factor for 
the measured angular distribution of the scattering. 
F (6) was determined by means of a semianalytic calcu- 
lation. The results, after transformation to the center- 
of-mass system, are shown in Fig. 9. The weight factor 
is seen to be close to unity near 90°, corresponding to 
the nearly total utilization of the target. At the extreme 
backward angle studied, x=135°, F(x) introduces a 
correction factor as large as three. The difference be- 
tween the solid and broken curves of Fig. 9 represents 
the correction required to take into account the scat- 
tered pions unable to reach the emulsion with energies 
greater than 10 Mev. 


V. PHASE-SHIFT ANALYSIS 


Theoretical calculations of scattering cross sections 
are usually compared with the experimental data via 
the set of parameters—the phase shifts—that char- 
acterize the scattering in the partial-wave treatment of 
the quantum-mechanical scattering system. 

The present data have been analyzed under the 
assumption that only the lowest two orbital angular 
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momentum states (S- and P-waves) contribute sig- 
nificantly to the scattering cross section, and, therefore, 
that only the S- and P-wave scattering phase shifts 
are of appreciable magnitude.” This assumption should 
be a very good one in view of the low energy of our 
incident pions and the failure to find appreciable D- 
wave phase shifts in the experiments at energies up to 
217 Mev. 

At energies as low at 22 Mev the Coulomb scattering 
and the effects of its interference with the nuclear 
scattering amplitudes are of importance to scattering 
angles as large as 90°. Several recent treatments of this 
problem are available, all of which take advantage of 
the probable very strong short-range nature of the 
nuclear force to effect a mathematical separation from 
the long-range Coulomb force. A convenient relativistic 
generalization of the Van Hove™ and Ashkin®® formula- 
tion has been given by Solmitz.”® 

The three scattering phase shifts, a3, a1, a33, corre- 
sponding to the three angular momentum states S;, P;, 
and P;, were determined from the experimental data 
by means of a maximum-likelihood method.”” This 
method of adjusting the parameters of a theoretical 
curve to “best fit” ungrouped data not only permits 
the maximum utilization of the available information 
but also is conveniently applied to relatively small 
amounts of data. The application of this method to 
these data to obtain the “best values” of the phase 
shifts may be summarized briefly : 

The likelihood function, Lua, X2) °°", Xm; 3, M31, 33), 
expressing the relative “joint probability” of obtaining 
the set of scattering events at x1, x2, °°, Xm, and no 
events elsewhere, is maximized by varying the indi- 
vidual phase shifts. 

The likelihood function is 


m do* 
L(x: . * a . j=] — (x j,0° e )eMag*@), 
j=1 
where 
M=nNq(Ado)w= 1.019 10 cm?, 


(where g is the number of emulsions scanned), and 


do* _ do do* 
—(x,a- . +) = F(x) siny—(x,a° ° -) ; ort = —dy. 
dQ dQ 12 


The differential scattering cross section is 


( — Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
1953). 
%T,, Van Hove, Phys. Rev. 88, 1358 (1952). 

26 J. Ashkin and L. Smith, Technical Report No. 1, Carnegie 
Institute of Technology, 1953 (unpublished). 

2% F, T. Solmitz, Phys. Rev. 94, 1799 (1954). 

27F, T. Solmitz (unpublished notes); C. Wright and J. Orear 
(private communications); see also Orear, Lord, and Weaver, 
reference 6; J. Orear, reference 7. 
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Taste I. Maximum-likelihood phase shift analysis. I: 45°<x 
<135°, 38 certain +3 probable hydrogen events. II: 45°<x 
<135°, 38 certain hydrogen events. ITT: 60°<x<120°, 28 certain 
+1 probable hydrogen events. II’ is an example of a second 
(unfavored) solution corresponding to the data of II. (See Fig. 
10.) The quoted uncertainties represent the spread of the likelihood 
function at half-maximum. 








Data a3 a33 asi 


I —0.050+0.006 +0.008-+0.009 =0 
IT —0.048+-0.006 +0.011+0.009 +0.002+0.016 
Ii —0.047+0.007 +0.020+0.013 —0.003+0.014 


II’ +0.025+0.010 —0.0530.005 =0 











where 
1/4k?=2.065X10-** cm’, for = pe.m./msc=0.49. 


The scattering amplitudes, in the small-angle ap- 
proximation, (sina=a, cosa=1—}a*) are: for no spin 
flip (nf): 

A= 2a3+ (4033+2a31) cosx+2kf"” (x), 
A= — 2az’— (4ar33+ 2031)" cos ; 
for spin flip (f): 
A3= (2a33— 2a31) sinx +2kf (x), 
Aq= (—2a33?+ 2a31”) sinx. 

The relativistic Coulomb amplitudes”* are: for no 
spin flip: 

—¢ 


2p(ve+,) sin*(x/2) 


[r= 





sv 
x 1 tao0 +cosx)+smaller terms| ; 
c 


for spin flip: 
+é [Hered 


2p(ve-+0,) sin®(x/2)L 2c? 


(J) = 





+smaller terms} 


where v, and v, are the pion and proton velocities in 
the c.m. system, c=the velocity of light, and u,»=the 
magnetic moment of the proton (in nuclear magnetons). 


Phase Shifts from the Maximum-Likelihood 
Analysis 


To investigate the effect of possible systematic error 
in the measured angular distribution at the small- and 
large-angle ends, the data were analyzed for both the 
full angular interval 45° to 135° and the restricted in- 
terval 60° to 120°. In addition, to check the effect of 
including the three possible elastic carbon events (all 
of which occurred at forward angles), the full angular 
interval data were analyzed both with and without 
these events. 

The results for the three selections from the data are 
summarized in Table I. The likelihood function for 
case II is mapped in Fig. 10. 
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Fic. 10. Maximum-likelihood phase-shift analysis. 


Discussion of the Phase-Shift Analysis 


The above analysis gives an internally consistent, 
fairly well defined value for the S-wave scattering 
phase shift a3. That the large uncertainty in the value 
of the P-wave phase shifts does not affect appreciably 
the determination of a; is also apparent from the 
following results: If a3; is assigned the value 0.024 
given by the Chew-Low” theoretical fit to the higher 
energy results, and a3; is neglected, the maximum- 
likelihood values of as are —0.047, —0.044 (see Fig. 
10), and —0.047 for the data of I, II, and III, 
respectively. 

The more extended analysis, performed for the 
data of II only, discloses a second set of phase shifts 
(labeled II’), characterized by positive a; and large 
negative a33. The relative likelihoods favor the accepted 
set (with negative a;) by a ratio of approximately 8 to 
1 (see Fig. 10). The large value of |as3| required by the 
reversed sign solution is roughly twice the value ob- 
tained by extrapolation from higher energies. The two 
sets of phase shifts give very different differential cross 
sections at angles x beyond the 135° limit of our angular 
distribution. 

The data do not provide a good determination of the 
P-wave phase shifts. The value determined for a; de- 
pends largely on the total number of events found, 
while the determination of as3 depends largely on the 
relatively few events found at the large- and small- 
angle ends of the angular distribution. The deter- 
mination of as; is thus plagued by poor statistics. The 
ends of the angular distribution, moreover, may be 
subject to systematic errors in the weight function and 
in the effect of obtaining spurious events at forward 
angles by having pions from the steeply-rising Coulomb 


*8 See reference 2, p. 23. 
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differential scattering cross section increase their angle 
by multiple scattering in the target and detector. 
Although these systematic errors are estimated to be 
small, the observed depression of the value for a33 for 
cases I and II relative to case ITI is in the direction of 
too many forward (and too few backward) events. 

The values quoted for a3; (for II and III) were ob- 
tained by varying this phase shift (to maximize the 
likelihood function) with a3 and a3; held at the values 
which had maximized the likelihood under the initial 
assumption of a3;=0. The resulting small values found 
for a3, in each case did not produce an appreciable 
change in the maximizing value of a3. The likelihood 
“surface” above the plane of the ays, as:-axes is seen, 
from the large uncertainties quoted, to be exceedingly 
flat, so that the location of a maximum is difficult— 
and not highly significant. 

The differential cross sections determined by the 
sets of phase shifts found for the selections from the 
data II, II’, and III are plotted in Fig. 11, where their 
fit to the experimental points representing the indicated 
coarse grouping of the data may be compared. 

To summarize : the above analysis gives the following 
best values for the pion-proton scattering phase shifts 
at a relative momentum, 7= pe.m./msc=0.49: 


a3= —0.048+0.007, a33;=+0.013+0.013, 
a3; =0,000+0.016. 
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Fic. 11. The differential scattering cross section. Curve II: 38 
events, 45°<<135°, a3= —0.048, as;=+0.011, a3:=0; Curve 
II’: Reversed sign solution, a3=+0.025, a33=—0.052, asi:=0. 
Curve III: 29 events, 60°<x<120°, a;=—0.047, as;= +0.020, 


a3=0. 





SCATTERING OF 22-MEV 


VI. DISCUSSION 


This experiment provides little information with 
regard to the P-wave scattering, other than a general 
agreement of the magnitude of a33 with the extrapolated 
value specified by the Chew-Low phenomenological 
theory (a3;=0.0238) and the value given by the 
Fermi-Orear recipe” : a33=0.235n'=0.0280. 

The experiments at 113 and 120 Mev,’ and the 
strict stipulation of the causality requirement for the 
resonance behavior of the scattering,® both determine 
the sign of a3; to be positive. Reversed-sign solutions, 
not favored by the data in any event, can thus cer- 
tainly be discarded. 

The measured value of the S-wave phase shift, as, 
at 21.543.5 Mev, appears sufficiently well determined 
to permit the statement that this experiment confirms 
the current view that a; does not change sign in this 
energy region. 

The momentum dependence of a; is still poorly 
known. The available experimental determinations of 
a3” are plotted in Fig. 12. The straight-line fit, as « —n, 
made by Orear” is shown, as well as a least-squares fit 
to the presently available data, including an 7° de- 
pendence. The predicted zero-energy slopes are almost 
identical: a3/n=—0.110 and —0.105, respectively. 
Values for this quantity can also be inferred from vari- 
ous combinations of data provided by other low-energy 
experiments. These experiments consist of the work on 
mesonic atoms, (M)* giving an average value for 
(a1+2a3)/3n; the very low energy negative pion direct- 
scattering cloud chamber results of Lederman, (L)?® 
et al. giving (2ai+a3)/n; and the measurements of the 
total charge-exchange cross section between 20 and 42 
Mev by Spry, (S)® giving (a1—as)/. In addition, the 
Panofsky measurement (P)* of the ratio (*+p— 

J. Orear, Phys. Rev. 96, 176 (1954); see also J. Orear, Nevis 
Cyclotron Laboratory Report No. 11, May, 1955 (unpublished). 

%” 24 Mev: J. Orear (private communication) and Proceedings 

of the Fifth Annual Rochester Conference, 1955 (Inter- 
science Publishers, Inc., New York, 1955), p. 18. 
40 Mev: J. P. Perry and C. E. Angell, reference 6. 
45 Mev: Orear, Lord, and Weaver, reference 6. 
61.5 Mev: Bodansky, Sachs, and Steinberg, reference 6. 
78 Mev: Anderson, Fermi, Martin, and Nagle, reference 23. 
113 Mev: J. Orear, reference 7. 
120 Mev (a): G. Puppi, reference 2, p. 9 (1955). 
120 Mev (b): Anderson, Fermi, Martin, and Nagle, refer- 
ence 23. 
135 Mev: Anderson, Fermi, Martin, and Nagle, reference 23. 
165 Mev: H. L. Anderson and M. Glicksman, Phys. Rev. 
100, 268 (1955). 
189 Mev: Anderson, Davidon, Glicksman, and Kruse, Phys. 
Rev. 100, 279 (1955). 
217 Mev: M. Glicksman, Phys. Rev. 94, 1335 (1954). 


31 Stearns, Stearns, DeBenedetti, and Leipuner, Phys. Rev. 97, 
240 (1955); 96, 804 (1954); 93, 1123 (1954); see reference 2, 
169 ff. 


"#2 W. J. Spry, Phys. Rev. 95, 1295 (1954). 
% Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951). 
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Fic. 12. Momentum dependence of the S-wave phase 
shift, a3. (See reference 30.) 


n+n°)/(x-+p—> n+) combined with photomeson- 
production results near threshold,* and with detailed 
balance arguments, gives a value for (a1—a3)/n at zero 
energy that is some 30% lower than that inferred from 
Spry’s results. These experiments, taken in the com- 
binations LM, MS, LS, MP, and LP, give respectively 
the values —0.122, —0.109, —0.097, —0.083, and 
—0.047 for a3/y.*5 Either of the two momentum de- 
pendences given above are thus seen to be in agreement 
with the data pertinent to the zero-energy slope, with 
the possible exception of the results of the analysis of 
the Panofsky and photomesonic effects. 
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PHYSICAL REVIEW 


VOLUME 102, 


NUMBER 1 APRIL 1, 1956 


A Note on Sommerfeld’s Bremsstrahlung Formula 


L. C. BrEDENHARN 
The Rice Institute, Houston, Texas 


(Received December 19, 1955) 


Sommerfeld’s bremsstrahlung formula is discussed by the method of angular momenta. The complete 
correspondence in the classical limit to the work of Landau and Lifshitz is shown. 





N his discussion of nonrelativistic bremsstrahlung! 
Sommerfeld has given, for the electric dipole case 
without retardation, a quite remarkable formula,’ which 
provides in closed form an exact result for the total 
radiation loss. Subsequently, Landau and Lifshitz*® gave 
an equivalent classical result for the radiation from 
particles travelling in Kepler orbits. Current considera- 
tion of the closely related problems of proton brems- 
strahlung‘ and Coulomb excitation’ has renewed interest 
in these results of Sommerfeld and of Landau and 
Lifshitz. 

The methods by which Sommerfeld, and Landau and 
Lifshitz arrived at their results are, however, quite 
different: in the former case, parabolic coordinates are 
employed (i.e., the “summed field” method as it is 
frequently called), whereas in the latter case, an 
averaging over orbit eccentricities (impact parameters) 
is utilized. This latter method is a precise transcription, 

. in the classical limit, of the quantum mechanical angular 
momentum method of partial waves. Now the circum- 
stance that Coulomb excitation involves the irregular 
operator, to which the “summed field” technique has so 
far proved generally inapplicable, more or less forces one 
to use angular momentum techniques, and such tech- 
niques are useful also for the bremsstrahlung problem. 
In particular, if one does treat dipole bremsstrahlung in 
this way, the total energy loss so obtained is not at all 
clearly related to Sommerfeld’s answer. It is the purpose 
of this note to give a straightforward proof of 
Sommerfeld’s formula directly from the method of 
angular momenta. While this adds very little that is 
new, it is satisfying that the present method shows 
rather well the nature of the classical limit and its 
relation to the work of Landau and Lifshitz.® 

For the electric dipole case, the matrix elements of the 
regular (r) and irregular (r/r*) operators are essentially 

1A. J. F. Sommerfeld, Atombau und Spekirallinien (Ungar, 
New York, 1953), Vol. 2, Chap. 7. 

2 See reference 1, p. 527, Eq. (12). 


+L. Landau and E. Lifshitz, Classical Theory of Fields (trans- 
lated by M. —e (Addison Wesley Press, Cambridge, 


195 
1S bavan tid and T. Huus, Phys. Rev. 94, 205 (1954); S. Drell 
and K. Huang, Phys. Rev. 99, 686 (1955). 

5 Biedenharn, McHale, and Thaler, Phys. Rev. 100, 376 (1955). 
References to the extensive literature may be found here. See also 
the forthcoming review article by Bohr et al. 

* The corresponding problem of giving the classical analog to 
Sommerfeld’s method is straightforward and is obtained directly 
from the classical limit. The result is even more immediate, how- 
ever, if one uses the connection between the angle of deflection and 
the eccentricity (i.e., sin}0= 7). 


° 


equivalent, since 
[H,CH,r})= (Z2e*h?/M)(r/r'), (1) 


with H being the Hamiltonian containing the Coulomb 
interaction. For this case, then, the Coulomb excitation 
and bremsstrahlung results differ only trivially. Utilizing 
an expansion of the Coulomb “plane” wave, one 
readily finds that’® 


2A,y—ZAg 2 dw 
Eg 


xX—bo, 
Ai+A2 


w 


32 
do= oT (e*/hc)*k reke ( 


bo=> IL(1, 2;1—1)*-+(—1, 25%), (2b) 


l=1 


where we have used the definitions that 


(m5; Fm { drr-*F(nykv)Fim(nyke), (3a) 
0 


ki=(M/h)vinitit, m=2Ze*/hvinitiar, (3b) 


with ko, n2 defined similarly for ¢inai. 

The task now is to show directly that the sum for bo 
can be done exactly. That this must be possible is, of 
course, obvious from Sommerfeld’s work. The (m,n; 1) 
are, in general, Appell functions, and, as such, difficult 
to manipulate. Fortunately, however, the (+1, 2; /) are 
reducible’ to ordinary hypergeometric functions, namely, 


(1, 21-1) =f 


ine . 
er (0,1; 7—1) 


im 
—k + (0,1;2, (4a) 


im 
(-1,2;0—h| 4 (0, 1;7—1) 
ine 
—ke 14+ 050 (4b) 


7See reference 1, p. 138; Tables of Coulomb Wave Functions, 
National Bureau of Standards, Applied Mathematics Series, No. 
17 Aa S. Government Printing Of ce, Washington, D. C., 1952), 
Vo 

® The result for the bo is derived for Coulomb excitation in 
reference 5. Bremsstrahlung actually leads to the integrals (+1, 
—1; 7) but by taking matrix elements of Eq. (1) for angular 
momentum wave functions the relation to the (+1, 2;/) is im- 
mediately obtained. 

® See reference 5, Eq. (64). The reducibility of (0,1; 1) is due to 
Sommerfeld. 
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and 


(0,13) =(—)'(4x) | a He wee 
74;)=(- " Ee ati 
(ki-+h,)? 


= —21-2+ int ine 
kithks 
ie [0 (l+-1+-im)T (1-+-1+in2) | 


T'(21+2) 
—4kRike 
ners (4c) 


The sum can thus be put in the more tractable form 
(note that kymi= keno) 


2kyn? 
l 





XaFi(14+1-in, 1+1—im, 21+2; 


hak i keke 


+1 


[co 1;1-1)4+-0,1;"] 


im ine 
—4kiks + Il4 20 1;J—1)(0,1;2)}. (5S) 


Now the (0,1;/) obey a rather simple three-term 
recursion formula”: 


| im ine 
sy pac Se aren halo 1;7+1) 
l+1 1+1 


- 


(21+-1)] ki2-+k MBean Jo 1; 
er ee 
im 


in 
+ 2bskal|1+— ar (0,1;1-1)=0. (6) 





Consider now the function Q(J): 





im ine 
Q(1)=2lkike wr 1+ 01500 1;/—1) 


2kitm? 


—T ke +k?+ 





Jo. 151-1). (7) 


If we use the finite difference operator, AQ(/)=Q(/+-1) 
—Q(J), then by virtue of Eq. (6) it is easily shown that 


kin 


aQ()=i{| ae-+A+ . 


[co 151—1)4-(0,1;0] 


im ine 
—4kiks ager 14+ 0,1;1-n 00450}. (8) 


1 See reference 5, Eq. (63). 
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Since the right-hand side of Eq. (8) is just the summand 
of Eq. (5), it is clear that bo is exactly summable between 
arbitrary limits (not merely for 1 to © as might con- 
ceivably be the case). We conclude that 


bo=[ (hi?-+-h2?+-2h1"n:*) (0,1 ; 0) 
— 2kike| 1+i:| | 1+in2| (0,1; 0)](0,1; 1). (9) 


By using the properties of hypergeometric functions, 
this can be put precisely in the form of Sommerfeld’s 
result, but for many purposes the present form is to be 
preferred. 

It remains only to show the complete analogy of these 
results to the classical calculations of Landau and 
Lifshitz. In particular, one finds that 


(0,1 : ) +1 die *€(« sinh t+t) | (10) 
classical limit /_,, 

The classical limit (i.e., # to -0) implies that +o, 
n>, ki/ko=p—1, and m—7;—¢= finite. In the nota- 
tion of Landau-Lifschitz, one has =w/wo and e (the 
eccentricity of the Kepler orbit) is given by e=(1+/7/n’)!. 
The integrals on the right-hand side of (10) are Bessel 
functions, and one may write, in accord with Landau 
and Lifshitz, 


(0,1 ; )—fiwe—*!81 7 5 (ik). (11) 


Similarly one finds from Eq. (4) that 


k 
(+1, 2; in(*) 
4 \» 


[e—1}! 
xenitl Hite) itt itd} (12) 


€ 


The sum for bo goes over into an integral in the classical 
limit, JAl—n’ede: 


— 1k? 2 
bp > —————_e? || 


8 
Cy e—1 
xf ce| —[Heelitey P-L it, (13) 


and the integrand, as a consequence of the Bessel 
equation, is just the derivative of g=xH 4(x)H x(x), 
with «=ife. Here q is clearly the analog to the classical 
limit of Eq. (7). The correspondence between the 
quantum and classical calculations is complete upon 
noting that Eq. (6) in the classical limit becomes the 
Bessel equation. 

The author would like to thank Dr. R. M. Thaler for 
helpful discussions and aid. 
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We discuss the quantum-mechanical theory of rearrangement collisions. In particular, we consider: 
(a) the transformation of the state vector from the original basis to the basis of the rearranged system; 
(b) the conditions for the equivalence of the “post” and “prior” interactions when computing matrix 
elements; and, (c) the extension of Schwinger’s variational principle to rearrangement collisions. 





1, INTRODUCTION 


ARIATIONAL principles for scattering processes 

have been devised by Schwinger, and have been 

discussed, for direct collisions, previously.' In this paper, 
we wish to treat rearrangement collisions. 

The distinction between the two is as follows. In a 
direct collision, the scattered and the incident particles 
are the same; only their states may change. In a re- 
arrangement collision, the particles scattered differ from 
those incident, either in identity, as in an exchange 
collision, or in intrinsic structure, as in a stripping or 
pickup reaction.” 

Borowitz and Friedman have already described a 
variational principle for rearrangement scattering.* In 
form, this variational principle is rather unexpected. 
For, although it is an essential feature of Schwinger’s 
variational principle—as formulated for direct scatter- 
ing—that the initial and final states appear symmetric- 
ally, in the expression given by Borowitz and Friedman 
this is not so; the original and the rearranged systems 
enter quite unsymmetrically. 

The same variational principle is derived here, but in 
a context that clearly shows it to be one of a pair of 
dissymmetrical stationary expressions. In the present 
treatment, the other member of the pair is exhibited, 
and the two expressions are then averaged; the result 
is a variational principle that is symmetrical in the 
original and rearranged systems. 

In the course of the preliminary development, it is 
necessary to examine the transformation of the state 
vector from the original basis to the basis of the re- 
arranged system, a question which has also been con- 
sidered in the recent literature.‘:> Here, our formalism 
permits a concise, and at the same time rather general, 
derivation of the essential results.° 


1B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 
References to this paper will be preceded by I. 

2 Stripp’ ping or pick-up reactions appear as cee processes 
7 to the particle that is stripped-off or picked-u 
S. Borowitz and B. Freidman, Phys. Rev. 91, 308 (1953). A 
slight error appears in this Although the kernels en- 
countered here are not self-a joint, the variational principle is 
discussed in the form appropriate for a self-adjoint kernel. The 
correction involves replacing the kernels appearing in Eqs. (15b), 
(19), and (31) by their adjoints. 

‘T. Y. Wu, Phys. Rev. 87, 1010 (1952); L. E. H. Trainor and 
T. Y. Wu, Phys. Rev. 89, 273 (1 953). 

5H. E. ‘Moses. , Phys. Rev. 91, 185 (1953); S. Altschuler, Phys. 
Rev. 91, 1167 (1953); 92, 1157 (1953). 


The “post-prior” discrepancy is also discussed briefly. 
We remark, first, that the vanishing of the discrepancy 
for the exact wave functions implies that it also vanishes 
in the Born approximation, and conversely. Second, 
we note that the discrepancy vanishes if the “‘post” and 
“prior” unperturbed Hamiltonians are Hermitian be- 
tween the initial and final states. Thus, the elimination 
of the “post-prior” discrepancy imposes a restriction 
only on the formal representation used for the wave 
functions: for the continuum states it may be necessary 
to use wave packets, or an analytical equivalent. 

Our method, and notation, differ somewhat from I.! 
To explain them most simply, we first review the 
familiar case of direct scattering. 

2. DIRECT COLLISIONS 

We limit ourselves, in this section, to collisions in 
which the scattered particles are the same as those 
incident. That is, in both the initial and final states, 
the two separated parts of the system are characterized 
by the unperturbed Hamiltonian Ho, and their inter- 
action by the operator V: 


H=Hot+ V. (2.1) 

Let \ be a complex number, the imaginary part of 
which is arbitrarily small and positive: 

A\=E+ie; €0". (2.2) 


Then, since both Ho and H are Hermitian, \X— Hy and 
\—H are nonsingular operators. Their inverses, the 
operator Green’s functions,*® 


Go(A)=1/(A— Ao) =Go(A*)t, (2.3) 
G(A)=1/(A—H) =G(a*)t, (2.4) 


®In a coordinate representation, GQ) and G(A*) become the 
Green’s functions satisfying an outgoing and an incoming wave 
condition, respectively. For example, in one dimension, let 
H=—@/dx#, and \= wx (x+ia)*. Then, 


wcoing  eegD 


_ explie+ia)|x—x'| J 
2i(e-+ia) (a0). 





Similarly, 
(x|G(A*)|x’)= 


1 dk exp[ik(x—x’)] 
od Keg ome om 


(«— ia)? 


_ exp[i(—«+ia)|«—2’ 
Ps 2i(—x+ia) 
(—x+ia)*, we see that (2.4) is satisfied. 


J (a0). 





Observing that \*= 
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REARRANGEMENT COLLISIONS 


therefore exist, and, as shown, are unaffected by Her- 
mitian conjugation, provided } is also replaced by its 
complex conjugate. This latter property is frequently 
of use in deducing or checking equations. 

For example, simple operator algebra applied to 
(2.3) and (2.4) shows that 


G(A)=Go(A)[1+ VG(A) ] 

=[1+G(A)V ]Go(a), 

where the last equation may be deduced directly or by 
hermitian conjugation plus \A—A* applied to the first 


equation. 
We shall also need the operators 


T(\)=V+VGQA)V=T(*)t 


(2.5) 


(2.6) 
and 
U(A)=1+G(A)V. (2.7) 


The latter equation, according to (2.5), may also be 
written: 


[1—Go(A)V JU (A) =1. 
Comparing the last three equations, we see that 


T(A)=VU(A)=U(A*)1V 
=U(A*)t{[V—VGo(A) VU). 


We turn now to the physical interpretation. The 
initial and final states of the system are described by 
the eigenvectors of Ho: 


H®.= Ea. 


As the two parts of the system approach one another, 
during the collision, the interaction becomes effective 
and induces transitions from the given initial state to 
those final states that are accessible to the system. In 
particular, if the system is initially in the state ®,, the 
probability of ultimately finding it in the state ®, in- 
creases with time at the rate [ (I-1.68) to (I-1.72) ]: 


(2.8) 


(2.9) 


(2.10) 


2r 
aaa (,,V¥_'+) |95(E.— Ep), (2.11) 


where, according to (I-1.61), 


VY) =8,+ V¥.. (2.12) 


Eqgtte— Ho 


The delta function in (2.11) insures that transitions 
only occur between states of equal energy, while the 
plus (minus) sign in (2.12) corresponds to the choice of 
outgoing (incoming) scattered waves. 


From (2.8) and (2.12), 
V,(+) =U (Egtie)®,, (2.13) 


thereby establishing the connection between the theory 
of I and the operators introduced here. 

For example, if EZ is the energy common to states a 
and 3, it follows from (2.9) and (2.11) that the matrix 


265 


element required to compute the transition rate a—6 is 

T'ra(E+ie) = (@o, T(E+ie)®.)=[T(E—ie)" Joa. (2.14) 

This is the familiar result (I-1.63): 
(6,,V¥,)= (%,~— ,V,). 


Using (2.9), we may now write the variational 
principle (I-1.78) in operator form: 


‘T(A)’=VU(A)+U (A*)'V 
—U(a*)'[V—VG.(A) VU). 


The variation of U(A) in this expression leads to 


‘ST (A) = {1—[1—Go(a*) VU (A*)} V8 (A) 
+8U (A*)'V{1—[1—Go(A)VJU(A)}. (2.17) 


As expected, this is zero, and therefore (2.16) is station- 
ary, for variations about the solution of (2.8). 

Finally, according to (2.9), the stationary value of 
‘T(A)’ is T(A). Thus, (2.16) is the Schwinger variational 
principle’ for the operator T(A). 

This completes our review of the theory of direct 
scattering. 

3. REARRANGEMENT COLLISIONS 

We now assume that the separated parts of the 
system can exist, in the initial and final states, in two 
different arrangements (‘‘channels’’) corresponding to 
the “original” and “rearranged” systems. 

For the original system, 


H=H,'+V', 

while for the rearranged system, 
H=H,"+Vv". (3.2) 
If we stay in the same channel initially and finally, 
the discussion of Sec. 2 requires only the addition of 


primes or double primes. Thus, for direct scattering 
among the states of the original system, we introduce 


(2.15) 


(2.16) 


(3.1) 


Go’ (A) = 


—Ho 


= Gi! O), (3:3) 


and 
[1—Gy' (A) V" JU’ (A) = 1. 


Direct scattering in the original system is then described 
by (2.11) with the matrix element replaced by 


(,’, V'¥,*"), 


(3.4) 


(3.5) 
where 


Hy'®,'=E,',', (3.6) 


and 


1 
¥,(2" =b,!-+—— ——__V'¥, 4", (3.7) 
E,’+ie— Hy 
Using (3.4), the last equation implies that 
WV, ‘+= U'(E,'tie)®,’. (3.8) 


7 The relation of (2.16) to the more conventional forms of the 
Schwinger variational principle is discussed in the Appendix. 





266 


For the discussion of direct scattering in the re- 
arranged system, all the equations above hold with the 
primes replaced by double primes. The variational 
principle (2.16) may also be transcribed to hold in 
either the original (’) or the rearranged (’’) system. 

For rearrangement scattering, from the original to the 
rearranged system, or conversely, an additional dis- 
cussion is required. We now consider these transitions. 

In (3.4), U’(A) is defined in terms of the operator 
Green’s function of the original system, Go’(A). This 
has the consequence, when used in (3.8), that the 
scattered wave is expanded most naturally in the basis 
of the original system. For scattering from the original 
to the rearranged system, however, it is preferable to 
express the scattered wave in the basis of the rearranged 
system. (3.4) should therefore be rewritten so that 
Go’ is replaced by Gy”. 

To do this, we multiply (3.4) on the left, first by 
A— Hy’, then by Go” (A). This yields, first 


(A— H)U’ (A) =A— Ao’ =vA— Ay" + (V'—V"), 
and then 


[1 —_ Go"’ (A) v”7) U’ (A) = Go" (A) A- Ay’) 
=14+G)"(A)(V’—V"). (3.10) 


If this is used in (3.8), the state vector becomes 


(3.9) 


+te 
V, (+= 


——_———_-, 
E,/tie— H,” 


1 


+$————_ Vv, »", 
Ej! bie— Hy" 


(3.11) 


In (3.7), the direct scattering was explicit. Since 
rearrangement scattering also occurs, this possibility 
was contained implicitly in (3.7). By the transformation 
to (3.11), the presence of a scattered wave belonging 
to the rearranged system has been exhibited more 
directly. 

For example, if (3.11) is expanded in terms of the 
eigenvectors of Hy”, (defined by (3.6) with ‘—”), 


isin biedy! (6y",®,’) 
¥ > «E,!—Ey!' tie 





6," (6,", V"v,'*”) 
b E,'- E,”+ te 





(3.12) 


It is clear that the second term provides a natural de- 
scription of rearrangement scattering. The first term 
will also contribute to the rearrangement scattering, 
unless it vanishes asymptotically. We therefore must 
examine the asymptotic form of this term. Only those 
states for which EZ,” is in the continuum need be con- 
sidered, since discrete values of E,” correspond to 
states that vanish asymptotically. 

In the first term of (3.12), as «0, the e-dependent 
factor approaches zero for E,”~£,’ and unity for 
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E,"=E,’. Thus, in this term, the state #,’ is first ex- 
panded in terms of the eigenstates ®,” ; the e-dependent 
factor then acts as a projection operator that limits the 
b states to those states, say “db”, on the energy shell 
E,"=E,'. That is, if we split the sum over } into an 
integral over the energy EF,” and a sum over states 
“6” of equal energy, Z,”’, the first term of (3.12) 
becomes 


Ea't+e 


lim 
0 


dE” > p(Ex)®s" (&,",P.'), (3.13) 
“5” 


Ea'—« 


where p(E,’’) is the number of states of type ‘“b” per 
unit energy range. Since the integral is over a vanish- 
ingly small interval, (3.13) is zero unless the integrand 
contains a delta function in energy. 

To analyze (3.13) further, let us consider an exchange 
collision. We suppose two independent particles, 1 and 
2, collide. In state a, the energies are E;’ and E,’; in 
state b, they are E,;” and E,’”. In the transition a—0, 
energy is conserved. 

Because 1 and 2 are uncoupled in both states a and 3, 
the scalar product in (3.13) factors into a scalar product 
of the wave vectors of 1 times a similar product of the 
wave vectors of 2. (A similar factorization occurs for 
the integration over E,’’ and the sum over states of 
equal energy, “b”.) Now, the scalar product of the 
1 vectors is independent of the variables of 2, in 
particular of E,’ and E,’’. It follows, that if an energy- 
dependent delta function results from this factor, it 
must be 6(£,’’—£,’). Similarly, if the scalar product 
of the state vectors of particle 2 produces a delta func- 
tion in energy, it must be 6(£,’’—E,’). We conclude 
that (3.13) vanishes unless particles 1 and 2 individually 
have the same energy in state that they have in state a. 

If, for example, EZ,’ and £,” are in the (positive) 
continuum, (3.13) vanishes if E£,"" and E,’ take on 
(negative) discrete values. Or, (3.13) is different from 
zero only if, in going from a to 6, neither particle changes 
from an unbound, or continuum, state to a bound state, 
or conversely. 

Ordinarily, this requirement is not satisfied in re- 
arrangement scattering. The customary exchange situa- 
tion corresponds to the particle that is bound in state 
a becoming free in state 6, while the other particle 
behaves oppositely. The first term of (3.12) then re- 
duces, asymptotically, to zero. 

We shall limit ourselves to such cases. When using 
(3.11) to expand ¥,@” asymptotically in terms of 
eigenvectors of Ho”, the first term of (3.11) therefore 
may be ignored. In an exact expression, however, this 
term is essential: it relates Y,‘+)’ to its source. Only 
when this term is retained, may (3.7) be derived 
unambiguously from (3.11). 

In the light of these remarks, the probability that a 
system, originally in state @,’, will finally be found in 
state ,” may be obtained by considering only the 





REARRANGEMENT COLLISIONS 


second term of (3.12): 
[cos vwat 
(E,!— Ey" +e : 





|e" Wa”) |2= (3.14) 


The transition rate for rearrangement scattering, 
Wa", follows by taking the time derivative of (3.14). 
To do this, we note that (3.7) implies that ¥,” has 
the complex energy E,’+ie, and therefore that the time 
dependence exp[i(E,’+i¢)t/h] must be associated with 
this stationary state. That is, (3.14) has the time 
dependence exp[ (— 2e/)/h] and® 


) 
Wa”? =—| (6, ¥,) |? 
ot 


2r 
ry, (O,", Vi") | (E.’— Ey"), (3.15) 
where we have used (I-1.58): 


(3.16) 


lim f : i fla)dx=nf(0). 
0 OTK 


Clearly, (3.15) plays the same role in rearrangement 
scattering that (2.11) does in direct scattering. The 
matrix element required, according to (3.8) and 


(3.15), is 
(B0", Vat’) = ("VU Ea’ +ie)®,'), 


where E,’= Ey”. 
We have already remarked that U’(A) and U’’(A) 
follow by putting primes and double primes on (2.7): 


U'(\)=1+GQ)V’, (3.18) 
U"(A)=1+G(a)V”. (3.19) 


In fact, (3.4) follows from (3.18) and (3.3). A similar 
equation holds for U’’(A) if we replace primes by 
double primes: 


[1-Go(A)V"JU"(A) = 1. 
In the same way, the substitution >” in (3.10) leads to 


[1—Ge! (A) V" JU" (A) = Go' (A) A— Ho”) 
=1+Gy'(A)(V"—V’). 


From (3.18) and (3.19) we infer that 
V"LU’ (A)—1J=[U" (A*)—-1]'V’. 
Taking matrix elements as in (3.17), we have 
(,”, Vv", 4") — (¥,O”, V',') 
pare (6,", [V"— V’}®,’) 
=m (@,",[ Ho'— Ho” ®,’), 


8 Equations (3.15) and (3.25) have previously been derived by 
M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 (1953). 


(3.17) 


(3.20) 


(3.21) 


(3.22) 


(3.23) 
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where we have used (3.1), (3.2), and the analog of (3.8): 
V2" =U" (Ey bie) by”. (3.24) 


We now wish to impose the condition that Ho’ and 
H," are Hermitian over the domain of states a and b. 
For the case to which we have restricted ourselves— 
where one particle is bound in ®,’, and the other is 
bound in ®,’—the Hermitian condition is already 
satisfied. For other pairs of states, involving only con- 
tinuum states of both particles, Ho’ and Hy’’ may be 
made Hermitian by the use of wave packets or an 
analytical equivalent. 

Assuming, then, that the Hermitian condition holds, 
(3.23) is zero on the energy shell. That is, either of the 
two matrix elements on the left of (3.23) may be used® 
in computing wy_°”: 


(Oy, V'V") = (Wy O""V'Ba'); Ex" = Ey’. (3.25) 


We also note from (3.23) that whenever (3.25) holds for 
the exact state vectors, it also holds in the Born 
approximation : 

(@,”, V"'®,’) —_ (6,”, V’'®,’) : E,”= | Sg 

Equations (3.23)—(3.26) confirm the remarks, made in 
the Introduction, regarding the “post-prior” dis- 
crepancy: If Ho’ and H)”’ are both hermitian, the 
discrepancy vanishes when either the exact wave func- 
tions or their Born approximations are used in the 
matrix elements. 

If we put V’=V”=V in these equations, (3.25) 
reduces to (2.15) while (3.26) becomes an empty 
identity. 

We turn now to the consideration of variational 
principles for rearrangement scattering. The first one, 
involving Go’’(A) only, is based on (3.20) and (3.10). 
These equations imply that 


U(A*)tlv"— V"Go'’ (A) Vv" LU’ (A)— 1] 
_ U" (A*)tV"Go"’ (A) y’ 
=V"[U'(A)—1]. 

It therefore follows that the expression 


F’= ge (A*)t V"'Go"’ (A) Vi+ V"’LU'(A) —_ 1] 
—U" (A*)t LV" — V"Go" (AV JLU'(A)—1] (3.28) 


is stationary for arbitrary variations of U’’(A) and 

U'(A) about the solutions of (3.20) and (3.10), 

respectively : 

BF y'=8U" (A*)1V'"{Go!! (A) V 
—[1-—Go" (A) VLU" (A) —1}} 
+{1—[1—Go" (A*)V" JU" (A*)}" 

XV"5LU'(A)—1]. (3.29) 


The exact value of ‘F;’ is given by either side of (3.22). 
This is the variational principle given by Borowitz and 
Friedman.’ It is clearly unsymmetrical in the prime 
and double prime quantities. 


(3.26) 


(3.27) 
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A diss etrical variational principle may be de- 


rived from (3.28) by the transformations ‘’>” and 
A++)* followed by Hermitian conjugation : 


‘Fa! = V"Go' (A) VU" (A) +-[U" (A*)—1]'V’ 
—[U" A*)—1}'LV’— V’'Go' (A)V" JU"). (3.30) 

Equations (3.4) and (3.21) bear the same relation to 
(3.30) that (3.10) and (3.20) do to (3.28). That is, 
‘F,’ is stationary for independent variations of U’(A) 
and U’’(\) about the solutions of (3.4) and (3.21). The 
stationary value of ‘F,’ is the same as that of ‘Fy’, 
namely (3.22). 

Since (3.4) is equivalent to (3.10), and (3.21) to 
(3.20), the independent variations of U’ and U” that 
leave ‘F,’ stationary also leave ‘F,’ stationary. We may 
therefore construct a symmetrical variational principle 
by averaging ‘F;’ and ‘F,’: 


\F,'= 4\Fi'+‘F2’], (3.31) 


where the stationary value of ‘F;’ is given by (3.22). 
Another symmetrical variational principle, actually 
another form of ‘F;’, is 


2F,'=2U" (A*)'V'+2VU" (A)—U"(a*)t 
X[1—V"Go" (A) ILV"U' A) + (V'— VV") 
—(U” (A*)t— (V’— VV") JA— Go’ (A) VU (A). 
Vary U’ and U” independently; the result is 


26F,y/ =U" (A*)t{ V’L1— (A — Gu (A) VU (A) J4-V’ 
—(1-—V"Go"” A) LV" A) + (V’— V") } 
+{(1—(1—Go" A*) VU" (A*) TV” 
+ y"'— [U” (A*)t— (v’— v”)) 

X(1—Go' (A) V")}6U’(A), (3.33) 
or, ‘F,’ is stationary if U’ and U” are varied inde- 
pendently about the solutions of (3.4) and (3.20), 
provided that we also have 


V’= [1 ei V"Go"" (A) LV"U' (A) + (V’- v”)] 
V"= Cu" (a*)t Vien (V’— Vv") i ase Ge (A) V’}. 


When (3.4) and (3.20) apply, however, the last two 
equations, if multiplied on the left by U’’(A*)t and on 
the right by U’(A), respectively, reduce to (3.22). The 
latter, of course, may be derived from (3.4) and (3.20). 
Therefore, ‘F;,’ is stationary for independent variations 
of U' and U” about the solutions of (3.4) and (3.20). 

Using (3.4) and (3.20), we find the exact value of 
‘Fy: 


(3.32) 


(3.34) 


(Fa Jexact=3{U" (A*)tV’+V"U'(A)}. (3.35) 


Or, according to (3.25), the matrix elements of ‘F,’, 
formed by using the state vectors @,’ and ®,”, are 
precisely the matrix elements required in w,,"”. 
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‘F,;’ and ‘F;,’ are related by 
‘Fy’ =‘F,/—43(V'+V"). (3.36) 


If V’=V"=V, ‘Fy’ reduces directly to ‘7'(A)’, as given 
by (2.16), while ‘F;’ and ‘F;' each become ‘T‘(A)’— V. 
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APPENDIX 


The operator variational principle, (2.16), may be 
related to the more customary expressions as follows. 

Taking matrix elements of (2.16) between two states, 
a and b, of equal energy, E, leads to (I-1.78): 
‘T va(E+ ie)’ = (Wx ,Vbq)+ (2, VV.) 

—(,/{V—VGo(E+ie)V}¥.). (A-1) 
This is the bilinear form of the Schwinger variational 
principle. Another form, which appears more frequently 
in the literature, is obtained by putting 
V4 =AV,”, 


¥,-=BY,- (A-2) 


in (A-1) and varying the amplitudes A and B, subject 
to the requirement that ‘7’ be stationary. This leads 
to the best choice of amplitudes for the wave functions: 


AW", (V—VGo(E+ie)V}¥,%") 

-_ (v,-",V4,), 
BW”, (V—VGo(E+ie) V}¥,”) 

= (6,V¥.0"). (A-3) 
Using (A-2) and (A-3) in (A-1), and dropping primes, 


produces the fractional form of the Schwinger variational 
principle: 


we, V®,) (®,, vv.) 
‘T ta(E+ie)’= 


(U0, (V—VGo(E+ied VV.) 





Thus, the fractional form, (A-4), is independent of the 
amplitudes of the wave functions because the ampli- 
tudes have been adjusted to their most favorable 
values, (A-3). 

For numerical calculations, the fractional form is 
preferable, since it is unaffected by the normalization 
of the trial functions. For theoretical discussions, the 
bilinear form is usually more convenient, since the 
functional dependence on the quantities of interest, 
trial functions, potential, etc., is simpler. 


* G. F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952); 
K. M. Watson, Phys. Rev. 89, 575 (1953). 





PHYSICAL REVIEW 


VOLUME 102, 


NUMBER 1 APRIL 1, 1956 


Nucleon-Nucleon Potential with Relativistic Cutoff* 


H. P. Novesf anp S. P. PanpyA 
The University of Rochester, Rochester, New York 


(Received December 2, 1955) 


A nucleon-nucleon potential which is a well-defined static limit of a phenomenological covariant inter- 
action, with correct qualitative features required by scattering phenomena, is suggested. 





HE most clearly demonstrated features of the 
nucleon-nucleon interaction in the 200-400 Mev 
region are a repulsive short-range interaction in singlet 
states and a singular noncentral interaction leading to 
large polarizations. The former is evidenced by the low 
magnitude of the small-angle p-p scattering,! which is 
less than that predicted by any monotonic potential 
which gives the observed singlet effective range and 
scattering length, and which is not due to Coulomb 
interference.” The large p-p polarization’ is qualitatively 
explained by a singular tensor force.* Recent attempts 
to derive the nucleon-nucleon interaction from field 
theory have invoked the idea of a repulsive core, first 
proposed by Jastrow,® to replace the complicated (and 
unknown) interaction at short distances. However, 
such a core gives scattering peculiarly sensitive to 
kinematic relativistic corrections,? making such models 
untrustworthy in this energy region. It is possible to 
avoid this difficulty by using a phenomenological 
covariant interaction whose static limit is well defined. 
The possibility considered here is to multiply the 
ladder-approximation Bethe-Salpeter kernel for pseudo- 
scalar meson theory by the covariant cutoff factor 
(K?m?—m?*)/(Ap-Ap+K’m’— p.?), where Ap is the 
three-vector momentum transfer. This gives an attrac- 
tive Yukawa singlet potential of range mc/h with a 
repulsive core varying as exp(— Kmcr/h)/r and a tensor 
force of the correct sign in which the usual 1/r’ singu- 
larity is cut down to 1/r close to the origin, allowing 
unique solutions to the Schrédinger equation. Since, 
as is well known, m must be greater than the pion mass 
for a Yukawa potential to give the observed singlet 
effective range, and a core increases the value of m 
required, m must be considered a parameter of the 
model. 

The parameters were fitted by first assuming a value 
of K and then adjusting m and the potential strength 
to give the observed singlet effective range and scat- 
tering length. The isotopic spin dependence is then 
adjusted to fit the binding energy of the deuteron, and 
K varied until the observed triplet effective range is 


* Research supported in part by the U. S. Atomic Energy 
Commission. 

t Now at the a of California Radiation Laboratory, 
Livermore, 

10. A. oi Tt Phys. Rev. 81, 165 (1951). 

*H. P. Noyes and i. G. Camnitz, Phys. Rev. 88, 1206 (1952). 

3C. L. Oxley e al., Phys. Rev. 91, 419 (1953). 

‘L. Goldfarb and D. Feldman, Phys. Rev. 88, 1099 (1952). 

5 R. Jastrow, Phys. Rev. 84, 1262 (1951). 


reproduced.® In order to get an idea of the properties 
of this model, we have used instead a variational wave 
function with the correct behavior at the origin and at 
infinity. This is 


ua)aer—e, 
Big ogee eg 

o(@)=a| (S441 er (4+ et 
Ce 7 fae ites 


ax 
+@-n)en|, a) 
2 


where x is measured in units of the deuteron radius and 
the approximate values of the variational parameters 
are a~5 and N~0O.1. The corresponding potential 
model is 


er e Kur 
V(r)= (a+b: 22) v, (o1-o2) ——x—) 


ur ur 


ews 3 3 
+f — ( +—+1 ) 
(ur)? ur 


Y —( t+) | | » @) 


where a~0.7, 6~0.3, Vo=295 Mev, u=735m.c/h and 
K=2.85. 

Although the other low-energy parameters are fitted, 
the quadrupole moment is ~0.46X 10-** cm? and there 
is approximately 17% D-state probability. Further, 
calculations at 32 Mev show that the p-p scattering 
amplitude is too small, and if the model is extended by 
including additional central force of the same range 
(due, e.g., to a scalar meson field), the experimental 
angular distribution is not reproduced. Consequently 
this can hardly be considered a successful phenomeno- 
logical static potential model. However, we feel that 
as a well defined limit of a covariant interaction with 
the correct “qualitative features of the nucleon-nucleon 
interaction, it could still be of use as a basis for com- 
paring nonrelativistic and covariant calculations. 

One of us (H. P. N.) is indebted to the Brookhaven 
National Laboratory, Upton, New York, and the Uni- 
versity of California Radiation Laboratory, Berkeley, 
California for support during portions of this research. 

® We are indebted to J. Blatt, M. Kalos, and J. N. Snyder for 
several attempts to use the Illiac ‘Deuteron Code for this parameter 


fitting [J. M. Blatt and M. H. Kalos, Phys. Rev. 92, 1563 (1953)]. 
Unfortunately the code proved unsuccessful for this purpose. 
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The Fierz-Pauli theory of particles of spin-} in interaction with the electromagnetic field is used to 
calculate the cross section in Born approximation for Compton scattering by such particles. The brems- 
strahlung cross section is estimated by the method of virtual quanta. The magnitude of these cross sections 
rules out the possibility that the mu meson is such a particle. 





I. INTRODUCTION 


THEORY of particles of arbitrary spin has been 

developed by Dirac' and by Fierz.? Fierz and 
Pauli*® have extended the theory to cover the interaction 
of such particles with the electromagnetic field, and 
Gupta‘ has pointed out that the theory for spin-} 
particles can be put in a form which strongly resembles 
the familiar Dirac theory for electrons, and that calcu- 
lations can be made by the same techniques as are 
available for problems involving photons and electrons. 
In particular, Feynman’s® rules for calculating matrix 
elements in quantum electrodynamics still apply, with 
a few obvious modifications. 

In Part IT of this paper, the Fierz-Pauli-Gupta theory 
is briefly reviewed. In Part III the analog of the Klein- 
Nishina formula for Compton scattering is calculated. 
Owing to the complexity of the problem, the cross 
section is only calculated to highest order in the energy 
of the incident photon. We have calculated exact 
matrix elements, but a great deal of labor would be 
involved in combining these into a cross section. In 
Part IV the bremsstrahlung of spin-3 particles is esti- 
mated by the Weizsicker-Williams method of virtual 
quanta. 

This work was motivated by the possibility that the 
mu meson might have a spin of §. In Part V it is 
pointed out that the calculations of this paper make 
such a possibility highly unlikely. 


II. FIERZ-PAULI-GUPTA THEORY OF 
SPIN-3/2 PARTICLES 


In this paper we shall set A=c=1, and also use the 
Feynman summation convention on repeated indices: 


@b2— 


Gupta‘ writes the spinor equations of reference 3 in 
p P q 


a: b=a,b,=a4b4—0,b;— A3b3. 


1P. A. M. Dirac, Proc. Roy. Soc. (London) A155, 447 (1936). 

2M. Fierz, Helv. Phys. Acta 12, 3 (1939). 

?W. Pauli and M. Fierz, Helv. Phys. Acta 12, 297 (1939); 
ts Fierz and W. Pauli, Proc. Roy. Soc. (London) A173, 211 
1939). 

4S. N. Gupta, Phys. Rev. 95, 1334 (1954). 

5R. P. Feynman, Phys. Rev. 76, 749 (1949); Phys. Rev. 76, 
76 seh. 

E. J. Williams, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Mei, 13, No. 4 (1935); C. F. V. Weizsicker, Z. Physik 88, 612 
1934 


the form 


ia,V =myp, (1 ) 


where V,=(—¥V, 0/02) and the a’s are 16X16 matrices 
given in reference 4, except that our ay, a2, a3 are i times 
Gupta’s matrices. Interaction with the electromagnetic 
field is described in the usual way by replacing (1) by 


u—eA w= my, 
where A, is the electromagnetic potential four-vector : 
A,= (A,¢). 


Calculations of electromagnetic processes may be 
made by Feynman’s rules, except that the particle 
propagator in momentum space is now 


i(p— m)", 


where p=p,a,, p, being the energy-momentum four- 
vector of the virtual particle. By using the relation‘ 


DY (evr —Sy»aa,=0, (2) 


where >> means a summation over all permutations of 
the indices yp, v, o, p, and 6,, is the usual Kronecker 
delta except that 6::=622=43;= —1, we see that 


P=PP (pP=p-p=F—-p), 
and from this it follows that 
i(p—m)*=i(p?+ m*— p*)(p+m)/m?(p?—m?). (3) 


Such a “rationalized” propagator, with no matrices 
in the denominator, is of course needed for calculations. 

A wave function describing free particle motion of 
momentum # in the z-direction is 


y=u exp[i(p2— Er) J. (4) 


Since it follows from (1) and (2) that y must satisfy 
the Klein-Gordon equation 


ViVi eceenie my, 


a, (iV 


p and E£ in (4) must satisfy the familiar relation E 
= p’+m’. We shall only be interested in positive energy 
solutions, with 


E=+(p-+m?)) 
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Substituting (4) into (1), we see that the constant 
column vector “ must satisfy the equation 


(Eoy— pas— m)u =(), 
Four linearly independent solutions are 


Ua: Ugi=X, Ug=~—Y, all other u.;=0, 

Up: Un=Y, Uyi4= —4%, all other m,;=0, 

Ue? Ueg=V*, Ue5=XV2, Mei = — 2, Ue1s= — yV2, all other 
Ui=0, 

Ua: Ua= —yv2, Ua= —xz, uaio= xV2, tair=y*, all other 
uai=0, 


where %q1, t%a2, ***, Mais denote the elements of the 
column vector “, reading from top to bottom in 
Gupta’s representation, and x and y are defined by 


x=+(E—p)*/m', y=+(E+ )*/m'. 


(In the nonrelativistic limit, these four states have the 
spin projections S,= —}, +3, +4, —4, respectively.) 
The normalization is 


p=tagu=u*nayu=2E/m for u, and uy 
=6E/m for u, and ug. 


p is the fourth component of the current four-vector, 
ie., the particle density. u* denotes the Hermitian 
conjugate of u, and @ is the “adjoint” of u, defined by 


i= u*n. 
The matrix » is given in reference 2. 


III. CALCULATION OF CROSS SECTION 
FOR COMPTON SCATTERING 


We shall assume our particle to be initially at rest, 
and choose the z-axis along the direction of particle 
recoil after collision. (See Fig. 1.) The four-momenta 
of the incident photon, scattered photon, initial particle 
and recoil particle are given by 


G1 =104— SiND\a;+-w; COSA1a3, 
Q2= W204—W2 SiIND201— we COSHoa3, 
ki= maou, 
k2= Eau pas, 
respectively. Conservation of energy and momentum 


implies that 
Rit+qi=RotQ@. 


If we denote incident and final photon polarizations 
by ¢; and és, there are four possibilities : 


a2 Qe 
. 1 tae 
a; COSA;-+a3 sind, 


e\= 
ay COSA2— az sins. 


However, it is well known (and can be demonstrated 
either directly or by gauge-invariance arguments) that 
we may replace e; by e;+<aq;, where a is an arbitrary 





Fic. 1. Coordinate system and angles used in calculations. 


constant, without changing our results. If we use this 
fact and employ the polarizations 


a2 
e\= 


e,’ 


and =| ; 


where 


ey’ =a30; +0 cos6; and e,' = — 302+ A4Ws COSO., 


a considerable amount of algebra is avoided, a linear 
combination of a3 and a, being easier to handle than a 
linear combination of a; and a.’ 
The cross section for Compton scattering in the Born 
approximation is 
da=2nX}$ > ¥ | (ipMu,)|*Np(E). 


e1ui equs 


N is the product of the normalizations used in the wave 
functions, and it must also include a factor (—e;’-e,’) 
=w, sin”, if e,=e,;', and a factor (— és’ - 2’) =we? sin’O, 
if ¢2= é2'. p(E) is the usual density of states for Compton 
scattering. The matrix M is the sum of two contribu- 
tions, one from each diagram for the process. (See 
Fig. 2.) Applying the usual Feynman rules, we have 


M=—4rie(Mi+Mn), 
where 

Mi=e2(ki+qi—m)"e,, 
and 

Mu=e:(ki— q2—m)“'e2. 
Making use of (3), we write 


2m®w1M 1 = e2((Rit+g:)?-+-m(kit+q:) 
pom 2mw; (Ri + qi) — 2mw;)e; 
= eN1e1, 
— 2m*w2M 11 = e: ((Ri— g2)®-+m(Ri— qo)? 
+ 2mw2(ki— q2)+2m*w.)es 
=eNues, 


7T am indebted to R. P. Feynman for making this suggestion. 
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Fic. 2. Feynman 
diagrams involved in 
Compton scattering. 


where we have used the relations 


(Ritgqi): (Rit gi) = m?+2mw,, 
(ki—Qze)* (ki— G2) = m?— 2mwr. 


At this point the 64 quantities (%e.Nye,";) and the 


64 quantities (@e,Nye,;) were calculated. A great 
deal of labor would have been involved in combining 
these directly into a cross section, so the assumption 
@>>m was made, and only the leading terms in each 
transition amplitude were retained. In order to facilitate 
comparison with the usual formulas for the Compton 
effect, angles 6 and ¢, defined by 


6=0,+6.—7, g=r—-9), 


were introduced. (See Fig. 3.) 
From the well-known relation 


w2= ma/(m+w (1 aes cos@) ], 


we see that when w;>m two cases must be distin- 
guished : 

(A) 1—cos#>m/w,, 

(B) 1—cos#~m/w). 


Cross sections valid in each region were found to be 


(A) do= (1/162) (e?/m)?(w:/m)[csc*(6/2) 
+9 csc*(0/2)+-9 csc?(8/2) |dQ, 
(B) do= (4/81)(K*+2K+2)(K+1)° (5) 


X (e2/m)?(w,/m)*dQ, 
K=(1—cos8)w,/m. 


As has been emphasized before, only leading terms in 
w;/m are given. It wili be noted that (B), with K>~, 
and (A), with 6-0, give the same cross section. 
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The total cross section computed from (5) is 
o= (24/27) (e2/m)*(wi/m)'. (6) 


Corresponding quantities for spin-} electrons are 
obtained from the well-known Klein-Nishina formula: 


(A) do=}(2/m)*(m/w:) csc?(6/2)dQ, (7) 
(B) do=}(e/m)*(K*+2K+2)(K+1)—aQ, 
o=1(e?/m)*(m/w:) In(2w/m). (8) 


The important feature of (5) and (6) is the rapid 
increase of cross section with increasing photon energy 
at high energies, especially when compared with the 
Klein-Nishina results in (7) and (8). 


IV. VIRTUAL-QUANTA ESTIMATE OF 
BREMSSTRAHLUNG 


We wish to estimate the bremsstrahlung cross section 
for a spin-$ particle of mass m, charge e, and total 
energy E>>m, encountering a stationary nucleus of 
mass M and charge Ze, to produce a photon of energy 
between eZ and (e+de)E. Since it is the fast, light 
particle which will produce most of the radiation, we 
will consider the Lorentz system in which the particle 
m is at rest while the nucleus M is moving past with 
energy E*=(M/m)E. The highly flattened Coulomb 
field of the nucleus will contain, at a radial distance r, 
a flux of V (w)dw photons per second per cm? of energies 
between w and w+dw, where 


for rM>E*/w, 


N (w) = 
©) (Ze2/x*) (wr?) for rM<E*/w. 


In particular, we consider the Compton scattering of 
one of these photons w, through an angle @ by the 
particle m. The following relations are easily obtained: 
we= (1—€)wi, 
1—cos#= em/w2= (m/w) (1—)*de, 
dQ = 2rd (cos) = 24 (m/w) (1—€)~*de. 


(10) 


Then the bremsstrahlung cross section will be 


doy,= fives f arr) ‘ 
m Le 1 
x2e(~) (1—«)“*deX (—) (—) j 


The limits on the radial integral are easily specified : 
Tmin=n, the nuclear radius (~m™); for r<r,, the 
assumption of a Coulomb field is certainly not valid, 
and virtual photons (if any) in this region are ignored. 
Tmax= E/wym, since for r> E/wym, N(w:)=0 by (9). 

The limits on the integration over w; were chosen as 
follows. If w:>E/r,m, then N(w:)=0. Therefore 
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(wi) max <E/ram. However, because of the extreme 
energy dependence of our Compton cross sections, it 
was decided to ignore virtual photons of energy greater 
than Am; for high energies w; the cross sections (5) 
become so large that the Born approximation is cer- 
tainly no longer valid. To arrive at a reasonable cut-off 
parameter A,* we observe that in the coordinate 
system in which the total momentum is zero, the 
angular dependence of the Compton cross section is no 
longer so sharply peaked in the forward direction, but 
is fairly smooth. Therefore it appears that only low 
values of angular momentum (or low multipole orders) 
contribute, so that the total cross section should be of 
the order of w\.2, where \,=w,! is (27)! times the 
wavelength of the radiation in the “center of momen- 
tum” system. We shall impose on w; the restriction 


o(w1)<4/w?. 
Using (6) for (w:) and the relation 
Oo= (mw/2)* 


for w,, we obtain roughly w;< 25m. We shall take A = 25; 
we believe this to be a quite conservative estimate. 

From (10), (1) min > $em(1—e)—. If «<0.8, however, 
}em(1—«)-'<2m. Since our formulas (5) are not ex- 
pected to retain much validity at such low energies, 
we choose (w1)min thus 


Sem(1--e)"' if 


fm if 


e>0.8, 
. (1) min= | 
where f~2. 
For (do/d2)compton We shall take the second equation 


of (5), since for K>>1 the cross section is very small 
anyway. Furthermore, we approximate this expression 


by 
do 8 e\? 1 ‘ 
<-()- J) 
dQ 1 m m 

This is exact at e=0, good to ~5% at e=0.2, good to 


~50% at e=0.6, and is an underestimate for all «0. 
We then find, for «<0.8, 


dop 32 Ye 
oF hime (oon Ba 
de 243 Amr,m 


Lae ns) 


= (32/243)A*9(1—6)-[In(E/10" ev) +4] E> 10" ev, 


€<0.8, 


where @, as in Heitler,® is defined by @=Z*e?(e?/m)*, 
and we have set r,m~4. 
§ The following estimate of A was suggested by R. F. Christy. 


®W. Heitler, nium Theory of Radiation (Oxford University 
Press, New York, 1954). 


Fic. 3. Compton scattering in lab system. 
The cross section for production of bremmstrahlung 


photons e£ with 0.2<e<0.8 is 


de 


0.8 doy ‘ 
f (=) de~3.5x10°X afIn(E/10® ev) +4]. (11) 
0.2 


For spin-} particles at high energy, Christy and 
Kusaka” give 


do, 2E1—e 1 
(=) =toe"Ge—4e+4)|2 in —— —)-1] 
de/y m € Tm 


from which we find, approximately, 


9-8 “doy 
f (—) de~5.4@[In(E/10" ev)+4.3]. (12) 
0.2 de ; 


For energies E~ 10" ev, (11) is about 5 times as large 
as (12); for 10" ev the ratio is about 25. 


V. DISCUSSION 


The calculations of Christy and Kusaka" show that 
the observed frequency of cosmic-ray burst production 
at sea level is accounted for quite satisfactorily by 
bremsstrahlung and knock-on electrons from spin-$ 
mesons of energies ~10°— 10" ev, provided we use the 
modern value of the mu-meson mass. The bremsstrahl- 
ung cross section obtained in Part IV of this paper 
exceeds the corresponding spin-} cross section by a 
factor of at least 3 throughout most of the photon 
spectrum at E=10" ev. At E=10" ev, the ratio is 
well over 10 throughout most of the spectrum, and the 
rise with energy continues rapidly. Since the spin-} 
bremsstrahlung in this energy range accounts for nearly 
all (~95%) of the bursts, the observations are clearly 
not in accord with the mu meson’s being a spin-} 
particle of the type discussed in this paper. Such 
mesons, arriving at sea level with the observed mu- 
meson flux would produce far too many bursts. There- 


1 R, F, Christy and S. Kusaka, Phys. Rev. 59, 405 (1941). 
R. F. Christy and S. Kusaka, Phys. Rev. 59, 414 (1941). 





274 


fore the possibility that the mu meson is a spin-$ 
particle describable by the Fierz-Pauli-Gupta theory of 
such particles must be ruled out. 
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APPENDIX 


This investigation originated in a conjecture of 
Professor Feynman that the masses of particles might 
arise entirely from virtual interactions with other 
fields. This might easily be the case for the particles 
with strong interactions, but the muon has no such 
interactions. Since ordinary spin-} theory appears to 
be unable to account for a large electromagnetic self- 
mass, it was felt that a spin-} theory should be investi- 
gated in connection with the muon. 
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The self-mass is 
Am= (E/m) (4re?/i) (iu) (24) 


4 fareccey (fla, (p—k—m)"a,u), 


(iu) = 2E/m. 
Since the integral diverges quadratically, we choose 
the convergence factor C(k*) to be 
C()=[—)7/ (k—») P. 
The result, retaining only terins in )’, is 
Am= (5e*/18:) (A/m)*m. 


Feynman has suggested” that this result, rewritten 
in the form 


A(m?) = (5/9r)e*d’, 


remains valid even if m=0. The entire muon mass could 
then be accounted for electromagnetically, if the cutoff 
\ were given a value equal to several proton masses. 


12 In the case of spin zero, the analogous formula can be shown 
to remain valid when m=0. 
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A method is developed, and applied to the free Klein-Gordon field, for modifying the author’s Hamilton- 
Jacobi formalism for classical field theory in such a way as to describe field quantization. Although the 
modified Hamilton-Jacobi equations, as well as the explicit, modified, nonlinear field equations do not con- 
tain functionals of the field variables on a space-like surface, but only functions of the field variables at a 
space-time point, they are implicitly tied to families of space-like surfaces through a normal vector field 
which cannot be eliminated. Furthermore, the modified Hamilton-Jacobi equations in each case can be 
found only from the Schrddinger equation for the quantized field system, not directly by a uniform method of 
generalizing the classical equations. The consistency of the present method with the usual formalism of 
field quantization is shown by means of a continuity equation, but no explicit solutions, which would exhibit 
the presence of particle-like quanta, are given. Problems peculiar to fermions are not discussed. 


INTRODUCTION 


POSSIBLE description of the effects of field 

quantization by a classical field theory is 
presented. This is done by modifying the Hamilton- 
Jacobi formalism for classical field theory,’ previously 
developed by the author, in a manner analogous to that 
used by Bohm* to obtain, from the Schrédinger equation 
for a particle, a modified Hamilton-Jacobi equation 


* Read at the New York meeting of the American Physical 
Society, January 30 to Februrary 4, 1956 [Bull. Am. Phys. Soc. 
Ser. II, 1, 47 (1956)]. 

1H. Freistadt, Phys. 97, 1158 (1955), hereafter quoted as 
CFHJ. The notation of CFHJ is used throughout. Equations are 
quoted as CFHJ (1), CFHJ (2),---. 

? D. Bohm, Phys. Rev. 85, 166 (1952). 


which in principle describes the motion of the particle 
in the sense of classical mechanics. A preliminary 
application to field theory was already given by Bohm’ 
in the case of the electromagnetic field. Bohm’s treat- 
ment is not relativistic, but could be made so by rather 
trivial generalizations. A more serious point is that his 
Hamilton-Jacobi function S characterizes the entire 
field system at a time ¢ (relativistically : on a space like 
surface c). It is thus not a function of the field variables 
at a single space-time point, but rather, a functional 
of the field variables on a space-like surface. Bohm’s 
S-function for fields satisfies functional rather than 
field equations. It was shown in CFHJ that the basic 


3D. Bohm, Phys. Rev. 85, 180 (1952). 





QUANTIZED FIELD THEORY 


assumption CFHJ (8) permits transition from the 
functional S to the function S*.4 Bohm’s treatment 
likewise is couched in terms of a functional R, which 
here is replaced by the function x* [Eqs. (20) and (22) ].5 

From the point of view of describing quantum 
effects entirely in the language of classical field theory, 
it would be desirable if the modified Hamilton-Jacobi 
equation or perhaps the corresponding modified field 
equations which are to describe the quantum effects, 
could be obtained directly from the classical equations, 
by means of a simple prescription, without reference to 
the Schrédinger equation. This turns out not to be 
feasible.* An earlier attempt by the author at such a 
unified prescription for quantization without reference 
to the Schrédinger functional equation’ contains 
several errors of principle, and at least one of 
computation. 

While the treatment followed here avoids the 
appearance of functionals in the final equations, 
implicit reference to families of space-like surfaces 
cannot be avoided, as was possible for classical field 
theory. A vector field »“, the normal (oriented positively 
towards the future) to the members of a family of 
space-like surfaces, appears in the final equations. It 
may well be that quantized field theory cannot be 
formulated except referred to a family of space-like 
surfaces, which must be introduced at least implicitly 
into the formalism. 

The formalism of CFHJ was entirely Lagrangian, 
ie., the Hamilton-Jacobi equation for fields was a 
generalization of the particle equation L=dS/dt rather 


4In the present paper, the arguments of S* will be written as 
S#(y4,£”). The solution of the modified Hamilton-Jacobi equation 
cannot in general be written as S*(y4,o,t”). This point is not 
discussed here, as it is elaborated in a review article on the causal 
formulation of quantum mechanics of particles which has been 
submitted for publication elsewhere. As a simplification in 
notation, indices are usually omitted in the arguments, leaving 
S*(y,£), except where confusion might arise. 

5 Since the functions and the functionals are related by inte- 
gration over a space-like surface, their tensor rank must differ by 
one or three. See, e.g., O. Costa de Beauregard, La Theorie de la 
Relativité Restreinte (Masson & Cie, Paris, 1949). 

6One should not infer from this impossibility that the usual 
formulation of quantum field theory is necessarily the more 
natural one. The probabilistic interpretation [Eq. (29)] is 
superimposed upon the Schrédinger equation, not logically tied to 
it. In the review article mentioned in reference 4, it is shown that 
the causal formulation of quantum mechanics of particles can be 
presented without reference to the Hamilton-Jacobi equation, 
using the velocity field associated with the Schrédinger equation, 
interpreted as a realistic hydrodynamical velocity field, in which 
particles are immersed. It may well be that in the case of field 
theory, the Schrédinger functional equation for the field system 
is the only uniform method of treatment available. The Hamilton- 
Jacobi formulation presented here would be a convenient alternate 
description in some cases (e.g., the Klein-Gordon field, whose 
Hamiltonian is very much like that of the classical oscillator). 
In other cases, a causal formulation of quantized fields may be 
possible only by means of a realistic velocity field in the con- 
figuration space of the field variables, derived from the Schrédinger 
functional 

7H. Freistadt, Phys. Rev. 94, 746(A) (1954). David Bohm, 
in the course of an extended correspondence on the subject, 
pointed out the errors of principle with unusual patience and 
thoroughness, for which it is a pleasure to thank him here. 
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than H=0S/dt. These two equations are entirely 
equivalent for classical particle mechanics,’ and their 
generalizations for classical field theory. For quantum 
mechanics, however, as is well known, the Hamiltonian 
form is essential; thus 


ihdy/dt — LopW (1 ) 


(where the subscript “op” denotes “operator”) is not a 
correct form of the Schrédinger equation for particle 
mechanics. In particular, it does not lead to the correct 
modified Hamilton-Jacobi equation, obtained by setting 


¥=R exp(—iS/h) (2) 


thoy /dt= How, (3) 


since the substitution (2) and the expansion of the 
total derivative in (1) are noncommuting operations. 
For that reason, the discussion here will start with the 
Schrédinger equation for fields in the Hamiltonian 
formalism. The modified Hamilton-Jacobi equation 
(in Hamiltonian form) will be a generalization of 


H(y,cdS*/dy,£) = cDaS*, (4) 


which is simply CFHJ (10), with the total covariant 
derivative V,, expanded by means of the relation 


VaS*= DoS*+ (0S*/dy4)y4,. (5) 


D, means the covariant derivative, ignoring however 
any possible implicit dependence on & through y4. 
It will be referred to as the partial covariant derivative. 
It is also assumed in (5) that 0S*/dy4 and y4, are 
contragredient in the index A. The Hamiltonian A is 
defined by 

H=L—y4,r4, (6) 


In the next section, the general method of deriving 
the modified Hamilton-Jacobi equation for quantized 
fields, from the Schrédinger functional equation for 
the field system, is explained. This is followed by a 
section in which the method is applied to the Klein- 
Gordon field. Then the consistency of the present 
formulation with the usual configuration space formu- 
lation of quantum field theory is shown. Finally, it is 
pointed out that quantization is tantamount to modify- 
ing the classical Klein-Gordon equation by the addition 
of nonlinear terms. The nonlinear generalization of the 
Klein-Gordon equation is given explicitly. It is the 
analog for fields of the modified Newtonian equations 
of motion for particles 


mix/d?=—yvy¥V—VU, (7) 


where V is the classical scalar potential, and U the 
quantum potential. Just as the “quantum force” 
— VU depends on the modulus R of the wave function, 


*Here a momentum is used which differs in sign from the 
conventional mechanical momentum. This sign convention 
closely parallels that frequently employed in field theory. 
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so the extra terms appearing in the modified Klein- 
Gordon equation depend on x*. They are nonlinear 
terms, as they must be to account for effects such as 
particle-like quanta, self-interference of quanta, or the 
scattering of quanta by like quanta.® 

It would also be desirable to exhibit explicit solutions 
of the Hamilton-Jacobi or field equations, from which 
the peculiar effects of field quantization could be 
understood in terms of a continuous physical model. 
That, however, is not done here, although such work 
is in progress. 

The method outlined here uses, in the usual formu- 
lation, commutation relations exclusively. It is thus 
not applicable to fermions. 


METHOD 


There is assumed to be given a continuous and an- 
alytical one-parameter family = of nonintersecting, but 
not necessarily plane, space-like surfaces, to which the 
temporal development of the field system under 
consideration is referred. The symbol o denotes either 
a member of the family 2, or the parameter (such as, 
for instance, the time in a specified Galilean frame) 
which singles out one such member. The field of unit 
normals to the family = is denoted by m*. The 
Schrédinger normalized state vector which describes 
the quantum state of the field system is written, in 
the notation of Dirac,” as 


|¥(0)). (8) 


In the representation in which the field variables are 
diagonal (the “configuration space representation”), 
the representative of the state vector (8) is a complex 
functional of the field variables on a space-like surface, 


v (y 0) ’ (9) 
satisfying the Schrédinger functional equation 
thedv = A. Vde. (10) 


In (10), the symbol 6 denotes the partial variation, i.e., 
the change in the value of the functional as the space- 
like surface ¢ is varied in the neighborhood of one point, 
sweeping out a space-time volume dw; only the explicit 
dependence of ¥ on the space-time coordinates £’ on a is 
considered in taking the partial variation, the de- 
pendence through y4 being ignored; 6 is thus the 
generalization of the partial derivative. A Schrédinger 
equation somewhat similar to (10) was used by 
Schwinger," though in the interaction representation. 
As mentioned in Eq. (6), H is the Hamiltonian density, 
constructed as in Good’s Hamiltonian formalism,” 


*For a discussion of this point, see L. de Broglie, Nuovo 
cimento 1, 37 (1955); M. Renninger, Z. Physik. 136, 251 (1953); 
and also the review article mentioned in reference 4. 

wp. A. M. Dirac, The Principles of Quantum Mechanics 
(Clarendon Press, Oxford, 1947). 

5 7 Schwinger, Phys. Rev. 74, 1439 (1948). 

1 R. H. Good, Jr., Phys. Rev. 93, 239 (1954). 


HANS FREISTADT 


except for sign: 
A(y,r)=L—y4qr4*. (11) 


It has the dimensions of a (three-dimensional) energy 
density. The Hamiltonian density operator Ho» is 
constructed from the classical density (11) by replacing 
a4" by differential operators, to be discussed below, 
constructed from the commutation relations. Inte- 
gration of (10) over a constant-time space-like surface 
yields the usual Schrédinger equation. 

The basic commutation relations applicable to 
bosons are 


[w4#(E),y? (£’) ]=ihod 485" (E— 2’). (12) 
The three-dimensional delta function 6“(f—£’) is 


defined by 
(E— 2) =5(E—) m*, 


f f(2)8°(¢—¥)don= f(e’). (13) 


Relation (12) is to be conceived as integrated over a 
space-like surface, and then applied to a functional. 
When the integration is over a constant-time space-like 
surface, Eq. (12) is equivalent to the usual commu- 
tation relations between integrated momenta (see 
CFHJ) and field variables. 

The functionals [for which F(y,c) will be a generic 
symbol] with which this paper ultimately deals are 
assumed to be of the form [see also CFHJ (8) ]: 


F(y)= f F*(y,8)doe= f f(y,8)ndan (14) 


On functionals of this type, in the configuration space 
representation, the replacement 


w4n()F = thcdF*(y,t)/dy4 (15) 


satisfies the commutation relations (12), as a simple 
direct calculation shows, provided it is understood that 
in any integration over a space-like surface F* is 
included under the integral sign, while F, being a 
functional, is not. Any symbol appearing between 
74+ and F is to be inserted between 0/dy4 and F*. 

Since many Hamiltonian densities are quadratic in 
the momentum densities, it is also necessary to find a 
configuration space representation for operators of the 
form 24#(£)r®*(£). This representation is found from 
the commutation relation 


[w4*(E)aB*(E) y(t") |= ihc[64°wB"(E)5"(E—t’) 
+63Cn4"(£)5"(E—#’)], 
which follows from (12) and is satisfied by 
wA*(E)ar 8? ()F = —WemPF’(y,£)/dy4dy®, (17) 


with te same provisions as apply to (15). Because of 
the fo a assumed for F*(y,é) [Eq. (14) ], the apparent 


(16) 
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asymmetry in the indices yu and » in the right-hand side 
of (17) is only formal." 
The relation 


5F=6 f F*doa= f 5F“doa= f DsF Sido 


=D,F*dw, (18) 
in which 6é are the displacements of the space-like 
surface o as it is varied in the neighborhood of a point, 
and which follows from the theorems of Stokes and 
Gauss, will also be useful in passing from the functional 
Schrédinger equation (10) to the modified Hamilton- 
Jacobi equation for quantized fields. 
The method now consists in setting 


W=exp(x—iS/h) (19) 
in (10). x(y,0) and S(y,c) are real functionals for which 
the form (14) is assumed, i.e., 


oo f x"(y,8)doe, (20) 


S= f S*(y,)doa, (21) 


in analogy to CFHJ (8). The substitution (19) is the 
field equivalent of Bohm’s basic substitution? [Eq. (2) 
of this paper ], with 

R=expx. (22) 
Here, in the field case, R is a real functional. As will be 
seen in the next section, if H is quadratic in the mo- 
mentum densities, the application of (19), (15), (17), 
and (18) in (10), followed by separation into real and 
imaginary parts, leads to a modified field Hamilton- 
Jacobi equation, in analogy to the equation obtained 
by Bohm from the particle Schrédinger equation by 
means of (2). The modified field Hamilton-Jacobi 
equation differs from (4) by terms in x“, just as the 
modified particle Hamilton-Jacobi equation involves 
terms in R. 


FREE KLEIN-GORDON FIELD 


The Lagrangian density for the complex free Klein- 
Gordon field, and the corresponding momentum 
densities, are given in CFHJ. The Hamiltonian density 
is 


Axa=2k(hic)'4*9* a+ jhemp*y. (23) 


% The geometrical objects +4# defined in (15) and (17) are 
geometrically quite different from their classical field counter- 
parts. The geometrical “directions” in space-time in (15) and 
(17) are determined by the field m“, while in classical field theory, 
the “directions” of +4“ are determined from the classical definition 
in terms of the Lagrangian density. This is not surprising, as 
quantum mechanical operators are, in general, mathematical 
objects intrinsically different from the classical variables bearing 
the same name. 
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Inserting this into the Schrédinger equation (10), and 
applying the method of the preceding section, the real 
part yields a modified Hamilton-Jacobi equation" 


CDzaS* = 2 (xc/h) (0S*/dp) (0S./dY*) 
+ phewp") — 2ncr| Med x*/dpay* 
+ (8x*/d)) (Axa/aY*) J, 


while the imaginary part yields 


heDax*= 2xcl_(Ax*/dp) (ASa/dY*) 
+ (Ax%/OY*) (ASa/ dP) + nad S*/dpay*]. 


The solution and physical interpretation of these 
equations differs from that applicable in the classical 
case. Because of the considerations referred to in 
footnote 4, the physical interpretation cannot be via 
CFHJ (11). Instead, initial conditions must be 
specified in the form 


S*(y,E), x"(y,E%), 


i.e., S* and x* must be given at all points &, on an 
initial space-like surface o;,. Once the set (24) and (25) 
has been solved subject to such initial conditions, the 
physical interpretation, as in Bohm’s theory, is by 
means of the “equations of motion” CFHJ (9), which, 
in the case of the free Klein-Gordon field, turn out to be 


Y*e= — (2x/h)OS*/dp, y= —(2K/h)aS*/ay*. (27) 


These are not yet fully integrated, and additional 
initial conditions 


(24) 


(25) 


(26) 


WE), W* (Ex) (28) 
are required 

As in Bohm’s particle case, it turns out that the 
“equations of motion” (27) are just right to permit the 
interpretation of (25) as a continuity equation, thus 
leading to a statistical interpretation consistent with 


the usual formulation of quantized field theory. 


CONSISTENCY WITH THE USUAL FORMULATION 
OF FIELD QUANTIZATION 


In the treatment of the quantized free Klein-Gordon 
field proposed here, the basic axioms governing the 
behavior of a field system are as follows: 


(a) Associated with the quantized field system y, y*, 
the classical analog of which obeys the Klein-Gordon 
equation, there are real fields S*(y,f) and x*(y,£), 
which satisfy Eqs. (24) and (25) with initial condi- 
tions (26). 

(b) The fundamental “equations of motion” of the 
fields y and y* are (27), through which axiom (a) is 
given a physical interpretation. 

(c) A precise picture of the development of the field 

“Tf the total differentiation on the right-hand side in the 
classical Hamilton-Jacobi equation for the free Klein-Gordon 
field, given in CFHJ, is carried out, the resulting equation differs 
from Eq. (24) of the present paper only by the terms in x“. 


% This was pointed out to the author by David Bohm for the 
analogous particle case. 
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system, in the sense of classical field theory, specifying 
simultaneously all field variables and their derivatives, 
is possible in principle. The actual motion of the field 
system depends on initial conditions (28). 

In practice, measurements subject to the uncertainty 
relations prevent us from following the true develop- 
ment of a quantized field system, and limit us for the 
time being to statistical predictions, as in particle 
theory. 

In the usual formulation of general quantum field 
theory, the physical interpretation could be made by 
the assumption 

P(y,0) =¥*(y,0)¥ (y,0), 


although in general the configuration space repre- 
sentation is not used for purposes of calculation. In 
(29), P(y,c) is the probability density (in the configura- 
tion space of field variables) of finding the field con- 
figuration y4 on the space-like surface ¢. Any probability 
density satisfies a continuity equation, which, in the 
case of field theory, is 


6P+[6(Py4an*)/dy4 (é) Jdw=0, 


where 5/éy4(£) denotes the usual functional derivative; 
here 


(29) 


(30) 


bF /by4 () = nedF*(é)/dy4=0f(§)/dy4. (31). 


Equation (30) can be established directly, in the usual 
manner, from intuitive considerations, or can be 
justified by the fact that it yields the conventional 
continuity equation when integrated over a constant 
time space-like surface. Integration of (30) over the 
configuration space of the field variables, followed by 
application of the divergence theorem in that configura- 
tion space, leads to the expected result that the total 
probability is a constant (=1 in case of proper normali- 
zation), provided one assumes, as usual, that the 
probability density decreases sufficiently rapidly outside 
a certain region of configuration space. 

A simple calculation shows that in the case of the free 
Klein-Gordon equation, (25), with the equations of 
motion (27), is exactly equivalent to 


5R+[5(RYan*)/bp()+5(RY*an*)/dy*(E) dw=0 (32) 


which is the continuity equation (30), but for R®. This 
leads to an elementary proof of the consistency of the 
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present causal formulation and the usual formulation. 
For if the condition 


P=R (33) 


originally holds, it will continue to hold, since P and 
R’ satisfy the same equation of continuity, with the 
same “velocity field” (in configuration space) y,, ¥*,. 
This parallels the original proof of DeBroglie'® and 
Bohm? for the particle case; it does not include a 
mechanism for establishing the relation (33) if it does 
not originally hold, and thus is a proof of consistency, 
rather than equivalence. One might perhaps generalize 
to the configuration space of the field variables the 
hydrodynamical model of Bohm and Vigier,!” but this 
could not be taken seriously from the point of view of a 
physical model. A proof along the lines of an earlier, 
though mathematically questionable, proof of Bohm'® 
would seem to be preferable. This is not attempted 
here. The theory of measurements in a causal formu- 
lation of quantized field theory is also not discussed 
here. 


MODIFIED FREE KLEIN-GORDON FIELD 
EQUATION 


In the particle case, it is possible to consider the 
terms in R in the modified particle Hamilton-Jacobi 
equation? as a new “potential” U, i.e., an extra term 
in the Hamiltonian. Then the motion of a particle can 
be described in purely Newtonian terms (7). Likewise, 
the terms in x“ in (24) may be considered as extra 
terms in the Hamiltonian density for the field system, 
from which modified Klein-Gordon field equations may 
be derived by the Hamiltonian procedure of Good.” 
These turn out to be 


VaVy-+ K+ 2x (hc)9G/ay* =0, 
Va Vp" + Ky*+ 2x (hc) dG/dy =0, 


(34) 


(35) 
where 


—— - 


= — 2hex| Mad? x°/HY*+ (Ix"/dP) (Axa/dY*)] (36) 


is the extra term in the Hamiltonian density. 


16 L. DeBroglie, J. phys. et radium 8, 225 (1927); reprinted in 
L. DeBroglie and J. P. Vigier, La Physique Quantique Restera-t-elle 
Indeterministe? (Gauthier-Villars, Paris, 1953). 

17D. Bohm and J.-P. Vigier, Phys. Rev. 96, 208 (1954). 

®D. Bohm, Phys. Rev. 89, 458 (1953). 
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Properties of Half-Integral Spin Dirac-Fierz-Pauli Particles* 
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A method is developed to eliminate extraneous components from the Dirac-Fierz-Pauli equations for 
half-integral spin particles. Starting from the Rarita-Schwinger formulation, Hamiltonian forms of the 
equations for the independent components of the wave functions are obtained. The process is carried out in 
detail for the field-free spin 3/2 and spin 5/2 particles and the reduced equations are quantized. It is shown 
that the interaction with the electromagnetic field can be introduced in an infinite variety of ways. A one- 
parameter class of equations containing the interaction is obtained for each spin. By reducing these equa- 
tions in the nonrelativistic limit it is shown that the gyromagnetic ratio is in each case independent of the 
parameter and has the unique value of the reciprocal of the spin. For the cases of spin 3/2 and spin 5/2, the 
quadrupole moment is also obtained. It has the unique value -+ (5/3) (4/mc)* for spin 3/2. For spin 5/2, it 
depends on the parameter but is close to: + (28/15) (4/mc)* over most of its range. 


INTRODUCTION 


HE discovery in recent years of many new par- 

ticles whose spins and moments have not yet 
been measured has revived the interest in theories of 
particles with spins greater than unity. Two types of 
theories have been discussed extensively, those of 
Dirac, Fierz, and Pauli'* (hereafter referred to as 
DFP) and those of Bhabha‘ though these by no means 
exhaust all possibilities. The distinctive features of the 
DFP half-integral spin equations are that the covariant 
wave functions describing field-free particles transform 
according to irreducible representations of the ortho- 
chronous Lorentz group (group of four-dimensional 
rotations and space inversions) and that each equation 
describes a particle with only one spin state. In that 
sense, the DFP half-integral spin equations may be 
regarded as the simplest theories of such particles. 

The principal purpose of this paper is to derive some 
of the properties of half-integral spin DFP particles 
by reducing the equations so as to eliminate the ex- 
traneous components contained in the covariant wave 
functions. In Sec. 1, the convenient form of the field- 
free equations given by Rarita and Schwinger® is 
derived and the interaction with the electromagnetic 
field is introduced. In Sec. 2, a general method for 
reducing these equations is described and is carried 
out completely for the field-free spin 3/2 and spin 5/2 
equations. The reduced equations are quantized. In 
Sec. 3, the reduction of the equations containing the 
interaction with the electromagnetic field is carried out 
in the nonrelativistic limit to obtain the magnetic 


* Based in part on a thesis submitted by P. A. Moldauer to the 
Horace H. Rackham School of Graduate Studies, University of 
Michigan, in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy. 

¢ Present address: Physics Department, University of Con- 
necticut, Storrs, Connecticut. 

1P. A. M. Dirac, Proc. Roy. Soc. (London) A155, 447 (1936). 

2M. Fierz, Helv. Phys. Acta 12, 3 (1938). 

3M. Fierz and W. Pauli, Proc. Roy. Soc. (London) A173, 211 

1939). 
4H. J. Bhabha, Proc. Indian Acad. Sci. A21, 241 (1945); Revs. 
Modern Phys. 17, 200 (1945); 21, 451 (1949). 
5 W. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1941). 


moments of particles with arbitrary half-integral spins. 
For the cases of spin 3/2 and spin 5/2, the nonrela- 
tivistic expansion is carried further and the intrinsic 
quadrupole moments of these particles are obtained. 

In what follows, the letters a, 8, y, ---&, By, -°: 
will be used for spinor indices; a,b,c, --- for Dirac 
four-spinor indices; yu, v,«, --- for four-vector indices; 
i,j, k, --- for space-vector indices. The units in which 
h=c=1 will be used. The summation convention is 
used for all indices. 


1. COVARIANT EQUATIONS 


The field-free DFP equations for a particle of spin 
n+1/2 are!” ” 
aBibs-+-Bn Bibs---Bn 
PraA €1€2°--€n = MB ere9.-- en) 


1.1 
&B1B2-+-Bn ( ) 


€1€2*+-€n 


. iba: +B 
py*B "=mA 


YELEQ* ++ €n 
where m is the mass of the particle and the component 
wave functions A and B are each completely symmetric 
in their dotted and undotted spinor indices. p,4 is the 
momentum operator written as a covariant spinor. 
Since a spinor with one dotted and one undotted index 
transforms like a four-vector®:’ one can, by pairing 
B; and ¢; replace m dotted and m undotted spinor 
indices of both A and B by a nm symmetric traceless 
four-vector indices. For n=0, Eqs. (1.1) are equivalent 
to the Dirac spin 1/2 equation and the two spinors 
A, B, transform like a Dirac four-spinor.* Therefore, 
Eqs. (1.1) can be written as a Dirac equation whose 
wave function has, besides the four-spinor index, n 
symmetric traceless four-vector indices: 


(1.2) 


0 
(1 +i Wa + pn =0. 
OX, 


The wave function WV will be called an mth rank spin 
tensor. So far only the symmetry of A and B in 
°Q. Laporte and G, E. Uhlenbeck, Phys. Rev. 37, 1380 (1931). 


7B. L. van der Waerden, Die Gruppentheoretische Methode in 
der Quantenmechanik (Verlag Julius Springer, Berlin, 1932). 
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B:, Bs, ---, Be and in 1, €, ---€, has been used. The 

additional symmetry conditions required are 
Aieiber-be_ 


€1€2-*-+ én 


Bi&B2---Bn B2---Bn 


€1€2-++ en 


=0, 


frba---Be Biba --Bn_ 


1yer:s-en ee **€n 


(1.3) 


pitt -be _B 


Yle2-+- tn 0. 
The fact that an antisymmetric dotted or undotted 
second-rank spinor transforms like a scalar has been 
used. Writing the functions @, ® as an (m—1)th rank 
spin-tensor one finds that Eqs. (1.3) require that the 
function V*,»2---», shall not contain an (m—1)th rank 
spin tensor which in turn does not contain an (n—2)th 
rank spin tensor and so on. Because of the tracelessness 
of W it is sufficient to require that an (m—1)th rank 
spin tensor shall vanish. This is satisfied only by the 


condition 
(1.4) 


Equations (1.2) and (1.4) are the Rarita-~Schwinger 
equations for a particle of spin m+1/2. It is only 
necessary to require that Y by symmetric in all its 
vector indices. The trace condition follows from Eqs. 
(1.2) and (1.4). Another consequence of these equations 
is 


ut wre --9n=0. 


(0/0x,)V we - . -vn=0. (1.5) 


Henceforth, the four-spinor indices will be dropped 
and the notation 0,=0/dx, will be used. The adjoints 
of the Rarita-Schwinger equations can be written 

OW e- . 8 Yp— MV y9- . n=O, 


1.6) 
V1 wo: + -on'y,=0, ( 


where 
WVtwe- “i, (- 1)W*yy2- *-wnY 4s 


and r is the number of times the index 4 occurs in 


ViV2°* Vn. 
Equations (1.2) and (1.4) are derivable from any 
one of a set of Lagrangians obtained from the densities 


L=Vton-- val (Y¥Outm)batA (yO. +79.) 
+ (§4*+-A+})¥e700rr 
— (34?+3A+1) myn Ww: +n} 
Ax¥—1/2, 


(1.7) 


where the parameter A may assume any real value 
except —1/2. Equations (1.2), (1.4), and (1.5) are 
obtained by varying ¥* and operating on the resulting 
equation with y, and with 0,. It can easily be shown in 
this way that (1.7) defines the only possible Lagrangians. 


Equations Containing the Electromagnetic 
Interaction 


The interaction with the electromagnetic field is now 
introduced by writing Lagrangian densities with the 
following properties: (a) They shall be relativistically 
invariant and gauge invariant. (b) For vanishing fields 
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they shall reduce to (1.7). (c) The equations derived 
from them shall contain as many subsidiary conditions 
as are embodied in Eq. (1.4) in order that the wave 
function shall have as many linearly independent 
components as in the field-free case and shall hence 
describe a particle with the same spin states. By a 
subsidiary condition is here meant any equation which 
is not an equation of motion for some component of ¥ 
(does not contain its time derivative) and which thus 
permits the elimination of that component in terms of 
others. 

Conditions (a) and (b) are clearly satisfied by re- 
placing in (1.7) the gradient operators 0, by the gauge- 
invariant derivatives, 


D,=0,—1€A ,, (1.8) 


and adding all possible invariant terms which contain 
the electromagnetic field tensor explicitly. It can easily 
be shown that all such additional terms lead to terms 
in the resulting equations which make it impossible to 
satisfy the requirement (c). The remaining Lagrangian 
densities (1.7) with the substitution (1.8) satisfy the 
requirements (a), (b), and (c) for all real values of A 
except —1/2. The resulting possible equations and 
subsidiary conditions for a particle of spin n+1/2 
interacting with the electromagnetic field are 


C(vpDu+m)bant+Admnt+}(A+1)verpDirr 
ip: ($A + 1) my cy. Woe ve mn =0, 


3(A+4})m*yyVr2--->n 
es tel yc at 3Avel eo¥p¥r vr: “"Vny (1.10) 


where F,,= — (i/e)[D,,Dr] is the electromagnetic field 
tensor. It should be noted that since VW no longer satis- 
fies Eq. (1.4) the spinor representation of the wave 
function is no longer that of Eq. (1.1) but there are 
lower rank spinors present. These are the auxiliary 
spinors of Fierz and Pauli.* 


(1.9) 


2. REDUCTION OF THE FIELD-FREE EQUATIONS 


The wave function W»»2---», of Eqs. (1.2) and (1.4) 
contains parts which under space rotations transform 
according to the representations DsxDo, DyXD,, 
DyX Dz, ---; DyX Dri, DyXD, of the three-dimen- 
sional rotation group.* These parts correspond to the 
traceless components Wa4---4, W44---4in, Wat---4in—1in, 
+++, Wase---iny Wersa---in, Which will be denoted by their 
angular momentum quantum numbers /, m, $, m, as 
follows: (003m, | ? (1mi}my | ’ (2mo}m, | Hite -(nmnymy | . 
The irreducible parts of (/m:4m,| which transform 
according to Di,4 and D,_; will be written (/4/+-}m1,, | 
and (/}!—}mz|. Also, (00}m,| = (04m, |. 

Using the representation of the y matrices: 

(2.1) 


Yi=Pwi, Ys= Ps, 


® The fact that each representation occurs twice because of the 
positive-negative energy degree of freedom of the four-spinor 
index is unimportant here. This degree of freedom will be acted 
upon only by the p matrices of Eq. (2.1). 
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where the o; acting on (/mm,| are twice the angular 
momentum 1/2 matrices and pi, pe, p; is a set of Pauli 
matrices, Eq. (1.4) can be written 


(2.2) 


Wve- oy Te ipso W »2- vn 
This equation has components of the type 


Vizio: o*¢y44- - 4 = ipso W js142- **d¢p_y4-> +4. 


(2.3) 


Considering only the part which is traceless in ij, 
ig, --+tp1, the left-hand side contains the functions 
(l—141—4m_4| and (J—141—3/2m,_4| . Hence also the 
right hand side can contain only parts transforming 
according to Di; and Dz;-y. But Wysse---s14---4 con- 
tains only the function (/4/—4m,4| which transforms 
according to D,4. One concludes therefore that 
oWsi102-+-«114---4 iS proportional to (/41—}m,4| as can 
be verified by comparing the matrices o; with the 
Wigner coefficients (/41— 4m, | Imm). Equation (1.4) 
has then the following consequence (where C; is a 
nonvanishing constant) : 


(—131—}m_4| =iprC(4l—3m_4|, 


2.4 
I=1, 2,3, -+-,m. (2.4) 


According to Eq. (1.2), each function (/m,}m,| 
satisfies the Dirac equation 


18 (Imyymy| = (my| Hy|my’)(lmigmy'|, (2.5) 
where 


Hy= pie: p+psm. 
Decomposing (2.5) into its irreducible parts, one obtains 


10 (41+3mi44| 
= (151+ }mi,s| Hy| 31+ 3m’) (41+ 3m) | 
+ (5l+3mi,4| Hy |1—}m_4)(4l—Fmc4|, 
1d {151—}m_| 
= (141 — }mrs| Hy | 141+ dmi,4)(151+-3mi,4| 
+(l—}emc,| Hy | 131—4m_;')(41—Fm_}'|, 
J=1, 2,3, +++, m, 
49 (054m, | = (034, | Hy|034my’)(034my'|. (2.8) 
Equations (2.4), (2.6), (2.7), and (2.8) can now be used 


to eliminate all functions except (n}n+4m,,;|. The 
latter is then found to satisfy an equation of the form 


10 (nhn+}mn44| 
= (nt mny|Hnys|m+dmnsy )(nhn+ dma |, 


which is the reduced spin m+ 1/2 equation. 

The reduction is most conveniently carried out suc- 
cessively for spin 3/2, 5/2, 7/2, and so on. Having 
obtained H,_;, one finds H,,; in the following way. 
Equations (2.4) through (2.8) for 1<n are identical to 
the corresponding spin n—1/2 equations. They can 
therefore be replaced by 


(2.6) 


(2.7) 


(2.9) 


18.{n -13n—1m,_4| = (n—}m,4|Hn4|n—}mn4) 
X (n—14n—4m,_;'|. (2.10) 
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The remaining Eq. (2.4) is now used to express 
(n—1}n—}m,_,| in terms of (n}n—4m,_,|. Equation 
(2.10) becomes then 
10 {n}n—}my_| 

= (n—}min4| pH n_yp1|n—}mn_}’) 


X (nin—}m,_;'|. (2.11) 


Subtracting (2.11) from Eq. (2.7) for /=m, one obtains 


{(n—Jmn4| rH nyo |n—}my4’) 

— (n}n—}my4| Hy|n}n—}m,_;')} (nhn—Im,;'| 

= (nhn—jmn4|Hy|nint+jmnss)(nhntdmnss|. (2.12) 
The operator on the left-hand side can be diagonalized 
by multiplying the equation by a proper operator. One 
obtains then a partial differential equation with con- 
stant coefficients which may be solved for (nin—}m,_,| 
by the Fourier transform method. Using this solution 
to eliminate (n}n—}m,_;| from Eq. (2.6) for =n, one 
obtains the reduced spin n+1/2 equation. This pro- 
cedure will now be illustrated for the case of spin 3/2. 
The results for spin 5/2 will then be stated. 


Spin 3/2 
For n=1, Eq. (2.12) becomes 
{ (52mg | prHl yoi| homy’)— (1552 | Hy | 1542my’)} (14 42m4' | 
= (1340, | Hy|134my)(1}4my|. (2.13) 
Introducing the expression (2.5) for Hj, this becomes 
{3my| (4/3)pr0- p— 2pym| 3my’){13 594 '| 
= (134m, | pio p| 135my){1}5my|. 


This equation is now multiplied by the operator on the 
left-hand side, and one obtains 


[ (4/9) p?+-m?](144m; | 
= — (144m,|p.o- p+-4omm| 1}4my’) 
X (1}4my’ | pre p| 135my)(13 5m). 


The solution of Eq. (2.15) may be indicated formally by 


(2.14) 


(2.15) 


(133m| = — 


(4/9) p2+-m? 
X (1}4m,| (p10: p+-4sm) Pipe: p| 144m) 
x (135m, | ’ 


(2.16) 


where the projection operator P; is used to indicate 
summation over the (1}42m,'| states. 
Equation (2.6) becomes, for n=1, 


48 15 § 4g | = (154mg | Hy | 155 005')(135my | 


+(1}$ 9m, | Hy] 1}4m4){194m4|. (2.17) 
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Using Eq. (2.16) to eliminate (144m,|, one obtains 
18.(1}$my | = (135my| pro p+-psm 
pra: PP; (p10 p+-3psm) Pipe p 
(4/9) p+ mt 





| 133m,’) 
X(195my|. 


The operator on the right-hand side is the spin 3/2 
Hamiltonian. The angular momentum operators occur- 
ing in it can all be expressed in terms of the angular 
momentum 3/2 matrices J,;!. Denoting the function 
(133m,| by ¥, one obtains 


(2.18) 


0M, =H;, 
pP—(=}-p)? 
ae 


H,=piz!- 1 
(4/9) p?+-m? 


(2.19) 


1 p?—(=!-p)? 
ee 
2 (4/9) p?-+-m’? 


where 
= 3 = 2 A. 


This result can be checked by observing that (H;)? 
= p’+m’*. It is interesting to note that with the sub- 
stitution £!— @ one obtains H; > Hj. 

Equation (2.19) can now easily be quantized. From 
(1.7) the charge density is found to be eV¥t,ya¥,. 
Eliminating the extraneous components of Y by means 
of (2.4) and (2.16), one obtains for the total charge 


Cy _ ef ex itois, 


1 p’—(x?- p)’ 


2 (4/9) p+ 


which is positive definite for m0. The energy is 


E\= f Px ;*H pV). (2.21) 


Requiring 0 V.=i[E;,¥. |, where a indicates the eight 
degrees of freedom of the field operator Vj, the anti- 
commutation relations satisfied by ¥; are found to be 


(8| py*|a)8(x’—2), 
— (x!-p)? 


py '=14+——___, 
2m? 


{Wa* (x), Wa(x)} = 
(2.22) 


and all other anticommutators vanish. The time de- 


pendent anticommutation relations are 


(Wa* (x’,t') Wa(x,t)} 


= (8| (0:—iHy)py"|a)D(x—x', —'), (2.23) 


AND K. M. CASE 


where D(a—x’,t—?’) is the invariant D function.® 
Equation (2.23) can be shown to agree with the co- 
varient spinor relations of Fierz.? 


Spin 5/2 
For s=5/2, one obtains 
10M y= Hy, 
p{i+M[p>— (5?- p)*}} 
+pym{i+N[p?— (2°: p)*}}, 

ip 735 
Heal ye 

Py 


Hy=pid*?- 


115 50 
arse) 


17 
a 25( +m) (x52. »} 


(2.24) 
1 135 
N =| (= 9+ ptm) 
25 
-=(sp+—nt) co-»)} 
64 484 
N=—p*+— mp4 40m! p?-+ 25m’, 
25 25 
TP2= 37 5/2, 


Again it can be verified that (H;)?=p’+-m?. The sub- 
stitution £°/? — @ again gives H; — Hj, but X25? > E32 
does not give Hy —> Hj. 

The charge is found to be 


Cy=e f exp, 


[S+T(z*?- p)*[p?— (25: p)?] 
288n*[ (4/9) p?+-m?] 
S=}(4096p"-+62948m? p+ 394468m*p* 
+1435521m*p*+ 2754280m'p! 
+2548750m"p?+-900000m"), 
T =} (4096 p"+ 14468m?p’+ 151748m'p* 
+-505001m*p'-+619000m*p?+258750m®), 





ic Meh cane 


and the energy is 


E,= f Pad *H yp. (2.26) 


The anticommutation relations satisfied by the field 
operators are 
{Va*(x’),Wa(x)}= (Blog *|a)(x’—x), (2.27) 


°G. Wentzel, Quantum Theory of Fields (Interscience Pub- 
lishers, Inc., New York, 1949). 
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and 


{v.* (x’,t’),Wa(x,t)} 
= (8| (8,—iHy)py|a)D(x—2’, t—1’). (2.28) 


3. NONRELATIVISTIC LIMITS 


Equations (1.9) and (1.10) for a DFP particle in an 
electromagnetic field cannot be reduced in closed form 
for arbitrary fields because the equations corresponding 
to (2.12) are differential equations containing the field 
vectors as coefficients. Their solution can be obtained 
only for special cases such as a constant magnetic field. 
It is, however, possible to expand the equations in 
powers of 1/m and by retaining terms of a given order 
one can obtain the reduced equations in the nonrela- 
tivistic limit. In this way the moments of the particles 
may be found. The expansion has been carried out to 
order 1/m for arbitrary half-integral spin particles 
yielding the magnetic moments of these particles. For 
the cases of spin 3/2 and spin 5/2, the expansion has 
been carried to order (1/m)? and the electric quadrupole 
moments of these particles have been obtained. 


Magnetic Moments'’ 


To terms of order 1/m, Eq. (1.10) is identical to 
Eq. (1.4). Applying (1.4) to (1.9), one obtains Eq. 
(1.2) with 0, replaced by D,. It is clear that the pa- 
rameter A does not appear in these equations and 
hence the magnetic moments cannot depend on A. 
Again, Eqs. (2.4) through (2.12) hold with 


H;=eg+pio:11+pgm, 


where ¢ is the electrostatic potential and Il;= —iD; 
is the gauge invariant momentum operator. For Hy_, 
in (2.12), one now uses the expansion of the spin 
n—1/2 Hamiltonian in powers of 1/m. This expansion 
starts with the term pgm which can be seen by inspect- 
ing the equations in the zeroth order in 1/m. To that 
order, the right hand side of Eq. (2.12) for n=1 
vanishes and hence only the first term on the right hand 
side of Eq. (2.6) contributes to the zeroth order Hy 
which consequently starts with the term pgm. Con- 
tinuing, one finds that the right-hand side of (2.12) 
also vanishes for n=2 in the zeroth order and hence 
also Hy starts with pym and so on. 
Therefore, Eq. (2.12) becomes, to order 1/m, 


(nhn— }mr+| 


= — (nb Sone s]o-1| bn tds) 
X(nin+3mnays|. (3.1) 
Substituting this into Eq. (2.6) for /=n, one obtains 
© The results of this section were previously reported at the 


1954 Detroit meeting of the American Physical Society by K. M. 
Case, Phys. Rev. 94, 1442(A) (1954). 


PARTICLES 
with s=n+1/2 


id {sm,| = (s—4}sm,|eet+pi0-T1+pym 


1 
UF * octets |s—44sm,')(sm,'|, (3.2) 
m 


where the projection operator P,_, is 


P,1=(s—}3—e-l)/2s, (3.3) 


and the /; are the angular momentum s—1/2 matrices. 
With the help of this operator and the easily verified 
relation 


(s—44sm,|o;|s—4335m,’) 
1 
=—(m,| J;*|m,')=(m,|Z;*|m,'), (3.4) 
$ 


where the J;,* are the angular momentum s matrices, 
Eq. (3.2) becomes 


10:V =} ept+pik*-I+psm 
P3 
+ [ir+ ize xm (=*-11)?] 
m 


+higher order terms}¥,, (3.5) 


where W, is the 2(2s+1) component spin s wave func- 
tion. Noting that 1X M=ieH where H is the magnetic 
field vector, and diagonalizing Eq. (3.5) with respect 
to positive and negative energy states by means of a 
Foldy-Wouthuysen transformation," one obtains 


0V,= AN,, 


Ir e 
= cote] m+——— 2-H] 


m 2m 


+higher order terms. (3.6) 


With the definition (3.4) of &*, the magnetic moment of 
a DFP particle of half-integral spin s is seen to be 
(1/s)(eh/2mc) in conventional units. 


Quadrupole Moments 
- Spin 3/2 


Equations (1.9) and (1.10) will now be reduced for 
s=3/2 (m=1) and terms of order (1/m)* will be re- 
tained. By means of Eg. (1.10) and the time part 
(x=4) of Eq. (1.9), one can eliminate the function V4 
from the space part (x=i=1, 2, 3) of Eq. (1.9). The 


1L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 
2K. M. Case, Phys. Rev. 95, 1323 (1954). 
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latter becomes then, to order (1/m)*, 
(1my}m,| PyDi—ipo- D+ (1+ P;)pymt Pyipi(o+21)-D 


Pr—(o+21 [oat 2(A+1)p2E 
rr “laa +2(4-+1)paB| 


e A+1 
+Pr- (0+) - (os8H+2E) 
m A+} 


(= +P; +-) CD- GoH+2) 
3m?\A+4 rroe) ” 


—1- Dl- (io, H+ E)+d- DX (io,H+ E) ]| 11'3m,’) 
X (1mi'$m,;'|=0, (3.7) 


where P; and P; are the projection operators for the 
angular momentum 3/2 and 1/2 states and the /; are 
the angular momentum unity matrices. The part of 
Eq. (3.7) which transforms according to D, is 


Da1h}my| = (135mg | O| 13 50y’)(13 4 my’ | 
+(1}$my| ©| 134m4)(1}4my|, 


where the operator © contains those terms of (3.7) 
which are not preceded by P;. The part of (3.7) which 
transforms according to D,; does not contain any time 
derivatives and is therefore not an equation of motion. 
It can be solved for (1}4,|, and the result to order 
(1/m)? is 


(1443 | = (14m|—(—e)- 
3m 


(3.8) 


2 e A+1 
+—(e+2I)- D(l—e)- D+—_- ——_(l--o) 
Om? 6m? A+4 


*(H—ipiE)|1}$4)(1}34]|. (3.9) 


Eliminating (1}4m,| from (3.8) by means of (3.9), 
one obtains Eq. (3.5) for s=3/2 with the additional 
terms 


tn. E+iz!-mx E—!-mz!- E] 
m? 


+p:/m? terms+higher order terms. (3.10) 


The parameter A has notably again disappeared. The 
pi/m* terms do not contribute terms of order (1/m)? 
to the diagonalized Hamiltonian. The Foldy-Wouthuy- 
sen diagonalization yields the Hamiltonian (3.6) for 
s=3/2 with the additional terms 


11 
—{—V: a vVXE 
m*\72 8 


51 5 
- ; (Zaz fP+z Az) — “ou |, 


1 r 1 
+ Ben 3! Bxhn+—2!- Ext. (3.11) 
2 2 12 
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The gradient operator V operates here only on the 
electric field vector E which follows it and not on the 
wave function. The first term in (3.11) is analogous to 
the Darwin term of the spin 1/2 theory but it has here 
the opposite sign. The third term is the quadrupole 
moment interaction. From it the electric quadrupole 
moment (as defined by Ramsey") of the spin 3/2 DFP 
particle is found to be 


Qy=+ (5/3) (e/mc)*. 
Spin 5/2 


Equations (1.9) and (1.10) for n=2 differ from the 
n=1 equations only in that the wave function has an 
additional vector index which is symmetrical with the 
first. The time components of this spin-tensor can be 
eliminated exactly as in the spin 3/2 case, and one 
obtains an equation identical to (3.7) except that the 
wave function now transforms according to Di1X DiXD, 
and must therefore be written 


(1m 1m13m, | . 


(3.12) 


(3.13) 


The operator of (3.7) does not act on m. The sym- 
metry of the vector indices of y means that the function 
(3.13) does not contain a part which transforms accord- 
ing to D\X D, and hence one must require that 


(111m;| 1m1m1)(1m11m13m, | =0, (3.14) 


where (1111m1;| 191m) is the Wigner coefficient which 
picks out the DiXD, part of (3.13). With this new 
wave function and the requirement (3.14), Eqs. (3.8) 
and (3.9) again hold. The latter can be used to eliminate 
all but the D, function. The result is Eq. (3.5) for 
s=5/2 with the additional terms 


1e 1 A 
aa 
<[m- E+i=5?- mx E—&5?-115?- E] 

+p:/m? terms+higher order terms. (3.15) 


The parameter A no longer drops out. Diagonalization 
gives the Hamiltonian (3.6) for s=5/2 with the addi- 
tional terms 


ejis5 2 A 4/3 1 A 
Pr aa en 
m\6\4 15 A+} 2\4 15A+} 


wv 2s 
--(s 
8 


7 
--—_)[- (2; 5/25 Pr+5; 5/25 °/)— tule 
t bi fd 1 
+-(1-———_). n+-(1 
2 12 A+4 4 


3A+4 

t ae 

--(1-———_) 2. exeo-n, (3.16) 
2 12 A+} 


3 N. F. Ramsey, Nuclear Moments (John Wiley and Sons, Inc., 
New York, 1953). 


1 A 
~— —_ ) =". Exn 
10 A+4 
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From the third term the electric quadrupole moment of 
the spin 5/2 DFP particle is found to be 


ae ee hy? 
eee) 

15 15 A+$)\ me 
As a function of A it is seen that Q, is singular at the 
forbidden value A=—1/2 but approaches the value 


+ (28/15) (%/mc)* quite rapidly as one moves away from 
that value. 


= (3.17) 
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CONCLUSIONS 


It has been shown that the magnetic moment of a 
DFP particle of half-integral spin s>1/2 is uniquely 
determined to be (1/s)(e#/2mc). In general, the values 
of higher moments must be expected to depend on the 
parameter A. The spin 3/2 quadrupole moment has 
however the unique value +(5/3)(%#/mc)*. The spin 
5/2 quadrupole moment depends on the choice of A. 
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N-V Potential in the Lee Model 


STEVEN WEINBERG 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received November 14, 1955) 


An investigation is made of states in the Lee model representing a “physical” V-particle bound to an 
N-particle. It is found that the energy eigenvalue problem can be reduced to a single transcendental equa- 
tion involving the parity, energy, renormalized coupling, and N-V separation. Only states of odd parity are 
considered. For such states this equation leads to a single-valued real potential if the renormalized coupling 
constant is less than the critical value for the appearance of the so-called “ghost” states of the free physical 
V-particle. For stronger couplings the potential becomes many-valued with half its real branches corre- 
sponding to the presence of “normal” V’s, and half to “ghost” V’s. For still stronger coupling no real 
energies exist. It is shown that complex energies appear, at least in the case where the virtual 6 particles are 
assumed nonrelativistic and the N-V separation is sufficiently small. A possible reason for the appearance 


of these difficulties is suggested. 


I. INTRODUCTION 
N a recent paper, Lee' has presented an extremely 
interesting example of a quantum field theory in 
which mass and coupling-constant renormalization can 
be carried out exactly, i.e., without the use of perturba- 
tion theory. In the Lee model there are three fictitious, 
chargeless, spinless particles: N and V are heavy 
fermions and @ is a light boson. The Hamiltonian? for 
the model is 


x= Hot KH'+5H, 
Ko=m f dpdy*(p)vv(p) 


he f dpdy*(p)vw(p)+ f dkwa*(k)a(k), 


sc=—8m f dpdy*(p)vv(p), 
5! = — go(2n)-4 f d'pd*p'd*ks (p’-+k—p) 


Xf(k) (2w)—*Lv* (p)w (p’)a(k) 
+v(p)yw*(p’)a*(k)], (1) 


1T. D. Lee, Phys. Rev. 95, 1329 (1954). 

2 G. Kallén and W. Pauli, Kgl. Danske Videnskab Selskab Mat.- 
fys. Medd. 30, No. 7 (1955). (The notation of this paper will be 
adhered to as closely as possible. ) 


where go is the unrenormalized coupling-constant, /(k) 
a high-momentum cut-off function, w=w(k) the energy 
of a free 6 of momentum k. The field operators Py,ww,a 
obey the usual commutation (anticommutation) rela- 
tions for boson (fermion) unrenormalized field operators 
in a Schrédinger representation. The mass of the V and 
of the “physical” V is m; m—é6m is the mass of the 
“bare” V; and u is the mass of @. There is no distinction 
between “bare” and “physical” N’s, 6’s, or vacuum. 
We use units with #=c=y=1. 

In performing the renormalization, one obtains the 


relations 
ly/vo| =1—(y/ve), (2) 
dm= — By/1— (y/ve), (3) 
Yo (80/24)? y=(g/2n)? 
(g being the renormalized coupling constant), and 


as f kf 2(k)dk y f kf 2(k)dk 


where 


? ad ° 
ow 
Now (2) leads to a contradiction if y>+,. The introduc- 
tion of an indefinite metric with metric operator 


ow 


exp( ir f #nvr*(Wvi) (>) 


= 
1 (¥<e) 
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removes this difficulty, replacing (2) by 
¥/v0o=1— (v/v). (2’) 


If y>~e, yo must be negative and 3’ non-Hermitian. 
(Though, of course, 75¢’ is Hermitian.) Also, in addition 
to the normal physical state of the V-particle, a “ghost” 
state appears with negative norm and with energy 
m+w,, where w:(y) <0 is the root of 


H (w1)+1/y=0, (S) 


: ~ Rf 2(k)dk 
H(w’)=a i) aan (6) 


Despite these considerations, Lee asserted that the 
theory would retain its plausibility even for y>vz, i.e., 
the energy spectrum would remain real, and the 
S-matrix would be unitary. Later, it was shown? that in 
the scattering of @’s on V’s, transitions of the V’s to 
their “ghost” states would make the S-matrix 
nonunitary. 

We shall show that in the bound states of the V-V 
system, complex energies appear for large y; the 
“ghost” states will again play an important role. 


Il. SOLUTION OF THE EIGENVALUE EQUATION 


If Ny, Nw, Ne are the operators representing the 
number of V, N, and @ particles, respectively, then the 
quantities Vy-+Nwyw and Ny—N¢ are conserved. There- 
fore let us look for solutions of 


5 | wo,Po)= (2m-+-wo) | wo,Po), (7) 


with the general form 


[cope)=N{ f d*pi(p)| po—p; Pp; 9) 


+f f@pp-x(9.0:)|0; pips; ku)), (8) 
where 

|p’; Pp; 0)=yv*(p’)¥w*(p)|0), 

0; pi,P2; k)=2-y* (pe)pw* (pi)a*(k) | 0) 
= — |0; p2,pi; k), 
ki2=Po— Pi— P2, 

and ¢1, $2 are as yet arbitrary, except that ¢2 is chosen 
antisymmetric under exchange of its arguments. The 
factor N=g/go in (8) is for convenience in calculation 


of the norm of |wo,po). Now substitution of (8) into (7) 
yields, after a straightforward calculation, 


(Ri2)b2(P1,P2 
O= (6m+wo)di(pi)+g0(24)-! f ap ; = 4 


@Wi2 
Sf (R12) 


(w12—wo)h2(Pi,P2) = go(2m)—*[ gi (pr) — a ae 
(10) 
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Since we are concerned with “bound” states, we 
only look for solutions such that wow for any k; w» may 
be anywhere on the complex plane except along the 
real axis from one to infinity. Therefore we can divide 
(10) by wiz—wo and, using (2’), (3), and (6), eliminate 
$2, obtaining: 


| wo,Po) = feo) | | po— Pi; Pi; 0) 


Rie 0; ly 2; Kis 
+42) feo )|0; pi,p2; kis) (a1) 


(wi2z—wo)/wre 





F(Ri2)b1 (D2) 


wow12(wie— wo) 


[HH (wo)-+-1-* Wou(p1) = (1/4) f eo Oe 


The latter integral equation can easily be solved. Trans- 
forming from momentum to position coordinates, we let 


$(t)= (2m) f @péx(p) expLir-(p—4p.)], (13) 
and obtain 


CH (wo) +" ]o(1) =A (r,00)6(—1). 
* bf 2(k) sinkrdk 


(14) 


(15) 


A(r,wo) = (rw)! f 


w(w—wo) 


Thus, for a given wo and y, ¢(r)=0 except on those 
spherical shells of radius r, where 


H (wo) +y "= +X (1,00) (16) 


the parity of ¢(r) on the shell being even or odd accord- 
ing to whether (16+) or (16—) holds. Except for a 
factor of two, r can be interpreted as the separation of 
the V- and V-particles in this state. The delta-function 
behavior of ¢?(r) arises from the neglect of recoil for 
the V- and V-particles, and allows us to speak of wo as 
a potential energy. 

Because of the rather complicated nature of the A 
function, it will be necessary in analyzing (16+) to use 
some properties of \ which do not necessarily hold for 
all reasonable w(k) and f(k). The special cases that 
will be referred to are as follows: 


f(R)=1, w(k)=(1+k")4, (R) 
f(R)=1, w(k)=144R. (NR) 


Case (NR) is roughly equivalent to (R) modified by a 
cutoff at about k=1, but avoids the introduction of a 
cutoff parameter. In case (R), y-=0; while in case 
(NR), y-#0. In both cases the integrals representing 
the \ and H functions converge. It is to be expected 
that any other reasonable choice of w(k) and f(k) 
would lead to final results qualitatively similar to those 
obtained below for cases (R) and (NR). 
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Ill. REAL ENERGIES 


The following properties of \ and H will be used. 
(See Figs. 1 and 2.) Assuming wo <1, we have 


wo (wo) >0, 
H(0)=0, 


(17) 
(18) 
(19) 


lim H(wo)=—y-", 
wo 


d 
—_ (wo) >0, (20) 


wod(r,wo) >0, (21) 
(22) 
(23) 
(24) 


(25) 


A(r,wo.)— + © for wo 0+, r fixed, 
A(r,wo)—0 for w—— ©, r fixed, 
X(r,w0)—0 for r+ , wo fixed, 

(0/8r)A (17,0) >0 for wo<0. 


For any fixed 7, the function \+H attains a maximum 
value —7ym!(r) in the range wo <0, and 


ym(7)>Ye- (26) 


Equations (17), (18), (19), (20), (23), (24) hold in 
general, i.e., for any reasonable choice of the functions 
w(k) and f(z), and follow directly from (15) and (6). 
Equations (21) and (25) hold in cases (R) and (NR). 
(See Appendix and Sec. IV.) Equation (22) holds 
whenever (21) holds. It is easy to see that (26) will 
follow from (17), (18), (19), (21), (22), and (23), if we 
can show that A+H>-—v7y,"' for some finite wo <0. For 
v-=0 this is trivial. If y-+0 and @ is finite [as in case 

















Fic. 1. Schematic representation of the eigenvalue problem for 
odd parity and fixed r. A typical y with ye<7<-+ym(r) is shown; 
the circled intersection points correspond to states with norm +1 
and real wo. If y<+- there will be one real wo with positive norm, 
and if y>~ym(r) there will be no real wo. 


IN LEE MODEL 


(NR) ], then, as w—— ©, 
0-1 f kf*(k) sth 
0 w 


A — (rw 


while 
H->—y5"— Bert. 
Thus 
A+ 84+7.57'9— Bwo!> 0, 


and Eq. (26) is therefore proven. 

Now, using (5), (20), (21), and (17), we see that 
(16+) cannot be satisfied for real wo unless wy <w: or 
wo>O, and that (16—) cannot be satisfied for real wo 
unless wi<wo<0. Thus, for a given real wo and y, 
¢(r) will have the same parity on all shells where it 
does not vanish; in other words, the parity operator 
not only commutes with %, but is a function of it. 
Only states of odd parity (w: <w» <0) will be considered. 
For such states, there can only be one shell on which 
¢(r) does not vanish. [See (25). ] The norm of such a 
state can be shown (see Appendix) to be 


— 0/dwo(H+d), 


except for positive factors. Now for fixed r, 


(27) 


(wo—>— © ) 
(wo—0—). 


For y<7-, we do not use the indefinite metric, so 
there can only be states of positive-definite norm. But 
it is clear from (27) and (28) that if for any fixed r and 
fixed y <7. there is more than one root of (16—), then 
some of the roots will correspond to states of negative 
or zero norm. Thus for y <7, we have a single-valued 
potential wo(r,y). 

For y>vy- the situation is not so simple. Discarding 
for the moment the possibility of states with zero norm, 
we see from (27) and (28) that there must be an even 


yi—y! 
\+H+y> 


— © 


(28) 


H(@e)— A(r we) 




















Fic. 2. Schematic representation of the eigenvalue problem for 
even parity and fixed r. A typical y with y.<y<~ym(r) is shown; 
the circled intersection points correspond to states with norm 
+1 and real wo. It is apparent from Figs. 1 and 2 that no mixing 
of even and odd parities can occur in a stationary state of real 
energy. 
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number 2n of real roots of (16—); if labeled wo with 
wo) <wo® <--- <wo®, then wo *? will correspond to a 
state of norm (—1)*. If 7 is small enough, then n>1. 
[See (26).] The physical significance of the negative- 
norm states can be seen by letting r go to infinity; then 
for + sufficiently small we will have just two states, one 
with wo=0 and positive norm, the other with w»=w1(y) 
and negative norm. Thus the states of negative norm 
represent a “ghost” V bound to an JV. 

Now, if is slightly smaller than y,,(r) there must 
exist just two states, one with positive and one with 
negative norm. As ¥ is increased, the two states will 
approach each other in energy, merging when y=7~(r) 
into one state of energy wo(r) and zero norm. If y>7~(r), 
there can be no states with that r and real wo. 


IV. COMPLEX ENERGIES 


The situation described in the last paragraph leads 
to the supposition that there must exist complex roots 
of (16—) when y>7~(r). In addition to the disappear- 
ance of real roots for such y, note that the norm of any 
state of complex energy must be zero, since 


{wo | n5C | wo) = (wot 2m) {wo | | wo) 


must be real. Thus the existence of complex wo would 
ensure continuity of the norm at y=y~(r). 

To simplify the actual demonstration of these com- 
plex energies as much as possible, we consider the case 
(NR), with r assumed to be very small. In this case the 
integrations in (4), (6), (15) are easy to perform, and 
we obtain 

aQ=}, ay. '=4, 


ad (1/V2,20) = (ro?) "Le" — "J, 
aL A (wo) +1] = (1—Z) woo *§— duo +A 
A=a(y"'—7-"), 
a= (ni), 
Z= (1—wo)?. 


These results hold for all wo and 7, except of course for 
wo > 1. When wo is complex, Z must be taken as having 
positive real part. (It is easy to see that (21) and (25) 
now hold.) 

Now if r=0, Eq. (16—) becomes 


2+Z*+[(2A)*—1]Z—[3(2A)*+1]=0. (29) 


The solution of this equation is now perfectly straight- 
forward, except that care must be taken to reject as 
spurious all roots with Re(Z)<0. As expected, we 
obtain for y <7, one real wo. For ym(0) >y>ve, there 
are two real wo merging when y=7m(0) into one real 
wo. For y>ym(0), there are two complex wo, which are 
not complex conjugates. The quantity y,,(0) is given by 


m(0) =7-(1+8A,)"'>7., 


where A,~~—6.7X10- is the greater value of A for 
which the discriminant of (29) is zero. 
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It is now obvious that for any y>~ym(0) we will have 
complex wo if r is chosen sufficiently small. 


V. DISCUSSION 


That the Hamiltonian in a theory with indefinite 
metric is not Hermitian makes it impossible to carry 
out the standard proofs of the unitarity of the S-matrix® 
and the reality of the energy eigenvalues. These condi- 
tions, which are essential for a physically plausible 
theory, must rather be tested directly for each individual 
problem. It has been previously shown? that in the Lee 
model the S-matrix does in fact become nonunitary for 
a renormalized coupling y larger than a critical value 
Ye; we now also see that there exist in the Lee model 
certain “bound” states of complex energy if the coupling 
becomes greater than a second critical value ym(r). 

It seems a reasonable conjecture that these difficulties 
will arise in any theory in which energy eigenstates of 
negative norm appear which are not degenerate with 
similar energy eigenstates of positive norm. In the case 
of quantum electrodynamics this is not the case, for the 
scalar photons are degenerate with the longitudinal 
and transverse photons, and so there is room for a 
subsidiary condition (the Lorentz condition) which 
describes how these states are to be mixed to form 
“physical” states of positive norm only. As is well 
known, the use of the indefinite metric in quantum 
electrodynamics does not lead to the sort of difficulties 
described here. In the Lee model, however, no “ghost 
state” of an V-V bound system of negative parity has 
the same energy as any similar odd parity state of 
different r, or as any similar even parity state. 

These results serve to emphasize once again the 
extreme care that must be taken if any departure from 
the usual formalism of quantum mechanics is to be 
made. 

VI. APPENDIX 


A. Calculation of the Norm 


Consider two states of the form (11) differing only in 
their total momenta, and let wo be real. Then the scalar 
product of these states is 


M= (woo || wopo) 


= f f d*p;'d*pihi* (pi’)o1(p1) 


x| | |*po’— py’; px’; O|n| po— pi; ps; 0) 


+¢°(2x)* f f d*p2'd*pz 


FS (haa!) f (Raz); pr’ po’ ; Kis’ | 0/0; pipe; kis) 


(wr212")#(w12’ — wo) (wi2a—wo) 


3C. M@ller, Kgl. Danske Videnskab Selskab Mat.-fys. Medd. 
23, No. 1 (1945); 22, No. 19 (1946). 








N-V POTENTIAL 


Now, using the properties of » and noting that NV is 
imaginary for y>vy. and real for y<7-, we have, for 
any Y, 


eee, 


x{ 24 lta) f a “| 


f(b) 
— (y/4m) f J Pk’ pp.*(e—2—W4a(9) ——__— 


w(w—wo)? 
=8(m—w){ ferlo(o 
© R f2(k)dk 


0 w(w—wo)? 


x [rm 


f*(k)e~** a 


w(w—wo)? 


~(1/4n) f drd*(1)6(—1) fox, PN aso 
Since ¢(r)=+¢(—r), we have 


M=8(po—pv) f @rlo(t) [247-4 


+f - [ la 


w(w—wo)? 4 w(w—wo)? 
If we assume that (16+) can only be satisfied for one 
value of 7, the norm must have the same sign as the 
quantity 
- Rf(k)dk 1 pc kf*(k) sinkr 
rat f -———- f et 
0 


w(w—wo)? 


0 w(w—wo)? £ 
and, using (16+), this becomes 
0 
wes—LH (wo) A (r o) |, 

wo 


which reduces in the case of odd parity and negative 
wo to expression (27). 


IN LEE MODEL 


B. Relativistic 2 Function 

In case (R) we have f?(k)=1, w(k)= (1+£*)!, so that 
C) ke‘*rdk 

A(r,wo) = (2irwo) 


~e 0 (w— Ww) 


Let C be a closed contour enclosing the upper half of 
the complex plane except for that part of the imaginary 
axis from s=i to z=i~. Then for all wo with nonzero 


real part, 
ZdZe*"* 


c w(Z)[w(Z)—wo]} 
1 p*® exp[—r(1+0)!]d 
rtrandn— f exp —— 


Thus, for real wp we have 





r (r,wo) —)o (ro) = (2irwo)! 





Ao(r,wWo) 
A(1,w0) = 4 Ao(1,wWo) + (4/wor) 
Xexp(—1r(1—wo?)!) 


It is now obvious that (25) and (21) hold for wo<0. 
For 1>w9>0 note that 


(wo <0) 


(0<wo<1). 


ec’ 7? du —T 
do(r,w0) > — cman m——— 
r Jo wetuw? wor 
—T T 
d(r,wW0) >——e~"-+——-. exp[ — (1 —wo?)# ]>0, 
2wor wor 


and therefore (21) also holds for 1>w»>0. 
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Mass Degeneracy of the Heavy Mesons* 


T. D. Lee, Columbia University New York New York 


AND 


C. N. YANG, Institute for Advanced Study, Princeton, New Jersey 
(Received December 29, 1955) 


Consequences of the assumption that the 6-r mass degeneracy is not accidental, but follows from some 
symmetry principle, are discussed. This assumption implies, among other things, the existence of doublets of 
opposite parity for all particles of odd strangeness number, such as A° and 2+, 2°. 





N recent months, as experimental information accu- 
mulates, there is growing evidence’ of the approxi- 
mate identity of masses, excitation functions, and 
apparent lifetimes for the K,st=6+ and K,;+=rt 
particles. On the other hand, there is ulso growing evi- 
dence of the nonidentity of spin-parity properties of the 
two particles.’ In regard to the approximate identity 
of the apparent lifetimes and excitation functions, a 
suggestion has been made in a recent publication? that 
a genetic relationship between the two particles may 
lead to such phenomena. We wish to address ourselves 
here to the problem of the identity of the masses. 

It is of course always possible that this mass de- 
generacy may be entirely accidental.* One notices, 
however, that in all other cases where two different 
elementary particles have the same or about the same 
masses, the mass degeneracy is always a consequence of 
an exact or approximately exact invariance law. Thus, 
for example, charge conjugation invariance implies the 
identical mass values of the electron and the positron, 
and isotopic spin invariance is directly related to the 
smallness of the neutron-proton mass difference. 

We therefore shall make the assumption that the 
6*-r* mass degeneracy is not accidental, but results 
from certain invariance laws. Such invariance laws 
would imply, in contrast to the usual invariance laws, 
symmetries between states of different space trans- 
formation properties. The necessity of such laws, how- 
ever, seems to be strongly suggested by the experimental 
mass degeneracy of particles of different spin parity. 


PARITY CONJUGATION AND PARITY DOUBLETS 


In the following, 6+ and r+ are assumed to have the 
same spin but opposite parity (such as, e.g., 0+ 
and 0—). 

The basic point is that if an invariance law is re- 
sponsible for the mass degeneracy of 6+ and r+, the 
minimum symmetry must contain invariance with re- 


* Research supported in part by the joint pm of the U. S. 
Atomic Energy Commission and the Office of Naval Research. 

1 Private communications from Berkeley, Columbia, and the 
Massachusetts Institute of Technology. 

*T. D. Lee and J. Orear, Phys. Rev. 100, 932 (1955). 

* The spatial extension of these particles is small (~10-* cm), 
so that any internal interaction will be violent (~ several hundred 
Mev). A small mass difference of a few Mev would be highly 
accidental unless there is an invariance law. 


spect to the interchange of these two particles.‘ We 
shall call this interchange “parity conjugation” and 
shall denote it by Cp. It interchanges the particles r+ 
and @*, but leaves the ordinary particles (neutrons, 
protons, and pions) unchanged.’ The invariance law 
states that the part of the Hamiltonian including all 
strong interactions, called H,, commutes with the oper- 
ation Cp: 

CpH,—H,Cp=0. (1) 


The weak interactions give rise to the other part of the 
Hamiltonian, and do not commute with Cp, producing 
a small mass difference between r+ and @*. We shall 
return to this point later. 

Now Eq. (1) implies that for every strong reaction 
(i.e., fast reaction) there exists a parity-conjugated 
reaction of equal strength. In particular, for the reaction 


at+n—-Al+é, (2) 


one obtains a reaction of equal amplitude by taking the 
parity conjugation of all the particles: 


at+n—A,°+ rt. (3) 


Here A;° is the parity-conjugated state of A,°. Corre- 
sponding particles in the two reactions have the same 
spin and orbital states. Therefore A,° must have the 
opposite intrinsic parity to that of A;°, and consequently 
must be a different particle. 

Extending the foregoing line of reasoning to 2, one 
would conclude that there are two types of = with 
opposite parity. In fact, it is evident that all particles 


‘The argument behind this statement is as follows: The sym- 
metry must be represented by a group of 2X2 unitary matrices 
that is irreducible. Furthermore, this group must contain the 


parity operator which is in this case ie t)- It then follows that 


the group must contain an element of the form () 0) which will 


be taken as Cp. 

5 An implicit assumption here is that Cp commutes with the 
isotopic spin, the charge, the heavy particle number, and the 
charge conjugations operator. If Cp does not commute with these, 
by multiplying Cp with a combination of these operations one may 
obtain an operator Cp’ that does. Cp’ should then be used as the 
parity conjugation operator. In all cases where such an operator 
Cp’ does not exist, invariance with respect to Cp would lead to the 
existence of charged particles with the same mass as A°. These 
cases would not be considered in detail. 
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of odd strangeness S defined by*® 
S=2(Q—I;—4N) 


must be “parity doublets,” i.e., two particles with 
opposite parity. Furthermore, for any system with odd 
strangeness the operation Cp always changes it into a 
system with the opposite parity, while for all systems 
with even strangeness, the operation Cp leaves the 
parity invariant. We therefore have’ 


CpP—(—1)*PCp=0, (4) 


where P is the parity operator. 

For even strangeness, Cp commutes with P. Hence a 
particle with even strangeness would have a definite 
parity and a definite value = +1 for Cp. Since pions can 
be produced in fast reactions, they must have Cp=1. 
The Cp of nucleons can be chosen arbitrarily because 
there is conservation of heavy particles. For convenience 
we choose it to be +1. The other known particle of 
even strangeness, Z~, may therefore have Cp=+1. In 
principle the sign here is measurable, but in practice 
this is very difficult. 

The conservation of parity conjugation leads to a new 
type of selection rule. For example, particles with 
S=0 and Cp=—1 could not disintegrate by fast inter- 
actions into nucleons and pions. If y-ray interactions 
also satisfy the conservation of parity conjugation (see 
case B in the next section), one would thus have the 
possibility of new long-lived particles with S=0. The 
metastability of these particles does not derive from the 
usual strangeness selection rule, but from the conserva- 
tion of parity conjugation. 


PRODUCTION AND DECAY OF A,’, A.’, etc. 


Reactions (2) and (3) are in conformity with the 
known selection rules. So are the reactions 


at+n—AY+@, (5) 
and 
at+n—A)+r*, (6) 


which are parity-conjugate reactions and consequently 
have equal cross sections. The ratio of the cross sections 


6M. Gell-Mann (to be published), and K. Nishijima, Progr. 
Theoret. Phys. Japan 12, 107 (1954). 

™This commutation relation is to be contrasted with the 
commutation relation between the parity P and the charge 
conjugation C: CP— (—1)"PC=0, where N is the total number of 
fermions. 
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for (5) and (2) is not determined by invariance laws. 
However, whatever value this ratio takes, equal num- 
bers of @* and r+ are always produced, and equal 
numbers of A,° and A,°. In fact, it is evident that the 
two members of any parity doublet must be produced 
with equal abundance and must always have the same 
excitation function. 

To discuss the decay schemes, we must differentiate 
between two possibilities: 

Case A.—The electromagnetic interaction does not 
satisfy the conservation law under parity conjugation.’ 
In this case the mass difference between the two 
members of a parity doublet may be expected to be of 
the order of magnitude of the mass difference between 
the r® and r+. It could of course be much smaller. 

The heavier of the two components of a parity 
doublet could undergo electric dipole radiative decay 
and become the lighter one. For example, 


AY AY+y, Lit2t+y7, etc. (7) 


These processes would have very short lifetimes 
(«10-" sec) unless the particles have zero spin, or 
happen to have a very small mass difference of the order 
of a few kev. 

If the genetic relationship explanation? of the ap- 
parently equal life times of r*+ and @* is correct, r+ and 
6* must not undergo such rapid y transitions. Therefore 
they either have zero spin for which single y decays are 
forbidden, or have other spins but have a very small 
mass difference. 

Case B.—The electromagnetic interaction also satis- 
fies the conservation law under parity conjugation. In 
this case the only interactions not conserving parity 
conjugation are (presumably) of the strength of the 
weak interactions responsible for the decays. These are 
extremely weak. The mass difference between the two 
members of a parity doublet would therefore be ex- 
ceedingly small (of the order of 10-° ev). The genetic 
relationship between r+ and @* as an explanation? of 
their equal apparent lifetimes is in this case untenable. 
One would in fact expect that the lifetimes of r+ and 6+ 
are not exactly identical. 

The two particles A,° and A2° would in this case both 
decay into x-+ p and/or r°+-n with the same Q value. 
But the wave functions of the decay products are com- 
pletely different and the lifetimes would be expected to 
be nonidentical. This applies also to the 2’s. 


§ This would be the case if, for example, A;° and A,° do not have 
the same magnetic moments. 
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Paramagnetic Resonance Absorption in 
Uranium (III) Chloride and the 
Nuclear Spin of Uranium-235+ 


Ciype A. Hurcuison, Jr.,* P. M. LLEWELLYN, 
EvuGENE Wonc, AND PavuL DorAIN 


Clarendon Laboratory, Oxford, England, and The Enrico Fermi 
Institute for Nuclear Studies and Department of Chemistry, 
University of Chicago, Chicago, Illinois 
(Received February 13, 1956) 


HOSH, Gordy, and Hill' have reported observa- 
tions of electronic magnetic resonance in powdered 
compounds of U but no measurements on single crystals 
are reported in the literature. We have observed reso- 
nance absorption in single crystals of anhydrous UCI; 
diluted with LaCl;. The anhydrous LaCl; was prepared 
by the method of Anderson and Hutchison? and the 
UCI; as described by Handler and Hutchison.’ The 
crystals were grown by a method similar to that de- 
veloped by Gruen.* Measurements have been made at 
frequencies of about 8700X10* cycles/sec (at 20°K) 
and 23000X10® cycles/sec (at 4.2°K) with crystals 
containing approximately 2 mole percent U in La and 
also with others between 10 and 100 times more dilute. 
In all, an intense absorption is observed from the **U*+ 
ions with the axially symmetric g-values 


n= 4.15340.005, g,=1.520+0.002. 
These are close to the values 
gu= 3.991, g.™ 1.769 


measured® for NdCl; and not far from those*® for 
Nd(C2HsSO,)3-9H:0. 

The structures of UCI; and the isomorphous LaCl,; 
have been determined by Zachariasen.’ The point 
symmetry at the metal ion is C3,, the same as in the 
lanthanide ethy] sulfates, and the theory developed by 
Elliott and Stevens* for the latter should apply to the 
anhydrous trichlorides. If the three magnetic electrons 
in U* are 5f electrons, the ground state would be the 
same (‘I9/2) as for Nd**, 4/*, and the resonance absorp- 
tion must arise from the Kramers doublet: 


cos6| J,= +7/2)+sind| J,=+5/2). 


The resonance results suggest that the electronic struc- 
tures of U*+ and Nd* are essentially the same, con- 
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firming the conclusion reached earlier* from static field 
susceptibility data. 

In the more concentrated crystals, the absorption by 
the (U***)*+ is observed, employing U of normal isotopic 
composition. With the c-axis parallel to Hpc, three 
hyperfine structure components are observed on either 
side of the main (U™*)*+ line, two central components 
being obscured by this intense line and a satellite 
structure which accompanies it. The spin of U™® is 
clearly 7/2 and 


A=0.0176+0.0001 cm“, 
B=0.00568+0.00003 cm~. 


In the perpendicular orientation, the satellite structure 
is more complicated and spread over a wider range of 
fields permitting observations of only the two outermost 
components. Conflicting values of the spin have been 
reported on the basis of optical data.® From the fore- 
going results we find that 


g,A/g,B=1.13, 


whereas for Nd** the value® of this quantity is 1.12, 
indicating that in U** the mixing with other /’s or with 
higher configurations is small'® and of about the same 
amount as in Nd*, 

The value of the nuclear magnetic moment may be 
estimated for U** in a manner similar to that described 
by Bleaney" for the rare earths, although this method is 
less reliable for 5f electrons and probably gives too 
large a value of (r~*), Employing the value, 1300 cm—, 
for ¢ given by Eisenstein and Pryce” for NpO.** and 
the value, 1700 cm, given for U*+ by Jorgensen,” one 
obtains 0.38 and 0.31 nuclear magneton, respectively, as 
the values of the moment. 

We wish to thank Dr. B. Bleaney for helpful discus- 
sions concerning this work. One of us (C.A.H.) wishes to 
express his appreciation to the Clarendon Laboratory 
for the privilege of visiting and working there. 
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Hyperfine Structure by Coincidence 
Techniques* 


Lee C. Braptey III 


Department of Physics and Research Laboratory of Electronics, 
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(Received January 31, 1956) 


N recent years, the techniques of double resonance! 
and of optical excitation of atomic beams? have been 
developed for the study of the hyperfine structure of 
excited states of atoms by radio-frequency methods. 
Measurements made with these two techniques are 
more accurate than those made by non-radio-frequency 
optical methods. Both involve optical excitation from 
the ground state of the atom to the excited state to be 
studied, and are, therefore, essentially limited to states 
that can be so populated.’ The purpose of this and the 
accompanying Letter* is to propose techniques by 
which, at least in principle, any excited state may be 
studied. 

The idea is based on the experiments of Brannen ef al.® 
that demonstrated the possibility of observing coinci- 
dences between optical quanta emitted in cascade. The 
principle of our experiment is illustrated in Fig. 1, which 
shows the simple case of a cascade in which all three 
levels involved have J =}. A low-resolution spectrograph 
admits to one photomultiplier only right-circularly 
polarized light of wavelength \;; to the other, only right- 
circularly polarized light of wavelength \2. A magnetic 
field is applied in the direction of observation. Then we 
expect only accidental coincidences, unless a radio- 
frequency field causes transitions in the intermediate 
level between the sublevels M= +4. Thus, a rise in the 
coincidence rate indicates the resonant frequency. (A 
number of variations are possible in the polarization 
observed and in the direction of observation.) 

It is clear that similar, but less pronounced, effects 
will occur if the intermediate level possesses hyperfine- 
structure sublevels, between which transitions are 
similarly induced. The polarization changes in such a 
case are analyzed in detail by Brossel and Bitter! for a 
double-resonance experiment. The present technique is, 
except for the difference in detection method, closely 
related in principle to the double-resonance technique; 
each is based on correlations between the polarizations 
and directions of the photons in a two-quantum 
process. 

As is well known, high counting efficiency is desirable 
in coincidence measurements, to insure both high signal- 
to-noise ratios and high coincidence rates. For this 
reason, many levels cannot be studied by this technique, 
being either populated or depopulated by wavelengths 
in regions of the spectrum where detection is of low 
efficiency. Furthermore, the effective efficiency is re- 
duced if the level in question is populated or depopu- 
lated by some mechanism other than that detected (e.g., 


Fic, 1. Level diagram. 


collisions, transitions to or from other levels). The pair 
of levels first chosen for study are the 6 ?P; and 6 *P, of 
Ba u, for which both the populating and the depopu- 
lating wavelengths are in the blue or violet, where 
present photomultipliers have the highest quantum 
efficiency; work is proceeding actively on this experi- 
ment. Incidentally, the fact that a level of the ionized 
atom can be studied is an illustration of one type of level 
not available to earlier techniques. On the other hand, 
metastable or ground states are not accessible to the 
present technique.® 

The author is grateful to Dr. C. L. Schwartz, of the 
Research Laboratory of Electronics, for many stimu- 
lating conversations on hyperfine structure and related 
subjects, which were largely responsible for the de- 
termination to search for more accurate experimental 
methods; and to Professor F. Bitter for his active 
encouragement. 

* This work was supported in part by the Signal Corps, the 
Office of Scientific Research (Air Research and Development 
Command), and the Office of Naval Research. 
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6 See reference 4 for a means of overcoming this limitation. 


Proposed Coincidence Scheme for the 
Elimination of the Doppler Effect* 
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E wish to point out that the coincidence tech- 
nique used in the radio-frequency experiment 
devised by Bradley! can also be used to improve con- 
siderably the measurement of the wavelengths of emis- 
sion spectra. 
In Fig. 1, the light source is placed at the origin of 
coordinates. A particular atom with velocity v, com- 
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ponents v, and vy, is shown successively emitting two 
photons with wavelengths \; and 2, which by chance 
are both emitted in the —y direction. The transition 
scheme is shown in Fig. 2 in which Ayo and Azo are the 
central wavelengths of the two lines. The momentum of 
an optical photon is very small compared with the 
momentum of an atom, and the source can be operated 
so that the atom is not perturbed during the lifetime of 
either state. v, is therefore the same for the two photons, 
and we have 


A1/A1o=A2/Avo= 14+ (0,/c). 


The light emitted parallel to the —y axis is passed 
through a spectrograph (whose resolving limit is as- 
sumed to be small compared with the Doppler width) 
and is thereby dispersed into two lines having widths 
corresponding to the Doppler width at the temperature 
of the source. 

We now locate a slit S; in the focal plane at such a 
position that it passes \;, and introduce a second slit S2 
that can be moved in the focal plane in such a way that 
it scans line 2 in wavelength. Photons passing through 
the slits fall on two photomultipliers that are connected 
to a coincidence counter through individual channel 
counters. The true coincidence rate, as a function of the 
wavelength (i.e., position) of S2, will show a sharp 
maximum when S, has the same relative position on line 
2 as S; on line 1. In this method, the width of the re- 
sponse curve and the resolving power will depend on 
various instrumental parameters, such as the slit width, 
the aperture of the optical system, and the resolving 
power of the instrument, but not on the Doppler effect. 
We then rearrange the apparatus (perhaps by an 
appropriate arrangement of mirrors) so that A: is taken 
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Fic. 1. Schematic arrangement of apparatus. 
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off in the + direction. Then the Doppler shifts for \» 
will change sign and the coincidence rate will show a 
sharp maximum on the symmetrically opposite side of 
curve 2. The mean of the two readings will give Azo. 

If the spectrograph admits a smail angle, 0, from the 
source, then the velocity of the atoms in the direction of 
emission can differ by +60, from v,. Therefore, since we 
have a finite aperture, the photons will have for given v, 
a distribution whose width will be of the order of the 
Doppler width times @. If, for the sake of simplicity, we 
assume no angular correlation between successive 
photons, the counting efficiency will be e= sn@/4, where 
s is the photomultiplier sensitivity (~0.1), and 7 is the 
fractional transmission of the spectrograph (0.2). 

If N is the number of events per second, ¢; and ¢€2 are 
the individual channel efficiencies, and p is twice the 
resolving time, then the true coincidence rate is 
C,.= Nee, and the random rate is C,= N’e,e. Define 
the signal-to-noise, S, as C¢/(C ¢+C,t)!, where ¢ is the 
total counting time.’ If we set ¢:=¢:=«, and adopt the 
usual requirement that C,/C,=1/Np21, then 


SK €(t/2p)!. 


A resolution of 0.1 Doppler width (@~0.1 radian) re- 
quires a counting time of 800 seconds, for p=10-*, 
S=10. For higher resolution and longer counts, the 
individual channel counts can be used to correct for 
source drift. 

The method described above can be used to improve 
spectroscopic determinations of such parameters as 
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hyperfine-structure constants and isotope shifts; and it 
might possibly be used to look for new isotopic effects, 
such as the effect of changes in nuclear radius on the fine 
structure of heavy elements. 

The scheme just described also provides another 
method of detecting radio-frequency resonance in the 
intermediate state. Suppose the intermediate state has a 
hyperfine splitting so that, for example, lines 1 and 2 
each consist of two lines with wavelengths \,, \,’, and 
Ae, Ae’, respectively. Let the transition scheme be such 
that A: always follows \; and ),’ always follows Aj’. 
Then radio-frequency resonance in the intermediate 
state will convert Az to As’. The radio-frequency reso- 
nance will be detectable if A2’/—A2 and Ay’—A; are 
resolvable by the present coincidence method. 

* This work was supported in part by the Signal Corps, the 
Office of Scientific Research (Air Research and Development 
Command), and the Office of Naval Research. 

+t Now at Ordnance Materials Research Office, Watertown, 
Massachusetts. 

1Lee C. Bradley III, preceding letter [Phys. Rev. 102, 293 


(1956) ]. 
2 A. Sard and R. D. Sard, Rev. Sci. Instr. 20, 526 (1949). 
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Rapid-Passage Effects in Electron 
Spin Resonance 


R. Breer, D. Roux, G. Béné, AnD R. EXTERMANN 
Institute of Physics University of Geneva, 
Geneva, Switzerland 
(Received January 16, 1956) 


NDER this title, a work was recently published 
in this journal by Portis.’ In this paper, relaxa- 
tion effects observed in electron spin resonance from F 
centers in alkali halides? and from donor states in 
silicon,* are interpreted in terms of the rapid-passage 
theory of Bloch.‘ The purpose of this letter is to point 
out that another rapid-passage effect in electron spin 
resonance was previously observed and interpreted in 
our laboratory. The phenomenon, well known in 
nuclear magnetic resonance as “wiggles’’,® obtained in 
rapid-passage conditions, was produced in ammonia 
solutions of metallic sodium. 

As reported in our paper, these conditions were 
obtained at the Larmor frequency of 23 Mc/sec (static 
field of approximately 8.2 gauss) and a sinusoidal field 
sweep of frequency 2 kc/sec and amplitude 1.1 gauss. 
The wiggles observed are illustrated in the figure of 
reference 5. 

1A. M. Portis, Phys. Rev. 100, 1219 (1955). 

2 A. M. Portis and D. Shaltiel, Phys. Rev. 98, 264(A) (1955). 

3 A. F. Kip (unpublished). 

4 F, Bloch, Phys. Rev. 70, 460 (1946). 

5 Beeler, Roux, Béné, and Extermann, Compte rend. 241, 472 


(1955). 
6 B. Jacobsohn and R. Wangsness, Phys. Rev. 73, 942 (1948). 


Guanidine Vanadium Sulfate Hexahydrate : 
A New Ferroelectric Material 


J. P. ReEmMErKA AND W. J. MERz 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received February 8, 1956) 


N two previous papers':? we reported a new class of 
ferroelectric crystals and discussed some of their 
properties. This class of crystal is represented by 
guanidine aluminum sulfate hexahydrate (G.A.S.H.) 
with the formula C(NH2)3;Al(SO,4)2-6H2O. We also re- 
ported the ferroelectric nature of the isomorphous 
crystals in which the Al ion is replaced by Ga or Cr, of 
those in which the S ion is replaced by Se, and of those 
in which the water is replaced by heavy water. They 
showed essentially the same properties as G.A.S.H. 
We have succeeded in obtaining large crystals of an iso- 
morphous vanadium compound, C (NH2);V (SO,)2:6H2O 
(G.V.S.H.), where trivalent vanadium replaces the 
aluminum in the parent compound. The material was 
made by dissolving equimolar proportions of vanadium 
trioxide and guanidine carbonate in water with a small 
excess of the requisite amount of H,SQ,. The crystals 
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produced are purple-red by transmitted light. The basal 
cleavage in G.V.S.H. is not quite as distinct as that of 
G.A.S.H. We have not been able to make the isomor- 
phous guanidine vanadium selenate hexahydrate be- 
cause of the reduction of the selenic acid to selenous by 
the trivalent vanadium. 

The physical properties of G.V.S.H. are very similar 
to those of G.A.S.H. and the other isomorphs. The 
spontaneous polarization P, at room temperature is 0.38 
microcoulomb/cm®*. The dielectric constant ¢, along the 
ferroelectric axis is somewhat higher. The shapes of the 
60-cycle hysteresis loops, however, are definitely better 
in the vanadium compound. The loops are seen to be 
very much more rectangular and show less bias. This is 
especially true after 60-cycle aging. This treatment 
seems to bring about a permanent improvement in the 
vanadium compound, whereas in the parent compound 
and the other isomorphs, this improvement does not 
seem to be as pronounced. We believe that the rec- 
tangularity of the hysteresis loop and smaller bias 
make the vanadium compound unique among the 
presently known isomorphs of G.A.S.H. These dif- 
ferences might be due to the unusual valence state of 
vanadium. The 60-cycle coercive field E, is larger 
than in G.A.S.H., i.e., about 6000 volts/cm at room 
temperature. The temperature dependence of P, and E, 
is characteristic of the parent compound. 

We would like to thank E. M. Kelly and F. Barbieri 
who helped us in the preparation of the samples. 

1 Holden, Matthias, Merz, and Remeika, Phys. Rev. 98, 546 
(1955). 


* Holden, Merz, Remeika, and Matthias, Phys. Rev. 101, 962 
(1956). 


Proton Charge Density* 


FREDRIK ZACHARIASEN 


Department of Physics and Laboratory for Nuclear Science, 
Massachusetts Institute of Technology, 
Cambridge, Massachusetts 
(Received February 17, 1956) 


HE recent experiments on electron-proton scat- 
tering! carried out at Stanford have begun to give 
some insight into the structure of the charge distribution 
in a physical proton. This distribution of charge is, in 
the outer regions, probably produced by the cloud of 
virtual x mesons surrounding the proton. Near the core, 
however, heavier mesons will undoubtedly also con- 
tribute. Since a large number of phenomena involving 
am mesons can be described reasonably well in terms of 
the theory of Chew and Low,’ it is of interest to find the 
meson charge density predicted by this theory. 
For a static nucleon the charge density of the meson 
cloud may be expressed as 


p(x)= (Yo| px (x) | po), 


where Yo represents the physical nucleon state, and 
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p~(x) is the meson field charge density operator, defined 
by 
px (x)= — ie[ r(x) o(x)—a*(x) p*(x)], 


where ¢ is the charged meson field and is the mo- 
mentum of the field. This can be written in terms of 
meson creation and destruction operators by using the 


expansions 
e=L 
b 


Be 


ee te, 
Wk 


we\! 
Sy, ee 


where a; and 6, are associated with positive and nega- 
tive mesons, respectively. 

One is thus interested in calculating quantities like 
(Wo| axtax|Wo). This may be done using the identity’ 


1 
a.o= nee Vito, 
H 


+wx 


where H is the entire Hamiltonian, and the meson 
nucleon interaction H’ is given by 


H’=>>.(a.Vita,'V,). 


If one then makes the “one-meson approximation’” 
on the resulting expression for p(x), one can write p(x) as 
the contribution from renormalized perturbation theory,’ 
plus terms representing the contribution from one- 
meson intermediate states; namely, 


4210)-OF 


1 
x | an eng SS he 
wtw’ 





T.14.0) T_x,-(s) 
4 
2 (w,—w—ie) (w,+w’) 
T_»,-*(s)T_x —(s) 
(w.+w’) (w,—w— ie) 





Here 7,(p)= (Wp,Vq'Wo) represents the scattering 
amplitude to scatter a meson from a state g to a state 9. 
This can be related to the experimental meson-nucleon 
scattering phase shifts through 


ri="(7) re, 


W¢ 


where 7(p) is the experimental (on the energy shell) 
scattering amplitude for a meson of energy wp. 

In carrying out the integrals, it has been assumed that 
all phase shifts except 53; are zero. 53; has been taken 
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Fic. 1. Proton charge density p(x). 


from the formula 
l'/2E, 


1—E/E, 


where I'/2E,=0.30n'/(1+-7?), E-= 162 Mev, which fits 
the experimental data quite well.‘ The integrals all 
depend quite sensitively on the cutoff, which has been 
taken at 6p. 

The resulting p(x) is shown in Fig. 1. The deviations 
from the perturbation result of Salzman‘ do not amount 
to more than 10 or 15% for this cutoff. The only ap- 
proximation involved here is the one-meson approxima- 
tion. This is believed to be reasonably good. In any case, 
it is unlikely that contributions from two-meson and 
higher intermediate states will be larger than the errors 
introduced by uncertainties in the cutoff, on which the 
integrals depend fairly sensitively. 

* This work was supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

1R. Hofstadter, Bull. Am. Phys. Soc. Ser. IT, 1, 50 (1956). 

2 G. F. Chew and F. E. Low (to be published). 

’ G. Salzman, Phys. Rev. 99, 973 (1955). Essentially the same 
technique has been used by H. Miyazawa [Phys. Rev. 101, 1564 
(1956) ] to calculate the anomalous magnetic moments of the 


neutron and proton. 
4B. T. Feld (private communication). 
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Interpretation of K+-Scattering in 
Nuclear Emulsions* 


Louis S. OsBORNE 
Laboratory for Nuclear Science, Massachusetts Institute of 
Technology, Cambridge, Massachusetts 
(Received January 17, 1956) 


XPERIMENTS' on the tracking of K*-particles 
through nuclear emulsions have shown the Kt- 
nucleon scattering interaction to be small and Kt-ab- 
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sorptive reaction to be nonexistent within experimental 
observation. These two conditions allow the use of a 
simple Born-approximation single-scattering model. The 
total differential cross section has two terms: the 
coherent elastic scattering, and the inelastic scattering. 


o={Z(fo+sfr)+Néfv}*F*? (elastic) 
+{Z( fot fr)+N fn?} (1—F*) (inelastic), 


where fc, fp, and fy are the Coulom., proton, and 
neutron scattering amplitudes (excluding possible charge 
exchange) and, in general, depend on @. F? is the nuclear 
form factor and 6° is the fraction of no-spin-flip scat- 
terings. We can evaluate the single-nucleon cross 
section by counting the K+-scattering events at large 
angles when ZF? and f¢ are small. In our calculations 
of F*, we have used a Gaussian density distribution to fit 
electron scattering experiments.? Taking all events with 
6>60°, the elastic events are computed to be less than 
10% of all scatterings. This does not agree with the data 
as seen in the plates, where an elastic event was defined 
as one showing no recoil particles and no measurable 
change in grain density. However, high-energy electron 
and proton scattering experiments*:* have shown a high 
probability for slightly inelastic events (e.g., excitation 
of nuclear levels) comparable, at large momentum 
transfers, with elastic events. Such small energy losses 
would not have been observed in the emulsion events. 
The cross sections in angle and at two different 
energies are the same within statistics. This is in 
agreement with S-wave scattering. A P-wave threshold 
dependence (¢ « p* or E*) would give a ratio of 3.6 to 1 
in the cross sections for the two energy intervals selected, 
30-70 Mev and 70-120 Mev. Over all energies and 
angles, if one assumes neutron and proton equality in 
nuclear emulsions, the differential cross section is 


fr?+ fr’= (6.4+1.6)X 10-8 cm?/sterad. 


We assume a spherically symmetric distribution to 
obtain the scattering amplitudes at forward angles. The 
elastic cross section is relatively insensitive to the ratio 
of fw to fp if the latter are of the same sign. To make a 
specific calculation we assume fy/fp=+}4, corre- 
sponding to an interaction in a T= 1 state; this gives a 
ratio of scattering to charge exchange of 5 to 1, and the 
observation is that there are only a few possible charge- 
exchange events. 

In order to cumulate the data, we note that the cross 
section can be expressed to a good approximation as a 
function of 48 sin?(3@), 


fo= e/L2p6 sin? (36) ]. 


The form factor is a function of the momentum im- 
parted to the scattering center, 2p sin(}é). 


4p? sin?(}0)—~2me[ 26 sin*(}6) ]. 


This holds fairly well in our case, where 80.5. We then 
predict the number of scatterings (elastic and inelastic) 
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TABLE I. Summary of results.* 








Number of events 
Predicted 
Nuclear Nuclear 
attractive repulsive 
7.6 49.5 8 
11.5 25.0 11 


Equivalent 
track 
length 
(meters) 


19.0 
25.2 


Observed 
4p8 ial 
(Mev/c 
10-30 
30-100 











* The statistical errors in the predicted values are about +25%, corre- 
sponding to the error in the measurement of the single-nucleon cross section. 


to be expected in nuclear emulsions for the track length 
scanned, having due regard for the small-angle cutoffs 
that would escape detection. This correction is expressed 
as a reduction in the effective track length scanned. 
These data include 3 meters of track length examined by 
the author for small-angle scatterings, as well as the 
data of the work cited.' Table I gives the results for 
5=1. 

Under the foregoing assumptions, the attractive 
nuclear force is very much favored. The alternative of 
assuming a large amount of spin flip to agree with a 
repulsive force would not give as satisfactory agreement 
with the data, since the predicted ratio of events in the 
two angular intervals would still be roughly 2 to 1. If we 
retained an S-wave interaction, any spin flip would 
require a vector K-meson. This analysis includes all 
K+- and r* particles in the Cosmotron Kt “beam”; 
since there is no evidence that these include only one 
species of particle, these results must be considered as an 
average effect over all types found. 

*This work was supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

1 Chupp, Goldhaber, Goldhaber, [loff, Lannutti, Pevsner, and 
Ritson, University of California Radiation Laboratory Report 
UCRL-3021 (unpublished). We wish to thank the authors of this 
article for making their data available before publication. 

* Hofstadter, Fechter, and McIntyre, Phys. Rev. 91, 422 
(1953); Phys. Rev. 92, 978 (1953). 


3 J. H. Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 (1955). 
*K. Strauch and W. F. Titus, Phys. Rev. 95, 854 (1954). 


Variational Principle in the Hydrodynamical 
Formulation of the Dirac Field 


T. TAKABAYASI 
Physical Institute, Nagoya University, Chikusa-ku, Nagoya, Japan 
(Received November 21, 1955) 


HE Dirac field, which is usually described by a 

Dirac spinor y, can be represented! equivalently 

(at least in c-number theory) by the following set of real 
tensor quantities’: 


scalar 
pseudoscalar 
vector 
pseudovector 
vector 
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which are restricted by the set of subsidiary conditions 
(2) 


7,;=—1, wZ=1, »,w,=0, 


and 
Duk = — (4/2k)€apysVaWp(OyvyI,05 


— 0,w,0,ws)— (e/mce)F,,, (3) 


where F,, is the electromagnetic field strength acting on 
the Dirac field, €agy3 is Levi-Civita’s antisymmetric unit 
pseudotensor, and x= mc/h, 0,=0/0x,, x= ict. 

The Dirac equation can then be replaced! equivalently 
by the following simultaneous equations of motion for 
the quantities defined by (1): 


9, (pv,)=0, 

3, (pw,) = — 2xp sind, 

Wy Ot 2nd Ry t+i€apysVaW g003= — 2x cosé, 
0,0,0+ 2xw kt i€apyVaW pd ,ws=0, 


0,0, (pv,)—w,d, (pw,) 
= — OyP— PU pWjW 00 pt ZikpeurerVeWekr, 


(41) 
(42) 
(4s) 
(44) 


(4s) 
(4s) 


The variables (1) are interpreted' as defining a 
spinning hydrodynamical field. That is to say, », means 
the 4-velocity, p the particle density in the rest frame, 
w, the spin (i.e., intrinsic angular momentum) distribu- 
tion,® k, the particle momentum distribution (which is 
not proportional to 2, in our case), and @ an extra 
intrinsic degree of freedom other than spin, representing 
the possibility of negative mass density. (In the non- 
relativistic approximation, 6 is interpreted as an internal 
magnetic pole, which is indeed a pseudoscalar quantity.) 
The equations of motion (4) then describe the relativistic 
hydrodynamics for that spinning fluid. 

For the interacting Dirac and electromagnetic fields, 
the foregoing equations are to be combined with the 
Maxwell equations: 


€edprO rk po = 0, 
OF yy= ep, 


VO Wy = WyO [Py] +1 €prerV WOO. 


(S:) 
(52) 
but then (4;) becomes a consequence of (52), while (5,) 
is found to be a consequence of (3). We thus have our 
new formulation of spinor electrodynamics which con- 
sists of the system of equations: 


[(2), (3), (42)—(46), (Se) ], 

for the basic field variables 
Lp, 9, Vp, Wy; ku, F,,]. (7) 
The construction above outlined presents a completely 
gauge-independent and self-contained tensor formula- 
tion for the Dirac field, where the y spinor and y 
matrices are completely suppressed. It describes the 
motion of a quantum Dirac particle with classical 

conceptions only. 

Now, it is important that our formalism can be 
derived from a variational principle. For the Lagrangian 


(6) 
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density, we adopt the following form: 


= —mce'p{ (v,ky+c0s8) 
+ (1/2k) (90+ i€apysPa’p0,05)} 
+4 (me*/e)F yf tuk t+ (1/2k)€apysPaWs 
X (0,040,05— 9,w0,ws)}+hF yr. (8) 


Taking variations of (8) with respect to each of the 
variables (7), we can actually derive (3), (4), and (5). 
Our Lagrangian (8) implies a new variational principle 
for spinor electrodynamics, where the “interaction 
Lagrangian” term involves the coupling constant ¢ as a 
reciprocal. 

Next, we remark that our formulation has, as a 
natural result of its tensor character, the advantage that 
it exhibits the covariance properties of the Dirac field 
with respect to various transformations more simply 
and manifestly and also in direct physical terms in 
comparison with the case of the usual y formalism. The 
transformation properties of our field variables for a 
proper Lorentz transformation and space inversion, 
given in (1) make the Lagrangian (8) a scalar. Also this 
specification fits the physical meanings of those variables. 

For time reversal, we should stipulate* 


p scalar, §@ pseudoscalar, 


(9) 


Uy, Wy, ky pseudovector, 


F,, pseudotensor, (¢ invariant); 


while charge conjugation is represented by simultaneous 
transformations’ : 


p, Y invariant, 


eF »», Wy, ky change sign, (10) 


6—-0-++-3. 


Finally, our formulation has also the merit that it 
derives the nonrelativistic approximation to a Dirac 
particle through a more simple and physically intuitive 
procedure than that® of the usual formalism. Namely, 
the simple assumption 

v.<K1 


in our formulation leads immediately to the hydro- 
dynamical representation of a nonrelativistic spinning 
particle, which was set up in our previous article.’ 


! T. Takabayasi, Progr. Theoret. Phys. (Japan) 13, 222 (1955); 
Nuovo cimento (to be published); Soryusiron-Kenkyu 8, 429 
(1955) (in Japanese). 

2 These quantities are related to vs as follows: p= (#+0" 
tand=2/2, my=Sy/p, Wy=Sy'/p, ky= C2 75,0 
—(¢/mé)A,, where 2=yy, O = ee, pee iy), su! =i yy, 
8,2=i(dy-y—paw), 3M =— (OWv¥— va), and A, is the 
electromagnetic - 

3 More the spin is given by the space components wy 
multi lied by # by ih (2m). 

is represents the time reversal of Wigner type. 

5 In this case the electromagnetic field is to be considered as an 
external field. 

®W. Pauli, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), Vol. 24, Part 1, L. Foldy and S. A 
Wouthuysen, Phys. Rev. 78, 29 i950). 

1 T. Takabayasi, Progr. Theoret. Phys. (Japan) 14, 283 (1955). 
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